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Goals of my presentation

introduce and motivate two not-so-standard functional
analytic concepts;

show how to formulate the basic setting and how it can be
used;

provide motivation by mixing usual linear background with the
situation encountered in Gabor Analysis;

suggests a particular viewpoint which emphasizes families of
Banach function spaces (over topological vector spaces).
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Relevant tools for my work

Banach modules (Factorization theorem)

homogeneous Banach spaces, solid BF-spaces

Wiener amalgam spaces (and function spaces)

Banach Gelfand Triples !!

Coorbit Theory (including metric approximation prop)

the role of BUPUs and BAPUS

decomposition spaces, clusters, coverings, etc.

irregular sampling and reconstruction

spline-type spaces (and sampling)

Gabor analysis (foundations and applications)

Gabor multipliers (theory and applications)

from linear algebra to distribution theory

generalized stochastic process from a FA viewpoint
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The role of MATLAB/OCTAVE (math.softw.)

It is one of my side-goals to emphasize the possibility of teaching
Fourier Analysis starting from Linear Algebra (I plan to give a short
presentation at the MATLAB EXPO in Muenich on this topic,
coming up: May 10th 2016).
MATLAB (by def.: A MATrix LABoratory) FOR ME: linear
algebra in a box (a software covering more or less all the aspects
of linear algebra, and certainly more than most people can teach in
a two semester course). Using MATLAB allows to make things
more concrete and even clarify concepts (like dual spaces) in a very
practical sense (can be discussed separately with those interested
in this subject).
At NuHAG we have plenty of software (and a PhD thesis)
on this subject, exercises, demonstrations, tutorials.
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The role of MATLAB/OCTAVE II

The different roles of MATLAB in my work:

1 Experimental Mathematics, checking for numbers

2 Building finite models which are correctly implementing
Fourier and TF-analysis over finitegroups;

3 Visualize facts

4 Verify/estimate condition numbers, eigenvalues

5 more to come...

There will be no place here to discuss how the finite models
approximate the continuous (infinite dimensional) one!
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What are good generating systems in Rn?

A set of generators is good, if all vectors in Rn can be well
represented with not too much effort. It could be considered as
well balanced if the effort of representing the vector are well
comparable for all vectors of length one.
So we have a cost or representation (which is the `2-norm of the
coefficients required to represent the given unit length vector) and
the uniformity of costs over the unit ball.
Formally: Given a sequence of vectors A = (~ak)nk=1

A‖~x‖2 ≤
n∑

k=1

|〈~x , ~ak〉|2 ≤ B‖~x‖2 (1)

with optimal parameters A,B > 0 iff Col(A) = Cm.
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What are good generating systems in Rn − II?

Obviously an orthonormal system is a perfect generating system,
because one can choose A = B = 1 in equation (1).
Is there a converse to this equation (A sequence of vectors in Cm

or Rm satisfying (1) with A = B is called a tight frame) valid. Or
equivalently (and maybe more surprising), is any system of vectors
which allows to represent arbitrary vectors as

~x =
n∑

k=1

〈~x , ~ak〉~ak

necessarily an ONB for Cm?

OF COURSE NOT! (for m < n no hope, for m = n: OK!
but for m > n?) There are many easy examples!
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The Mercedes frame!

the Mercedes tight frame
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Tight frames of high redundancy

 a tight frame of redundancy 18 in the plane
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Frames in Hilbert Spaces

The above inequality (which on the basis of compactness
arguments is valid if and only if the sequence (~ak) is a set of
generators for Cm) can be taken as a definition.
Replace the sequence by an indexed family of vectors (hi )i∈I and
require that for some A,B > 0 one has for any h ∈ H ones has:

A‖h‖2 ≤
∑
i∈I
|〈h, hi 〉|2 ≤ B‖h‖2 (2)

Note that such a set has to be total (the closed linear span is all of
H), but the converse is not valid!. Costs may depend in an
unbounded way on the direction of the vector h ∈ H.
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Riesz Basic Sequences

Frames are the correct version for the concept of generating
systems in a Hilbert space (incorporating stability assumptions).
There is also a natural concept of stable linear independence.
Instead of saying, that zero cannot be represented as non-trivial
vector one is quantifying the minimal (positive) length of a linear
combination of a given set of vectors, using coefficients of length 1
in Cn.
The formal definition of a Riesz basic sequence reads as follows.

Definition

A family (bj)j∈J is called a RBS (or a Riesz basis for its closed
linear span) if and only if there exist constants C ,D > 0 such that

C‖~c‖2 ≤ ‖
∑
j∈J

cjbj‖22 ≤ D‖~c‖2, ∀~c ∈ `2(J). (3)
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Gabor Analysis is a perfect place to study frames

We have to learn about the following expressions:

translation operators Tx ;

frequency shifts or modulation operators Ms ;

time-frequency shift operators π(λ) = Ms ◦ Tt , for λ = (t, s);

the Short-time Fourier Transform of f ∈ S ′(Rd), with window
g ∈ S(Rd):

STFTg f (t, s) = 〈f , π(λ(g))〉, λ ∈ Rd × R̂d .

Gabor families are families of the form (π(λi )g)i∈I ;

We are mostly interested in Gaborian frames (for signal
representations) Gaborian RBS (mobile communication!),
and ??? Gaborian Riesz basis! (D.!Gabor, 1946 paper!).
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Is there an orthonormal Gaborian Basis for
(
L

2(R), ‖ · ‖2

)
?

Yes of course. One can take the indicator function 1[0,a] for any
a > 0, take all of its translates along aZ and then do a Fourier
expansions (in the sense of a-periodic functions) of each of the
pieces.
But how does the spectrogram (STFT) of a nice function are
rather broad (spread out in the frequency direction, no integrable,
even if the signal f is a nice bump function!). This is due to the
bad decay properties of F(box) = SINC in this case.
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Bad spread of spectrogram in frequency direction
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Ideal concentration for Gaussian Window
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TF-concentration of Dual Gaborian atom for Gaussian
Window
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Is there a nice ? orthonormal Gaborian Basis for(
L

2(R), ‖ · ‖2

)
?

Here, in contrast to the situation in wavelet theory one has to say:
Unfortunately the answer is negative.
One can construct suitable ONBs, like local Fourier basis of
so-called Wilson bases which are rather close to Gaborian bases,
but there is NO Gaborian Riesz basis with e.g. a Schwartz window
g (and not even with g ∈ S0(Rd)).
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The Ron-Shen Duality Theory

Separable TF−lattices for signal length 540
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lower part: small lattice parameters > frames, red > 1;
upper part: large frame constants > Gaborian Riesz bases,
In the middle: critical line, redundancy = 1.
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The Ron=Shen duality explained

The Ron-Shen duality (later formulated for general lattices by
Feichtinger-Kozek) states:
If there is a lattice such that the regular Gabor system generated
from (g ,Λ), where g is the Gabor atom, is a Gabor frame, then
(and only then) is the adjoint Gabor system (g ,Λ◦) a Gaborian
Riesz basis. Moreover the dual Gabor atom (resp. the generator of
the biorthogonal Gaborian RBS) are the same (up to
normalization), and furthermore the condition number of the frame
operator and the Gram matrix (of the RBS) are the same.
Let us mention that for Λ = aZd × bZd one has
Λ◦ = 1/b · Zd × 1/a · Zd .
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So what are we looking for?

Within our landscape of Gabor lattices we look out for lattices of
not too high redundancy which allows us to build good Gabor
frames (with well TF-concentrated dual window, or even better
well TF-concentrated tight Gabor frames) which do not have too
high redundancy, i.e. corresponding to lattices near the critical line.
For mobile communication we search for Gaborian Riesz basis of
“high spectral efficiency” (so high redundancy, coming close to the
crictial line from above, while again still having good biorthogonal
generators).
Of course in each case one can also consider (the rich family) of
non-separable lattices, i.e. general lattices within Rd × R̂d ,
not just those of the form aZd × bZd .
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What is the problem with Gabor’s suggestion?

Formally the technical problem with Gabor’s idea of using a
maximally TF-localized window (namely the Gauss function g0,
with g0 = e−π|t|

2
, which is a minimizer to the Heisenberg

uncertainty relation) is the Balian- Low theorem. In fact, while
most likely, formulated in a modern terminology, D. Gabor was
hoping to suggest a Riesz basis obtained from a family of TF-shifts
of the Gauss-function along the integer lattice Z2, i.e. with
a = 1 = b, the analysis in the 80th showed that it is neither a
frame nor a Riesz basic sequence, so of course not a Riesz basis.
What has been overlooked by D. Gabor (at least there is no
indication that he was aware of this problem) that the more one
comes to the critical lattice (e.g. by letting a = b tend to the
critical value a = 1) the more delocalized (in the TF-sense) the
dual window is, i.e. the optimal localization of the Gabor atoms
is in sharp contrast with the significant unsharpness of the
overall system (Gabor and dual Gabor frame!).
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The frame-condition in a diagram

Both the frame condition and the Riesz basis sequence can be
characterized by a commutative diagram involving Hilbert spaces.
The differ only by the direction of the arrows (typically between `2

and some Hilbert space H).

For FRAMES we have an injective embedding of H into `2(I ), via
h 7→ (〈h, hi 〉)i∈I , which established an isomorphism between H and
the (!closed) range of this coefficient mapping.

For RIESZ BASIC SEQUENCES we look at the synthesis mapping
in a similar way: ~c 7→

∑
j∈J cjbj .

Let us recall: we are dealing with Hilbert spaces, and therefore in
this case the isomorphic identification of one Hilbert space
with the a closed subspace as the same as the identification
with a closed and (orthogonally) complemented subspace.
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REFERENCE

For a continuation of the talk and the corresponding slides look-up
the talk held in Trondheim, at the link
http://www.univie.ac.at/nuhag-php/program/talks details.php?id=3013
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