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Classical Problem:

I analyze/decompose/approximate... a given
signal/function

Basic step: decomposition into suitable building blocks

Examples:

- Fourier transform
- windowed Fourier transform, Gabor transform
- wavelet transform....

I Piecewise smooth signals ; sparse representation by
wavelet transforms/wavelet frames

I Sharp instantaneous frequencies ; sparse
representation by Gabor transforms/Gabor frames

I What happens if both features are present?
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Possible Solutions:

I Combine a Gabor and a wavelet frame to one huge
frame [B. Torresani]

I Start from group theory:

I Wavelet transform ↔ square-integrable representation
of the affine group

π(a, x)f (t) = |a|−1/2f (
t − x

a
)

I Gabor transform ↔ representation of the
Weyl–Heisenberg group

π(x , ω, τ)f (t) = e2πiτe−iπxωe2πiωt f (t − x ]

Use the Affine Weyl–Heisenberg Group!
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The Affine Weyl–Heisenberg Group:

Definition

R2+1 × R+ with group law

(x , ω, a, τ)◦(x ′, ω′, a′, τ ′)=(x+ax ′, ω+a−1ω′, aa′, τ+τ ′+ωax ′)

is a locally compact, unimodular topological group called
affine Weyl–Heisenberg group GaWH .

g−1 = (−a−1x ,−aω, a−1,−τ + xω)

Haar measure: dµ(x , ω, a, τ) = dxdω da
a dτ

Stone-von-Neumann representation on L2(�):

π(x , ω, a, τ)f (t) = a−1/2e2πi(ω(t−x)+τ)f

(
t − x

a

)
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Representations:

I Problem: π is not square integrable!

I Way out: Representations modulo quotients!

H = {(0, 0, a, τ)} ⊆ GaWH . X := GaWH/H ' �2.

X is a homogeneous space with invariant measure dxdω
For 0 ≤ α < 1, choose the section (or lifting)

σ : X → GaWH ,

(x , ω) 7→ (x , ω, β(ω), 0) β(ω) = (1 + |ω|)−α.
I α–Modulation Transform:

〈f , (π ◦ σ)(x , ω)ψ〉 =∫
�

f (t)(1 + |ω|)α/2e2πi(ω(t−x)ψ

(
t − x

(1 + |ω|)−α

)
dt

α −→ 0: Gabor
α −→ 1: Wavelet
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α–Modulation Transform:

I [D./Fornasier/Rauhut/Steidl/Teschke (2008)] It works!
Square-integrability, coorbit space theory, atomic
decompositions via α–modulation frames...

I [D./Teschke/Stingl (2008)] Applicable in data analysis,
Prenatal diagnosis, Medical multichannel
superconducting quantum interference divice
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Problems...

I Applications in numerical analysis, operator equations?

D-A-CH Project “Adaptive Wavelet and Frame
Techniques for Acoustic BEM”
(P. Balazs/W. Kreuzer (ARI, Vienna), H. Harbrecht
(Basel), S. Dahlke (Marburg))

One goal: Adaptive numerical schemes based on
α-modulation frames for integral equations on manifolds

I Problem: Atoms not compactly supported!

First step: Derive compactly supported atoms!

I [M. Speckbacher/D. Bayer/S. Dahlke/P. Balazs (2016)]
It works!
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Admissibility:

Definition

Let π : G → U(H) be a representation, σ : X = G/H → G a
section and ψ ∈ H \ {0}. Define

Aσf :=

∫
X
〈f , π(σ(x))ψ〉π(σ(x))ψ dµ(x), f ∈ H.

If Aσ is boundedly invertible, then ψ is called admissible, and
π is called square-integrable modulo (H, σ).

Definition

Let ψ be admissible. Then the voice transforms are defined
by

Vψ f (x) := 〈f , π(σ(x))ψ〉, x ∈ X .

and

Wψ f (x) := Vψ(A−1
σ f )(x) = 〈f ,A−1

σ π(σ(x))ψ〉, x ∈ X .
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Voice Transforms:

Theorem

Let ψ be admissible. Then, for all f1, f2 ∈ H,

〈f1, f2〉 = 〈Wψf1,Vψf2〉L2(G ,µ) = 〈Vψf1,Wψf2〉L2(G ,µ).

In our setting:

Âσf = mψ · f̂ , mψ(ξ) =

∫
�

|ψ̂(β(ω)(ξ − ω))|2β(ω) dω

Thus: ψ ∈ L2(�) admissible ⇐⇒ ∃A,B s.t.

0 < A ≤ mψ(ξ) ≤ B <∞
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Admissibility for GaWH :

Theorem

Let 0 ≤ α < 1 and ψ ∈ L2(�) \ {0} be such that supp ψ̂ is
compact, then ψ is admissible.

Theorem

Let 0 ≤ α < 1 and ψ ∈ L2(�) \ {0} be such that ψ̂ is
continuous and

|ψ̂(ξ)| ≤ C (1 + |ξ|)−r r > max

{
1,

α

2(1− α)

}
,

then ψ is admissible.
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Another Goal:

Try to apply the coorbit theory of Feichtinger and
Gröchenig. It provides

I Natural families of smoothness spaces, smoothness
measured by the decay of the voice transform.

I Frames for the scales of associated coorbit spaces, even
Banach frames.

Problem: Generalizations to representations modulo
quotients is necessary!
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General Setting:

I Basic conditions:

Lp
v (X ) :=

{
F measurable, Fv ∈ Lp(X )

}
v ≥ 1

R(x , y) := 〈A−1
σ π(σ(x))ψ, π(σ(y))ψ〉.

w(x , y) := max

{
v(x)

v(y)
,

v(y)

v(x)

}
ρ := ess sup

y∈X

∫
X
|R(x , y)|w(x , y)dµ(x) <∞ (∗)

I The reservoir spaces:

H1,v := {f ∈ H : Wψf ∈ L1
v (X )}

K1,v := {f ∈ H : Vψf ∈ L1
v (X )},

‖f ‖H1,v := ‖Wψf ‖L1
v
, ‖f ‖K1,v := ‖Vψf ‖L1

v
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The Coorbit Spaces:

I Gelfand triple:

H1,v ⊂ H ⊂ H′1,v
K1,v ⊂ H ⊂ K′1,v

I (∗) =⇒ extended voice transform:

Vψf (x) := 〈f , π(σ(x))ψ〉H′1,v×H1,v

Wψf (x) := 〈f ,A−1
σ π(σ(x))ψ〉K′1,v×K1,v

I The coorbit spaces:

Hp,v := {f ∈ K′1,v : Wψf ∈ Lp
v (X )},

Kp,v := {f ∈ H′1,v : Vψf ∈ Lp
v (X )},

‖f ‖Hp,v := ‖Wψf ‖Lp
v
, ‖f ‖Kp,v := ‖Vψf ‖Lp

v
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In Our Case:

polynomial weight functions:

vs(x , ω) := vs(ω) := (1 + |ω|)s , s ∈ �

Theorem

Let s ≥ 0, ψ,ϕ ∈ L2(�), s.t. ψ̂, ϕ̂ ∈ C 2(�),
|ψ̂(l)(ξ)| ≤ C (1 + |ξ|)−r , l = 0, 1, 2 (same for ϕ), where

r >
2 + 2s + 7α− 4α2

2(1− α)2
.

Then

I Coorbit spaces well–defined!

I Hp,v = Kp,v

I ϕ and ψ generate the same coorbits!
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Before We Go On....

classical α–modulation spaces are of course well–known
[Feichtinger/Gröbner (1985/92)]

V α
ψ (f )(x , ω) = 〈f ,Tx MωDβ(ω)ψ〉.

M
s+α(1/q−1/2),α
p,q (R) = {f ∈ S ′(R) : V α

ψ (f ) ∈ Ls
p,q(R2)},

‖f ‖
M

s+α(1/q−1/2),α
p,q

� ‖V α
ψ (f )‖Ls

p,q
,

Theorem

The coorbit spaces Hp,vs−α(1/p−1/2),α can be identified with

the α–modulation spaces Ms,α
p,p .
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Discretization:

Definition

A family U = {Ui}i∈I is an admissible covering of X if

1. Covering property: X =
⋃

i∈I Ui ,

2. Finite overlap:
supj∈I #{i ∈ I : Ui ∩ Uj 6= ∅} ≤ N <∞.

oscU ,Γ(x , y) = sup
z∈Qy

|R(x , y)− Γ(y , z)R(x , z)|

|Γ| ≡ 1, Qy :=
⋃

i∈I(y)

Ui , I(y) := {i ∈ I : y ∈ Ui}

γ1 := ess sup
x∈X

∫
X
|oscU ,Γ(x , y)|w(x , y)dµ(y)

γ2 := ess sup
y∈X

∫
X
|oscU ,Γ(x , y)|w(x , y)dµ(x).
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Atomic Decomposition:

Theorem

Same conditions as before. Let γ1, γ2 sufficiently small.

I If f ∈ Hp,v , 1 ≤ p ≤ ∞, then

f =
∑
i∈I

ci (π ◦ σ(xi ))ψ, xi ∈ Ui ,

where

||(ci )i∈I ||`
p,va1/p−1

≤ A||f ||Hp,v , ai := µ(Ui )

I (di )i∈I ∈`p,va1/p−1 , then f =
∑

i∈I di (π◦ σ(xi ))ψ ∈ Hp,v

||f ||Hp,v ≤ B||(di )i∈I ||`
p,va1/p−1

.
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Reconstruction:

Theorem

Let γ1, γ2 sufficiently small. Then the set

{ψi := A−1
σ (π ◦ σ(xi ))ψ : i ∈ I}

is a Banach frame for Hp,v , i.e.,

i) f ∈ Hp,v ⇐⇒ (〈f , ψi 〉H′1,w×H1,w
)i∈I ∈ `p,va1/p ;

ii) ∃0 < A′ ≤ B ′ <∞ such that

A′ ‖f ‖Hp,v ≤ ‖(〈f , ψi 〉H′1,w×H1,w
)i∈I‖`

p,va1/p
≤ B ′ ‖f ‖Hp,v ;

iii) ∃ a bounded, linear reconstruction operator S from
`p,va1/p to Hp,v such that

S
(

(〈f , ψi 〉H′1,w×H1,w
)i∈I

)
= f .
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It Works!

Theorem

Let ψ ∈ L2(�), such that ψ̂ ∈ C 3(�) fulfills
|ψ̂(n)(ξ)| ≤ C (1 + |ξ|)−r , for n = 0, 1, 2, 3, with

r >
2 + 2s + 7α− 4α2

2(1− α)2
+ 1.

Then there exist admissible coverings Uε such that

γ(ε) = max{γ1(ε), γ2(ε)} → 0, for ε→ 0,

Consequently: atomic decompositions and Banach frames
for the α–modulation transform are established!
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4 H. Feichtinger and P. Gröbner, Banach spaces of distributions defined by decomposition
methods, Math. Nachr. 123 (1985), 97–120.
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