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AWGM: Extension to unbounded domains and fast evaluation of system matrices | Motivation: Wavelet methods in numerical finance
Challenges in numerical solutions of PIDEs arising in humerical finance
Computation of European option prices via numer. solution of PIDE problem ([RSW10])

{ dru(r, x) — BX[u](t,x) =0, xeR" 7€(0,T],
u(0, x) = h(x), x €R",

where X = (X, ..., X")>0 is Lévy process with infinitesimal generator

B[W]—zzguaxaxl"‘z St (wern- w+1m<1}2y, “)u(ay).

[RSW10] N. Reich, C. Schwab, C. Winter. On Kolmogorov equations for anisotropic multivariate Lévy
processes. Finance and Stochastics, 2010
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Challenges in numerical solutions of PIDEs arising in humerical finance

For the computation of European option prices in multi-dimensional Lévy models
97 Ua(7,x) — BX[ug](,x) =0, x € (-R,R)", 7€ (0,T],

UR(O7X) = h(X)7 X € (_R7 R)n7
UR(T7 X) = 07 X € Rn\(_R7 R)n7 TE (07 T]7
where X = (X{,..., X" >0 is a Lévy process with infinitesimal generator

9
[W] = > ZQU@X@X +Z’Y: /}Rn (W(--i—}/)— W+1{‘y|§1}§y/%)1/(dy).

ij=1
Option price error (2d jump model)

» Unbounded domain: 10
~ A priori versus adaptive
truncation. 'l

100 1000 10000
Degrees of freedom
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Challenges in numerical solutions of PIDEs arising in humerical finance
For the computation of European option prices in multi-dimensional Lévy models

drUg(T, X) — BX[ug](r,x) =0, x¢€(-R,R)", 7€ (0,T],

UR(07X) = h(X)7 X e (_Ra R)n7

ug(r,x) =0, x e R™\(-R,R)", 7 € (0, T],
where X = (X!, ..., X" >0 is a Lévy process with infinitesimal generator

5w 7229”6x8x Z 8X, /n( (+)- W+1{‘y'<1}zy'8x)y(dy)'

ij=1

159594
» Unbounded domain: 3.18064
~» A priori versus adaptive s
truncation.
1.26331e-05
» Non-local operator BX:
~ Wavelet compression. el
5.01768e-11
1e-13
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Challenges in numerical solutions of PIDEs arising in numerical finance
For the computation of European option prices in multi-dimensional Lévy models

drUg(T, X) — BX[ug](r,x) =0, x¢€(-R,R)", 7€ (0,T],
UH(07X) = h(X)7 X € (_Ra R)n7
ug(r,x) =0, x e R™\(-R,R)", 7 € (0, T],

where X = (X{,... , X{")=0 is a Lévy process with infinitesimal generator
BX[W]: ZQU@X@X —|—Z 8 /]Rn( ( +y) W—|—1{‘y|<1}zy, )l/(dy)

L=

5542.73

» Unbounded domain: 3.25327
~+ A priori versus adaptive N “ooroonts
truncation. N

X - - 1.120766-06
» Non-local operator 5°:
~ Wavelet compression. savezse-10
\
\ 3.86107e-13
\
A 2.26623e-16
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Challenges in numerical solutions of PIDEs arising in numerical finance

For the computation of European option prices in multi-dimensional Lévy models
6TUR(T7X)_BX[UR](7-)X):07 X € (_Ha R)n7 TE (Ov T]a

ug(0, x) = h(x), x e (—=R,R)",
ug(T, x) =0, x € R\(-R,R)", 7 € (0, T],
where X = (X{,..., X" >0 is a Lévy process with infinitesimal generator

BYw] = 5 ZQ”axax +Zm / (w(+y) - W+1{\y|§1}ZYI%Z)V(dY)-
i=1

1

» Unbounded domain:
~ A priori versus adaptive
truncation.

0.8

0.6
» Non-local operator BX:
~» Wavelet compression. 04

» Spatial dimension:

~» Avoid curse of dimension by
sparse grids or adaptive methods.

0.2
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Adaptive solution of the option pricing problem

{ dru(t, x) — BX[u](1,x) =0, xeR" 7€(0,T],
u(0, x) = h(x), x eR".

For the discretization of BX, a common assumption is (compare, e.g., [Hep11]):

M
V@ @B W e @wl)) = (D amn- ay)(vi,m)® - @ ay (va, wr)),
m=1
where for i € {1,..., n} at most one univariate bilinear form a! is non-local.

Where wavelets find applications...
» Fast approximate evaluation of non-local bilinear forms (~~ wavelet compression).
» Non-smooth payoff h requires adaptive refinement (see also [BHPS12]).

» Treatment of unbounded domain R": Towards optimal balancing of truncation
and discretization error.

» Fast exact evaluation of local bilinear forms.

[Hep11] P. Hepperger. Option pricing in Hilbert space-valued jump diffusion models using partial
integro-differential equations. SIAM Journal on Financial Mathematics, 2011.

[BHPS12] H.-J. Bungartz, A. Heinecke, D. Pfliiger and S. Schraufstetter. Option pricing with a direct adaptive
sparse grid approach. Journal of Computational and Applied Mathematics, 2012.
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Overview

Adaptive wavelet (Galerkin) methods on unbounded domains
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Given f € X', consider a linear, well-posed operator equation:
Alu] = fin X7,
» X is a Sobolev space over an unbounded domain Q (e.g., X = H'(R")),

» A: X — X'is boundedly invertible, self-adjoint.

Requirements for numerical scheme
» Adaptive domain truncation and local refinement.
» Optimal convergence rate under weak smoothness assumptions.
» Linear complexity for a large class of operators .A.

New approach

Existing methods (Infinite Elements, BEM, . . .) do either not cover all of these
requirements or are only applicable for special classes of A.
» Equivalent formulation in an infinite-dimensional sequence space /> of wavelet
coefficients,
Alul=fin X' < Au=fint.

» Approximation of u by means of adaptive wavelet methods.
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Univariate Riesz wavelet bases

Let Q C R be a domain (possibly unbounded).

We consider a Riesz wavelet basis W = {¢ : A € J} that characterizes univariate
Sobolev spaces H®(2) (possibly incorporating essential homogeneous bc’s)

,
CellVIB,ir) < | D2 vaten/ s sy < Chie VI3, ¥ = v D*W € H3(Q),
AeT

where —4 < s < +. Here, W is a column vector and D° = diag [(||[¥x]/;s )acr] @
bi-infinite diagonal matrix.

Standard wavelet assumptions / notations
> x = 22Y0@ - —k), A = (i), k).
> 1 are piecewise polynomials of order d.

» Local support: diamsupp s ~ 277
» Example:

Vim = {20/20(20 - —k): k € 7}
U {202 k) > ok € 7}
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Tensor product Riesz wavelet bases

Let now 2 := Q¢ x --- x Q, be a product domain (possibly unbounded).
With n univariate Riesz wavelet bases W) for Lo(Q,) (i € {1,...,n}),
U=V ... ou =y =y, @ - @Ur, : A= (A1,...,A) € T}

is a Riesz wavelet basis for L»(£2) where J := J7() x ... x 7,

For Sobolev spaces X over €2 that can be characterized by (intersections of) tensor
products of univariate Sobolev spaces,

Y =D = (g /|lyallx s A € T}, DY i=diag [([¥all3)res],

is a tensor product Riesz wavelet basis for X.
Tensor product wavelets

» 1) are piecewise polynomials.

» Local anisotropic support:

| supp | = o= (X114 +[Xnl)
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Wavelet discretization of operator equations
Unique expansion of uin D¥ ¥, u=u' (D" ¥) := 37, _ - uxDy 92, yields ({CDDO1])
(v, Alu]) = (v, f), W e X & (DT, AD " ¥]) u= (D', f) & Au=finls(T).
N e’ N——
A f
Infinite load vector f = D¥ [((a, ))acs| € L2(T).
Boundedly invertible bi-infinite system matrix A = D¥ [((¢a, Althu]))a,nes |DY.
—: This discretization only requires a Riesz basis (independent of the domain).

Error estimate: Riesz basis property guarantees for both bounded and unbounded
domains  that

Clu—uall, <c = [u—uA(D¥®)[x<c

—: Local refinement and adaptive domain truncation via selecting significant wavelet
indices from u.

[CDDO01] A. Cohen, W. Dahmen, R. DeVore. Adaptive wavelet methods for elliptic operator equations:
Convergence rates. Mathematics of Computation, 2001.



Page 10/22 AWGM: Extension to unbounded domains and fast evaluation of system matrices | Adaptive wavelet (Galerkin) methods on unbounded domains

Adaptive approximation of Au = f
Solve finite Galerkin systems on nested index sets Ay C Ak 1 C --- C J ([GHS07)).

AWGM[¢]
for k = 0; ||rklle, <e;k=k+1do

Compute approx. solution wy, of
AAk Up, = fAk'

Compute approximation ry of the
infinite residual

f— AWAk.
Compute smallest Ax 1 D Ak s.t.
Pac Telle, = pllPklle, (1)

for € (0,1) where PAV := V4.
end for

[GHSO07] T. Gantumur, H. Harbrecht, R. Stevenson. An optimal adaptive wavelet method without coarsening of
the iterands. Mathematics of Computation, 2007.
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Adaptive approximation of Au = f

Solve finite Galerkin systems on nested index sets Ay C Ak 1 C --- C J ([GHS07)).

AWGM[¢] Idea from [KU12]:

for k =0; ||rklle, <e;k=k+1do
Compute approx. solution wa, of In (1), significant wavelet indices A € J
are added for
Anun, =1ta,. » local refinement of singularities, and

Compute approximation ry of the » domain extension. )
infinite residual

Approximation of the infinite residual
f— AWAk.
Compute smallest Axy1 D Ay s.t. ~ [|APPLY[Wx,, 7] — AW, [le, <7,
~ [[RHS[n] —flle, < 7.

IPAPhlle, > pelrklle (1)
LAREM 2 For suff. small n, define rx as

for € (0,1) where PAV := V4.
rx := RHS[n] — APPLY[W,, , 7].

end for

[KU12] S. K., K. Urban. Adaptive wavelet methods on unbounded domains. Journal of Scientific Computing,
2012.
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Adaptive approximation of Au = f

Solve finite Galerkin systems on nested index sets Ay C Ak 1 C --- C J ([GHS07)).

AWGM[¢] Exact / numerical solution
for k = 0; ||rklle, <e;k=k+1do

Compute approx. solution wy, of

AAk Up, = fAk'

Compute approximation ry of the

infinite residual -80 -60-40 20 0 20 40 60 80

f—Aw,,. Index set A

Compute smallest Axi1 D Ag sit. 3 ]

Level

IPAg i Pille > e lIrklle, (1)
_3 i

for € (0,1) where PAV := V4.

end for -80-60-40-20 0 20 40 60 80

[SU09] W. Sickel, T. Ullrich. Tensor products of Sobolev-Besov spaces and applications to approximation from
the hyperbolic cross. Journal of Approximation Theory, 2009
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Adaptive approximation of Au = f

Solve finite Galerkin systems on nested index sets Ay C Ak 1 C --- C J ([GHS07)).

AWGM[¢] Exact / numerical solution
for k =0; ||rklle, <e;k=k+1do
Compute approx. solution wy, of
6
AAk Up, = fAk' 4
2
Compute approximation ry of the o— T
infinite residual 280604020 0 20 40 60 80
f—Aw,,. Index set A
Compute smallest Ax 1 D Ak s.t. 2+ 1
IPA Frllee = plPille (1) g 3 .
for € (0,1) where PAV := V4. 3t .
end for ‘ ‘

-80-60-40-20 0 20 40 60 80
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Adaptive approximation of Au = f

Solve finite Galerkin systems on nested index sets Ay C Ak 1 C --- C J ([GHS07)).

AWGM[¢]
for k = 0; ||rklle, <e;k=k+1do

Compute approx. solution wy, of
AAk Up, = fAk'

Compute approximation ry of the
infinite residual

f— AWAk.
Compute smallest Ax 1 D Ak s.t.
IPATklle, = g lITlle

for € (0,1) where PAV := V4.
end for

(1)

Level

-80-60-40-20 0 20 40 60

-1

-2

-3

-3

-80-60-40-20 0 20 40 60

Exact / numerical solution

Index set A

80
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Adaptive approximation of Au = f

Solve finite Galerkin systems on nested index sets Ay C Ak 1 C --- C J ([GHS07)).

AWGM[¢]
for k = 0; ||rklle, <e;k=k+1do

Compute approx. solution wy, of
AAk Up, = fAk'

Compute approximation ry of the
infinite residual

f— AWAk.
Compute smallest Ax 1 D Ak s.t.
IPATklle, = g lITlle

for € (0,1) where PAV := V4.
end for

(1)

Level

6

4

2

0

-2 1 1 1 1 1 1 1

-80-60-40-20 0 20 40 60

Index set A

O, .
1k 4
2t M l
s [
st [T

Exact / numerical solution

80

-80-60-40-20 0 20 40 60

80
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Adaptive approximation of Au = f

Solve finite Galerkin systems on nested index sets Ay C Ak 1 C --- C J ([GHS07)).

AWGM[¢] Exact / numerical solution
for k =0; ||rklle, <e;k=k+1do
Compute approx. solution wy, of
6
AAk Up, = fAk' 4
2
Compute approximation ry of the g - T
infinite residual -80 -60-40 20 0 20 40 60 80
f—Aw,,. Index set A
1 L .
Compute smallest Ax 1 D Ak s.t. ol |
5 -1 E
Pac Telle, = pllPklle, (1) & Ll il |
fOl‘,uG(OJ)WherePAV::V|A. :§:||||| |||||| ||||:
end for

-80-60-40-20 0 20 40 60 80
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Adaptive approximation of Au = f
Solve finite Galerkin systems on nested index sets Ay C Ak 1 C --- C J ([GHS07)).

AWGM[¢]
for k = 0; ||rklle, <e;k=k+1do

Compute approx. solution wy, of

AAk Up, = fAk'
Compute approximation ry of the
infinite residual

f— AWAk.
Compute smallest Ax 1 D Ak s.t.
Pac Telle, = pllPklle, (1)

for € (0,1) where PAV := V4.
end for
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Adaptive approximation of Au = f
Solve finite Galerkin systems on nested index sets Ay C Ak 1 C --- C J ([GHS07)).

AWGM[g] 12 Exact / numerical solution
for k = 0; ||rklle, <e;k=k+1do

Compute approx. solution wy, of

AAk Up, = fAk'

Compute approximation ry of the
infinite residual

R S RO R S R
-80 -60 -40 -20 O 20 40 60 80

f— Awa Index set A
X 1ol —— .
Compute smallest Ax1 D Ax Sit. oL ]
T 6 b
IPA Frllee = plPille (1) 3 i ]
for 1 € (0,1) where PAV := V|a. 3 ]
end for Y8 A

-80 -60 -40 -20 0 20 40 60 80
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Adaptive approximation of Au = f

Solve finite Galerkin systems on nested index sets Ay C Ak 1 C --- C J ([GHS07)).

AWGM[¢]
for k =0; ||rklle, <e;k=k+1do
Compute approx. solution wy, of

AAk Up, = fAk'

Compute approximation ry of the
infinite residual

f—AWAk.

Compute smallest Ax 1 D Ak s.t.

IPA, . trlle, > po|IPklle

for u € (0,1) where Pav := V|a.
end for

(1)

Best N-term approximation:
HU — U/\/Hg2 < CN~°5.

~ (Tensor-)Besov regularity of u ([SU09]).
~ Asymptotic dimension-independent
convergence rates are possible.

[GHS07, Theorem 2.7]

Given suitable routines APPLY and RHS:
> lu—uaclle, = lu—unlle, S N°

where Ny := suppWwa, .

» Linear complexity.

~~ Optimal scheme for bounded and
unbounded domains
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Adaptive wavelet algorithms: From bounded to unbounded domains

Bounded domain: Q2 = (a, b)

IV ={(,k):J > jok €T}, jo> 0.
v Fixed minimal level jp.

v Realization of RHS (e.g. [GHS07]):

v Realization of APPLY (e.g., [Ste09],
[Urb09)).

v Quantitative analysis (e.g. [DHS07]).

Unbounded domain: R (cf. [KU12])
TE={(,k):j>jo,k €L}, jo € Z.
v Good choice of jp: ‘
~ Diameter initial domain: =~ 27%.
v Construct finite V,, ¢ J% with
[f—flv,lle, <.

~» Bound for translation indices.
v Special treatment of negative levels:

_ [ A— Al
ac (A A
v Adaptive domain truncation, local
refinement, convergence.

[DHS07] W. Dahmen, H. Harbrecht and R. Schneider. Adaptive methods for boundary integral equations:
complexity and convergence estimates. Mathematics of Computation, 2007.

[Ste09] R. Stevenson. Adaptive wavelet methods for solving operator equations: An overview. Springer, 2009.
[Urb09] K. Urban. Wavelet methods for elliptic partial differential equations. Oxford University Press, 2009.
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Adaptive approximation of Au = f: Numerical experiment
Solve finite Galerkin systems on nested index sets Ay C Ak 1 C --- C J ([GHS07)).

AWGM[¢]
for k = 0; ||rklle, <e;k=k+1do

Compute approx. solution wy, of
AAk Up, = fAk'

Compute approximation ry of the
infinite residual

f—AWAk.

Compute smallest Ax 1 D Ak s.t.

IPaw Frllee = pel¥klle, —Au+u=fonR".

for u € (0,1) where Pav :=v|a.
end for



Page 12/22 AWGM: Extension to unbounded domains and fast evaluation of system matrices | Adaptive wavelet (Galerkin) methods on unbounded domains

Adaptive approximation of Au = f: Numerical experiment

Solve finite Galerkin systems on nested index sets Ay C Ak 1 C --- C J ([GHS07)).

AWGM[¢]
for k = 0; ||rklle, <e;k=k+1do

Compute approx. solution wy, of
AAk Up, = fAk'

Compute approximation ry of the
infinite residual

f—AWAk.

Compute smallest Ax 1 D Ak s.t.

(IPA Flleo > g IFklle

for € (0,1) where PAv :=Vv/|a.
end for

X2

100

80

60

40

20

0

-20

-100

—
L 5 ]
5]
L NE 1 i
T
#A
L 1 * * i
-50 0 50 100

X1

+: barycenter of supp ¥x for A € Ay



Page 12/22 AWGM: Extension to unbounded domains and fast evaluation of system matrices | Adaptive wavelet (Galerkin) methods on unbounded domains

Adaptive approximation of Au = f: Numerical experiment

Solve finite Galerkin systems on nested index sets Ay C Ak 1 C --- C J ([GHS07)).

AWGM[¢]
for k = 0; ||rklle, <e;k=k+1do

Compute approx. solution wy, of
AAk Up, = fAk'

Compute approximation ry of the
infinite residual

f—AWAk.

Compute smallest Ax 1 D Ak s.t.

(IPA Flleo > g IFklle

for € (0,1) where PAv :=Vv/|a.
end for

X2

100

80

60

40

20

0

-20

-100

S i

#A

H' (F{Z) error

”iii” 1

-50 0 50 100

X1

+: barycenter of supp ¥x for A € Ay
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Adaptive approximation of Au = f: Numerical experiment

Solve finite Galerkin systems on nested index sets Ay C Ak 1 C --- C J ([GHS07)).

AWGM[¢]
for k = 0; ||rklle, <e;k=k+1do

Compute approx. solution wy, of
AAk Up, = fAk'

Compute approximation ry of the
infinite residual

f—AWAk.

Compute smallest Ax 1 D Ak s.t.

(IPA Flleo > g IFklle

for € (0,1) where PAv :=Vv/|a.
end for

X2

100

80

60

40

20

0

-20

-100

H' (F{Z) error

cepbiiibeee 1

-50 0 50 100

X1

+: barycenter of supp ¥x for A € Ay
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Adaptive approximation of Au = f: Numerical experiment

Solve finite Galerkin systems on nested index sets Ay C Ak 1 C --- C J ([GHS07)).

AWGM][¢] 1 ‘ ‘
for k =0; ||rklle, <e;k=k+1do 80 - 5
Compute approx. solution wy, of 60 € 1B
Ap up, =1a,. o O -
20
Compute approximation ry of the
infinite residual °r ik ‘ " ’ ! e
-20 -

f—Aw,,. -100 -50 0 50 100

Compute smallest Axi1 D Ag s.t. ‘

IPae. Tlle > s lIrille, +: barycenter of supp ¥x for A € Ay

for € (0,1) where PAv :=Vv/|a.
end for
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Adaptive approximation of Au = f: Numerical experiment
Solve finite Galerkin systems on nested index sets Ay C Ak 1 C --- C J ([GHS07)).

AWGM[¢]
for k = 0; ||rklle, <e;k=k+1do

Compute approx. solution wy, of

AAk Up, = fAk'
Compute approximation ry of the
infinite residual

f— AWAk.
Compute smallest Ax 1 D Ak s.t.
P Prller = g l|Pelle,

for € (0,1) where PAv :=Vv/|a.
end for
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Adaptive approximation of Au = f: Numerical experiment

Solve finite Galerkin systems on nested index sets Ay C Ak 1 C --- C J ([GHS07)).

AWGM[¢]
for k = 0; ||rklle, <e;k=k+1do

Compute approx. solution wy, of
AAk Up, = fAk'

Compute approximation ry of the
infinite residual

f—AWAk.

Compute smallest Ax 1 D Ak s.t.

(IPA Flleo > g IFklle

for € (0,1) where PAv :=Vv/|a.
end for

X2

100

80

60

40

20

0

-20

-100

H' (F{Z) error

T 0

-50 0 50 100
X1

+: barycenter of supp ¥x for A € Ay
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Adaptive wavelet methods on unbounded domains: Remarks

Product domains are not mandatory. 10;
10
Works also within heuristic wavelet 107
schemes (e.g. [BK06]). 102
Same proceeding for non-linear 10° A
problems on unbounded domains (when 10 »
isotropic wavelet bases are used). 10°° = R R
10° 10" 10® 10® 10* 10
Adaption of special multiwavelet bases N
for constant coefficient PDE operators 10’
(e.g. [DS10]) is possible (cf. [K.12]). On 10°
the right, applied to the problem 107
102
~Au+u=fin H'(R?). 103
10 RN
Work in progress: Non-local operators. 10°
1 10 100

CPU time (sec.)

[BKO6] S. Berrone, T. Kozubek. An adaptive WEM algorithm for solving elliptic boundary value problems in fairly
general domains. SIAM Journal on Scientific Computing, 2006.

[DS10] T. Dijkema, R. Stevenson. A sparse Laplacian in tensor product wavelet coordinates. Numerische
Mathematik, 2009.

[K.12] A special multiwavelet basis for unbounded product domains. Proceedings of ENUMATH 2011, 2012.
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Fast evaluation of system matrices
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Tensor structure of the system matrix A

Consider ¥ = V() @ ... @ W and let B(v, w) := (v, A[w]) be such that

M n

%(@,1%,@,1”/, —ZH&E,’, Vl,VV/

m=1 j=1

where aﬁ,’? are local, univariate bilinear forms related to coordinate direction e;. Now,

M n
A=D%B(¥,¥)D = D[Z@) §gg]D7 80— 0w y).

m=1 i=1

Poisson’s equation (n =2, 2 = (0,1)?)
BT, OV)=AM+MA,
where W) = ¥ and
A= [Jg 00300] g M= [fy 03l e

= AB(¥,P) is not sparse!
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Three fundamental principles
Splitting into unidirectional operations
S©S8=(S@ld)o(ld®S) = (Id® S) o (S Id).
Sequential application of up- and down operations
S=la(Wx vu)wes =L+ 0, L=[ax,vu)lnsius U= (a0, v0)ln<iu
Multi-level structure of univariate wavelet bases

V=Upen, ¥, Ver={¢a: A€ T, [\ =£} | Bidirectional transformations in
clos, (spanUy<,<; V¢) = closy, ('span ¢;) linear complexity: FWT, IFWT.

These principles have been introduced in sparse grid settings (using in particular
hierarchical bases), see, e.g., [BG04, Bun92 BZ96, Zei11, Zen91].

[BGO4] H.-J. Bungartz and M. Griebel. Sparse grids. Acta Numerica, 2004.

[Bun92] H.-J. Bungartz. Diinne Gitter und deren Anwendung bei der adaptiven Lésung der dreidimensionalen
Poisson-Gleichung. PhD Thesis (TU Miinchen), 1992.

[BZ96] R. Balder and C. Zenger. The solution of multidimensional real Helmholtz equations on sparse grids.
SIAM Journal on Scientific Computing, 1996.

[Zei11] A. Zeiser. Fast matrix-vector multiplication in the sparse-grid Galerkin method. Journal of Scientific
Computing, 2011.

[Zen92] C. Zenger. Sparse grids. Parallel algorithms for fluid mechanics, 1991.
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Three fundamental principles
Splitting into unidirectional operations
S©S8=(S@ld)o(ld®S) = (Id® S) o (S Id).
Sequential application of up- and down operations
S=la(r ¥)wes =L+ U, L=[a@r,vu)lxsm, U= [a0rvu)lixi<inl-
Multi-level structure of univariate wavelet bases

V=Upen, ¥, Ver={¢a: A€ T, [\ =£} | Bidirectional transformations in
clos, (spanUy<,<; V¢) = closy, ('span ¢;) linear complexity: FWT, IFWT.
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Three fundamental principles
Splitting into unidirectional operations
S©S8=(S@ld)o(ld®S) = (Id® S) o (S Id).
Sequential application of up- and down operations
S=la(r ¥)wes =L+ U, L=[a@r,vu)lxsm, U= [a0rvu)lixi<inl-
Multi-level structure of univariate wavelet bases

V=Upen, ¥, Ver={¢a: A€ T, [\ =£} | Bidirectional transformations in
clos, (spanUy<,<; V¢) = closy, ('span ¢;) linear complexity: FWT, IFWT.
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Example: Matrix-vector multiplication on sparse grids

Given a refinement level j € Ny, consider the (two-dimensional) sparse grid space

A= | Ay Mg = {0 2e) Ml =, Do = 2}, #A;= ((+1)2.
L+£6<]

A
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LI |,
aafi '
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Example: Matrix-vector multiplication on sparse grids

Given a refinement level j € Ny, consider the (two-dimensional) sparse grid space

A= | Ay Mg = {0 2e) Ml =, Do = 2}, #A;= ((+1)2.
L+£6<]

Within the matrix-vector multiplication on a sparse grid, by the splitting S=L[+0,

P,(S® S)Ea, = Pa,(L® Id)En, Pa,(1d ® S)Ea, +| Pa,(Id ® S)Ea, Pa,(U® Id)Ea,

J

we do not leave the sparse grid index set A;!

44
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Towards adaptivity: multi-tree structured index sets

A (univariate) index set A C J is a (univariate) tree when for all A € A
suppyx C | suppi,.

E, |l =[ x| 1

Theorem ([KS12a]): When A, A C J are trees, then P; X Ep = [awhzﬁu)])d\ en for
X e {§, L U} can be applied within O(#A + #A) operations.

multi-scale representation local single-scale representation
Via
Viz
Vio
Vg
Vg b
Vb
v, t

Vo ‘ ‘ ‘ ‘
0 02 04 06 08 1 0 02 04 06 08 1

[KS12a] S. K., R. Stevenson Fast evaluation of system matrices w.r.t. multi-tree collections of refineable tensor
product basis functions. Preprint (submitted), 2012.
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Towards adaptivity: multi-tree structured index sets

A (univariate) index set A C 7 is a (univariate) tree when for all A € A

suppyx C | suppi,.

A, |u|= Al 1

Theorem ([KS12a]): When A, A C J are trees, then P; X Ep = [a(¥r, ¥u)] yei en for
X € {8, L, U} can be applied within O(#A + #N) operations.

A C J is a multi-tree (cf. [KS12a]) when forany XA = (A1,..., Aiz1, Aixt, .- -5 An)
Ae,-)\ = {,LLEJ : (A1,...,)\,'_1,,LL,)\,'+1,...,)\n) EA}, ie {1,...,”},

is a tree (or the empty set). “A multi-tree A, when frozen in n — 1 coordinate directions,
is a tree in the remaining coordinate.”

[KS12a] S. K., R. Stevenson Fast evaluation of system matrices w.r.t. multi-tree collections of refineable tensor
product basis functions. Preprint (submitted), 2012.
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Towards adaptivity: multi-tree structured index sets

A

— [ ]
1.l ° ° i
1 ° '
p— e o o o o 0 o
— [} 1
1] ° ° ‘o)
L ) P
HE (o000 o000000,0000
T ' ° T
= ° ° ‘o)
= . o
e o o o o 0 o

° 1

° ° 'Y
: e
A2

ACJ =J®Jis amulti-tree when forany A € 7
Ae x ={peJ:(n2) €A}, Ae, n 1= {ne T (\p) €A},

is a tree or the empty set.
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Towards adaptivity: multi-tree structured index sets

A

A2

ACJ =J®Jis amulti-tree when forany A € 7
Ao = {u €T : (1A €A}, Aeyni={ueT:(\u)€A},

is a tree or the empty set.
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Theorem ([KS12a]): Consider two (poss. different) tensor product Riesz wavelet bases
U= {J:A:/\ej} ;:\\lj(”®...®\\l/l(")7 U= {12;,\:)\6.,’?} =0 g... gy

for Lo(€2). If AC .:7V, AcC f are multi-trees, then the matrix-vector multiplication w.r.t.
P B(¥, &) _PA[ZHa (W0 (’))}E
m=1 i=1

can be computed within O (#A + #A) operations.

This result generalizes results from adaptive sparse grids (see, e.g., [Pfl10]):

» Different trial- and test bases (~ » Different input and output sets.
Petrov-Galerkin methods). » New approximate residual
» Very general tree concept. approximation (cf. [KS12b]).

The resulting algorithm uses the decomposition S=L+0 analogously to sparse grid
schemes and is recursive in the dimension n.

[Pfl10] D. Pfluger Spatially adaptive sparse grids for high-dimensional problems. PhD Thesis, 2010.
[KS12b] S. K., R. Stevenson An efficient approximate residual evaluation in the adaptive tensor product wavelet
method. Preprint (submitted), 2012.
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Numerical experiment 1: Poisson’s equation with variable coefficients
1 r ™ T T T r m =
i I A

{ V- (pVu) =fonO:=(0,1)?
Ulpn =0

» Constant right-hand side f = 20.
» Biorthogonal wavelets (d = 3).

» AWGM with multi-tree constraint
and new approximate residual.

g
0

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Multi-tree obtained by the AWGM.

10° 0.9
Adaptive scheme —— 0.8 M EA R RN BN BE S R kA
g X h .
107" F Optimized sparse grid ----- 07 e Erede sho + et e
102 0.6 [ g bbb et g o
10° L 05 RS DO0S UG DE0E DRI M
-4 0.4 B 3 RS M k%
0_5 0.3 — 3 RIERS KIS KRS KM K2
10 0.2 B+ 4+ G+ 4+ B+ L+ B+ +
108 0.1
107 0 It 2 N SRS S i i
0 0.1 020304 0506070809 1
-8
10 ] X4
10

Optimized sparse grid index set.

Numerical experiments realized with Library for Aadaptive Wwavelet Applications (http://lawa.sourceforge.net)
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Numerical experiment 1: Poisson’s equation with variable coefficients

{ V- (pVu)=fonO:=(0,1)?
Ulpn =0

» Constant right-hand side f = 20.

» Biorthogonal wavelets (d = 3).

» AWGM with multi-tree constraint

and new approximate residual.

Adaptive scheme ——
Optimized sparse grid -----

Computation times for matrix-vector
multiplication (Galerkin system) w.r.t.

Pa,(A® M+ M@ A)E,,,

where Ny := # Ak + #Ax.

CPU time [sec]

20 ; : 10’
18 | 1
16 1
14 1100
12 1
10 1
8 4

4 1
A 1o
4 | me 1
2 / g
0 : ‘ 10
0010° 2010°  4.010° 6.0~109

Ny

CPU time [msec] / N
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Numerical experiment 1: Poisson’s equation with variable coefficients

CPU time [msec] / Ny

V- (pVu)=fonO:=(0,1)? Computation times for matrix-vector
uleg =0 multiplication (residual) w.r.t.
» Constant right-hand side f = 20. Py (A M+ M A)En,,
> Biorthogonal wavelets (d = 3). where, for residual computation (cf.
» AWGM with multi-tree constraint [KS12b]), Ax D Ak is the “multi-tree
and new approximate residual. extension of A, by one level for each
coordinate direction”, N := #Ax + #Ax.
80 : ‘ ‘ 10
10° Adaptive scheme —— 70 |
107 b Optimized sparse grid ----- el |
102 E 0 | 110°
10 5}
107 £ 407
108 g 307 110
10° 08, ]
107 10 ¢
10 0 ; ; ; 19'2
10 0.010° 5.010° 1.0-10° 1.510° 2.0-10

Ny
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Numerical experiment 2: Poisson’s equation with constant coefficients

V- (Vu)=fonO:=(0,1)® Multitree in 3d obtained by AWGM with
ulgo =0 refinements in the corners and along the
edges.

» Constant right-hand side f = 100.
» [>-orthonormal multiwavelets.

» AWGM with multi-tree constraint
and new approximate residual.

10°
best N-term (d=3) ——
107 F multi-tree (d=3) —*—

2 best N-term (d=4) —=— 1 & ¢
10 multi-tree (d=4) —— 243 S 31
103 . 0.8 pait
104 X 064
108 0.4 .
10 0.2 e %
107 %

-8
10

102 10°

Numerical experiments realized with Library for Aadaptive Wwavelet Applications (http://lawa.sourceforge.net)
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Numerical experiment 2: Poisson’s equation with constant coefficients

V- (Vu)=fonO:=(0,1)® Computation times for matrix-vector

ulgo =0 multiplication (Galerkin system) w.r.t.
» Constant right-hand side f = 100.  Pa,(A®ld@ld+ld® A ld+Id®ld®A)Es,,
» Lp-orthonormal multiwavelets. where N := #Ax + #Ax.

» AWGM with multi-tree constraint
and new approximate residual.

405 ‘ ‘ ‘ —
0 =3 ---- L
10 best N-term (d=3) —— 35 d=4 --&-- ',»’
107 | multi-tree (d=3) —=— -
-
2 best N-term (d ~ 30 &
10 (d [&] P
Q L7
10° o 257 A
Q G
10 E 207 e
10° E 15 ,{/;p(
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10 O 10t o
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Numerical experiment 2: Poisson’s equation with constant coefficients

V- (Vu)=fonO:=(0,1)® Computation times for matrix-vector
ulgo =0 multiplication (residual) w.r.t.

» Constant right-hand side f = 100. Pz, (Azldeold+ldeAzld+1deIde A)Ea,,

> Lo-orthonormal multiwavelets. where, for residual computation (cf.
» AWGM with multi-tree constraint [KS12b]), Ax D Ak is the “multi-tree
and new approximate residual. extension of A, by one level for each
coordinate direction”, N := #Ax + #Ax.
o Plas = T
=4 --o-- 4
best N-t d=3) ——
107 b ersnulti-terrerg §d=3; — 200 ’,r“
) best N-term (d=4) —=— S 9
10 wmulti-tree (d=4) —— 2 150 i
10° Y s
10 £ <
5 S 100 i
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10 50 | A'I
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Contact

Sebastian Kestler
Institute for Numerical Mathematics
University of Ulm

S
<3

@ ulm university unlversnat |
$
“Oanan o

g | Il sebastian.kestler@uni-ulm.de

oAl
@N31oS

B

http://www.uni-ulm.de/
mawi/mawi-numerik/

Thank you for your attention!
Questions / Remarks ...
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