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1 Recalling some basic facts from linear algebra

I assume that everybody is familiar with the basics of linear algebra, including matrix
multiplication. The usual view on matrix multiplication is to think of x — y := A *x as
having a mapping which maps the column vector in R™ (or C™) into the vector y € R™
(or C™), assuming that A is an m X n-matrix.

However there is an alternative viewpoint: if we consider A as a collection of n column
vectors, ajp,..,a, € C™ and x € C", then we can form the linear combination, and we
observe that

Axx =) veag (1) (1)

In fact, this is equivalent to the (well known? but) easy to verify fact that for unit vectors
er = [0,0,..1,..0], with the 1 in coordinate number k one has

‘A*ek:ak, 1§k§n.‘ (2)

As we also know, matrix multiplication is defined in such a way that one can say
that for a matrix B = [by, ..., bg] of size k X m one has with C = B x A a matrix of
size k x n (mapping C" via C™ common dimension (!Domino Principle) into C*, thus
mapping vectors in C" into C*:

C =[B=xa,.,Bxa,] (3)

In WORDS, for the most important special case of vectors in C™: if we form n linear
combinations of the unit vectors in C™ (the columns of A) and then use these vectors
in order to produce linear combinations of these linear combinations (using the columns
of B as coefficients) we can recompute them as linear combinations of the original
vectors, with the coefficients represented by the columns of the product matrix C'!! So
we have the motto:

matrmultil

matrmult?2

Linear combinations of linear combinations of vectors are just (other) linear combinations

Then the question is: Can we get the original n vectors back, as linear combinations
of the new vectors?, i.e. can we revert the procedure of taking linear combinations? Now,
if these original vectors are linear independent, then there is only a single representation
of each vector, namely as 1-times the vector itself, and all other vectors have to come
with a zero, otherwise one would get that vector as linear combinations of some others,
which is not possible (by the characterization of linear independence).

The special case m=n, linear mapping R" — R"
Let us discuss an important special case: Assume we have n vectors in C" and take
n linear combinations with coefficients stored in an n x n-matrix A. So the first column



a; of A describes the coefficients of the first linear combination to be built, the second
column contains the information about the second linear combination, and so on.

As we will see we are talking about the inversion of a square matriz. Note that the
inverse of an element A in the matrix algebra M,, ,, is another n x n-matrix B with

BxA=1d,=AxB.

It is a standard observation that such a matrix B is uniquely determined if it exists.
More surprisingly, it is implied by one of the relations, namely

BxA=1d, or Id,=AxB. (4)

This fact belongs to the basic results of linear algebra. In the first case the columns of
A must span R™ and hence (since m = n) they are a basis for R”, in the second case
the columns of A span R", and hence have to be linear independent. In each case we
obtain that there exists some inverseiaggaggr{%lsequently a left inverse or a right inverse
is already an inverse in the sense of (&ﬂi

For the case of the unit vector basis in R?, (to make it more concrete), namely
e; = [1,0,0];e3 = [0,1,0] and e3 = [0,0,1] and a 3 x 3-matrix A this comes down to
the question whether there is a 3 x 3-matrix B such that

B*A:]_3

with 13 being the unit matrix of size 3:

1
0 (5)
0

o = O
= O O

It turns out that this is possible only if and only if A is an invertible matrix, and that
then of course B = A™! is the matrix to be found.

Even more interesting is the case when the given vectors are a basis for some vector
space (so they are linear independent and span the n-dimensional space). Then the new
vectors, obtained as linear combinations of the given vectors, using an invertible (!)
matrix A, are also a basis of the same space.

Now assume that we want to have a vector in the given space, how can we get its
coordinates in the new basis?? For now we will not pursue this path further, but we
want to introduce a concrete and intuitive example:

invmatrnn
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Z3(R), the space of cubic polynomial functions on the real line
(with real or complex coefficients, for illustration we will show of course pictures of such
polynomials with real coefficients, using GEOGEBRA).It may be a good exercise for the
students to do the analog story for quadratic polynomial functions, i.e. Z5(R).

There are many well known facts about such polynomials. First of all each of them
has exactly 3 zeros in the complex plain, counting multiplicities. In fact, one zero x; has
to be real (since a truly cubic polynomial tends to plus and minus infinity, as z — oo and
x — —oo, for a positive leading coefficient!). The rest (obtained by division) through
(x — x1) is a quadratic polynomial.

It is clear that Z73(R) is a vector space (it is closed under addition and scalar mul-
tiplication, hence under the formation of linear combinations). It is four-dimensional,
with the standard basis {1 = x¢,z, 2% 23}, the so called monomial basis, or if we ta-
ke time ¢ as a variable .#5 = {1,¢,t2 3}, in contrast to the MATLAB convention for
polyval which uses .#3 = {23, 22 x,1}, hence polyval([0,1,2,3],10) == 123, and
p(z) = 23 — x has the coefficient sequence [1,0, —1,0] in this 'coordinate system’.

MATLAB suggestion:

for jj=1:10; plot(bas,polyval(rand(1,4)-0.5, bas));
figure(gcf); pause(l); end;

The space Z3(R) has many useful properties which allows to illustrate
some of the more abstract key ideas which require basic ideas from linear
functional analysis.

While vector analysis just works with column and row-vectors, and matrices and
adjoint matrices, we will try to use Z5(R) as a prototype of a vector space which allows
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many interesting linear operators, it is translation invariant, and so on. We will think
of Z5(R) (we could also use the infinite dimensional space Z(R) of ALL polynomials,
but for now let us stay with the 4-dimensional special case).

The first thing we are considering is the so-called dual space, we write Z;(R)" or
Z5(R)*, the space of all (bounded) linear functionals on &3(R). We can think of these
functionals o as linear measurements:

o(ap(x) + Bq(x)) = ao(p()) + Bo(q(x)).
Now let us give simple examples:
1. The Dirac measure at o € R: d,, : p(z) — p(z0), d or simple 0, the Dirac Delta.
2. another functional is o : p(z) — p'(y), we will write J, .

3. for any pair a < b the integral is such a function:
b
plx) — / p(z)dz.

4. one may also put weights and consider, for some Riemann integrable function k
the functional

b
p(a:)r—>/ p(z)k(x)dz.

5. as it turned out (ca. 100 years ago, searching for the most general integral, see the
Riesz representation theory) one can use Riemann-Stieltjes integrals of the form

b
p(x)»—>/ p(z)dFx,

where F is a function of bounded variation, i.e. a difference of two monotonic
functions, the increasing part of ' and the decreasing part of F'!.

Clearly there are infinitely many such linear functionals on Z3(R), and any linear
combination of such linear functionals is again a linear functional, i.e. we can form
o = 301+ 5oy and so on. So we got another vector space, the space of linear functionals,
we think of linear measurements on P3(R).

But since with the choice of a basis we can identify Z23(R) with R*, using the basis
My = {1,t,1%,¢3}, or simply by the identity

p(x) = ap + anx + ax? + asa® (6)

or, since MATLAB does not allow the index/coordinate 0:

p(x) = ay + asr + azr? + agx® (7)

or according to MATLAB conventions

p(l’) = b1373 + b2$2 + bgl‘ + b47 (8)

with p(x) == polyval(b,x) and b = flip(a) (reverse order)!

!Think of walking in the mountains



We also have linear operators on the vector space Z5(R), e.g.
1. translation operator : T, : p(x) — p(x — a);

2. dilation operators: D, : p(x) — p(rzx);

3. derivative operator: D : p(x) — p'(x)

Matrix Representation of Shift operator
Right shift:

1 0 0 O
-3 1 0 0
3 -2 1 0 (9)
-1 1 -1 1
Left shift:
1 0 00
3100
3210 (10)
1 1 11

It is clear that the inverse operator for 7}, is T, (the case z = 1 is displayed above),
and correspondingly the matrix representing the inverse mapping (which “undoes” the
effect of the forward mapping) is just the matriz inverse (the inverse matrix) of the
matrix representing the operator.

In the same basis .#3 the dilation operator with dilation factor r > 0 is just
diag(((ones(1,4) xr).(3: —1:0))) . For r = 2 this looks as follows.

D2 = (11)

o O O
O O = O
N OO
_ o O O

Numerical realization of the matrix product D2« H # H % D2.
By recalling that the differential operator p(z) — p/(x) maps z* to kx*~1, for k > 1
we have the following matrix representation

00 00
3000
P=10200 (12)
0010
which commutes in fact with H and gives H * D == D x H
0000
3000
6 2 00 (13)
3210

which confirms the observation made by the GEOGEBRA experiment (and of course
analytic derivation, which we do not have to do here).
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Let us recall some other basic fact from linear algebra:
Any linear mapping 7 : R” — R™ is represented by some m X n-matrix A‘

This m x n-matrix is obtained by putting the images of the unit vectorse,, 1 < k <n
as the columns of A, ie. a; :=T(e), 1 <k <n.

If we consider a linear mapping from o : R” — R = R! we call it a linear functional
on R™, which consequently gives a uniquely determined row vector

b :=[by,..,b,] :=[o(€1),...,0(e,)]

with the property
o(x) = O'(Z TRer) = Zxka(ek) = Zxkbk = (x, b). (14)
k=1 k=1 k=1

For the case of complex numbers one would have to take the conjugate of o(ey), since
d _
<X> Y> = Zk:l TrYk-
Using the basis .#?3 of monomials in decreasing order (MATLAB Conv%gtintl)ar%l and

thus identifying p(x) with its coefficient sequence according to equation ( e Dirac
delta, defined by

d(p(x)) = do(p) = p(0) = by
hence the “representing” vector for this functional is just [0,0,0,1] = e, € R? because
<b, e4) = b4.

Ezercise 1. Compute the “representing” sequences b € R™ for one of the other linear
functionals listed above, e.g., for h > 0 the local average functional over a symmetric
interval of length h:
1 [k
p) = / p(y)dy. (15)
2h J_,,
Exercise 2. In order to test that differentiation commutes with translations one can

build the corresponding matrices. Let us just show the code for the differential operator,
based on the well known fact that D(z*) = ka*~1 k > 1.

% DIFFOP.M HGFei 24.09.2020, \ETH course

% Usage: Dop = diffop(deg);

function Dop = diffop(deg);

if nargin == 0; deg = 5, end; 7% disp(diffop(deg)); end;
Dop = zeros(deg+l);

for jj=1:deg; Dop(jj+1,jj) = deg+l-jj; end;

FEzercise 3. Determine the nullspace of the differential operator (describe it, what it the
dimension). What is the characteristic polynomial (poly (D) gives the coefficients). Is
this matrix orthogonally diagonalizable?

Exercise 4. Write a MATLAB program which allows to establish the matrix for the
monomial basis for any degree and any shift parameter (positive or negative). Then test,

whether the usual composition law, T, o T, = T, is valid in the matrix representation,
and (T,) ' =T.,.

locaver
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ustration of the linear system : p(x) — T'(p)(y) = q(y) = p'(y)/5+ p(y +4) applied
to the polynomial function p(z) = z(x — 1)(x + 1).

The graph to the left shows the output of the “linear system” and also indicates
that shifting the input (from blue to green) results in a similar shift of the output signal
(from red to brown).

We will demonstrate that it is enough to understand for such a system 7" : p(z) — q(z)
how the mapping can be described, knowing only the mapping (in fact linear functional)

o =or: px)— q(0) = [T(p))(0) (16)

and that the behavior of the whole system, which is translation invariant (we therefore
write TILS: Translation Invariant Linear System? can be described knowing only this
functional. As we will see it is almost the impulse response of the system, but this has
to be discussed separately.

In fact, we can describe the system as a ”moving Vgr%%eli’, which comes from the
fact that the functional listed in the exercise above as (QHWH result in the system

y+h

pa) s ate) = op [ plorde. (1)
y—h

The following THEOREM will serve as a motivation for a correct discussion of the
term impulse response of a system. In particular it will make clear, that we have to
deal with three types of objects: the signals (here p(z) € Z3(R)), the operators (or
systems) on the space of signals (here and later on denoted by T : Z5(R) — Z5(R)),
and certain linear functionals (here p(z) — T'(p)(0), later related, in combination with
a flip-operator, to the impulse response).

2As a synonym for linear operator (here on Z3(R)), which commutes with translations.
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polysys00

compTILS1

Theorem 1. Assume that T : P3(R) — P5(R) is a linear mapping which commutes
with translations®, i.e. ToT, =T, oT,Vz € R. Then there erists a (uniquely deter-
mined) linear functional o = op € P5(R)* such that the output of the system can be
described by

T(p)(y) = q(y) = o(T—yp), VyeR. (18)

Engineers would probably write q(y) = o(p(. +y)).

Proof. In order to relate the behavior of the system at 0 to the position at the given
argument y we have to move y to 0. In fact

q(y) = q(0 +y) = [T_,q)(0).

By assumption (now comes the crucial identity! which will be part of examination):

q(y) = [Ty (T (p))](0) = [(Ty o T)(p)](0) = [T 0 T (p)}(0) = [T(T-yp)](0) = o0 (T"yp)

polysysrepl

(19)
by the definition of the functional o, and WE ARE DONE. O

Next we make the simple observation that the concatenation of TILS gives another
TILS (!Exercise)

Lemma 1. Given two translation invariant linear systems Ty, T the concatenation of
these two systems, in any order, give again translation invariant systems.

Assume that Ty 1s “represented by o1 and Ty is “represented by oy then there exists
some o € P3(R)* such that

T(Ta(p)(y) = o(T-yp), Vy €R. (20)

Proof. We leave the detailed proof to the reader. First one has to verify that the composi-
tion of linear operators gives again a linear operator. Then one has to (iteratively) verify
that the composition of two translation invariant operators has again this property. [l

WE ARE AT A CRITICAL POINT OF THIS EXAMPLE! We could go on and define the
convolution of two such functionals by setting o; * 09 := 0, as in the lemma above.

It would be clear that we have the associative law (coming from the associative law
of concatenation of linear operators), so

o1 % (09 % 03) = (01 % 09) * 03
and also e.g. distributive laws, such as (we omit brackets!)
o1 % (aoy + Bos) = aoy * 03 + foy * 03,
or other obvious properties, such as
a(oy x 03) = (aoy) * 09 = 01 % (o9).

What else could we ask for? [Please think ahead. 23.09, hgfei]

3We write T o S for the concatenation of operators, i.e. [T o S|(f) = T(S(f)).
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We also have to provide a converse, i.e. in order to establish the fact that there is
indeed a one-to-one correspondence between such functionals and TILS. We have to take
essentially the following three steps:

olysysrepl
1. Show that relation ( [87'can be used as a definition for a TILS, i.e. given a functional
it defines a linear operator which commutes with translations!

2. Show that every system arises in this way. Of course one expects that the function0 svsrend
which should be used (given the TILS) should be given by (just put y = 0 in (

o(p) = [TE)0). € Pu(R). (21)

3. Show that the representation is unique, or that different systems correspond to
different functionals.

We will do this in the more applied context, but it is another good Exercise to fill in
details! The hard part may be to check what is it that has to be proved.
Now let us look at some of the possible examples.

1. First we look at the identity operator. Then we get
ora(p(x)) = (1d(p))(0) = p(0) = do(p)-

In other words: The Dirac delta (functional) is “representing” the identity operator,
in fact, we have (to confirm)

(Id(p))(y) = p(y) = do(T-yp) = p(0 — (=y)) = p(y).

Another viewpoint is to move the Dirac delta around, but the only and most
natural way to move a functional, i.e. to DEFINE T,0 is via the rule

T,0)(p) = o(T_, f). (22)

In the standard engineering literature the above relationship is expressed as an
important fact, called the sifting property of the Dirac Delta, often written as

/_OO F@)5(t —y)dt = f(y) < [Ty00](f) = o(T-yf) = (0= (=y)) = f(y). (23) |sifting02

In this sense we can also say, a linear operator 7" is a TILS if and only if
TyoToT_ ,=T, VyekR

This corresponds to the fact that instead of moving the averaging (or pointwise
evaluation process in the current case) to the point y € R one moves the polynomial
(p(z) of rather ¢(y)) back to the position zero, then applies the functional, and then
moves the information obtained in this way back to the position .

OVERALL the translation invariance establishes some inherent coherence (or group
invariance property) between the collection of point evaluations at the different
points, applied to the output.

The example (signals modeled as cubic polynomials) allows us to go through the
same process in a uniform way, covering the case of continuous or discrete, periodic
or non-periodic (thus including the case of discrete and periodic, i.e. finite vectors)!!
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In order to illustrate THIS approach to convolution (as a rule which allows to under-
stand it as a way to combine two such moving averages by composing them). Later on we
will speak about filters and also have to establish the fact that the order (!surprisingly
at this point) does NOT matter, but this has to be verified.

In order to indicate the relationship between systems 7' and their corresponding
functional o we will occasionally use symbols such as T, (the system generated by the
functional o) or o7 (the functional arising from the system). In this sense we have

Tr=1,,, o=or,.

A key point to this observation is the fact, that simple translation operators corre-
spond to Dirac Deltas.
So let us first assume that we start from the functional o = d;,. Then the correspon-

ding Tg!@s (sar%dlvice versa) can be computed by applying our general correspondence

rule (IT8). We obtain*

q(y) = Tp(y) = 61y (T_yp) = p(to — (—y)) = p(y + to) = T—,p(y),

or described in an argument-free way

Ts,,(p) =T 4y(p), to € R,p € F3(R), (24)
or even more compact: The system generated from d;, is a shift operator:
T&O =T, tekR (25)

Next we look at the convolution of two point measures (Dirac measures).

Lemma 2. For any two values t; and ty one has
(5751 X (5,52 = 6t1+t2-

Proof. The system which corresponds to each of these functionals is a simple translation
operator. Since T4, o T_;, = T_(; 14, it is clear that the functional representing the
composed operator has to be d, 4, ]

This observation has the immediate consequence that the convolution of point mea-
sures is commutative, i.e. does not depend on the order of the factors. Of course this
property is also valid for two functionals which are both finite discrete measures, i.e. of
the form o = >}, cx0y, -

Observe the analogy to matrix representation and matrix multiplication: Due to the
linearity of a given mapping 7" one can reduce the description of a mapping 7T to the
knowledge of a set of basis vectors, which is stored as columns in matrix format, we need
n of them, from the target space C™, of course. Given two such operators, which can
be composed, result in another operator, hence one needs an efficient way to compute
the new matrix. This is how matrix multiplication is designed. For TILS we even reduce
it further (essentially one row of that matrix), and need a new composition, called
convolution. We will later discuss cyclic convolution of vectors (representing periodic
discrete signals).

4Observe that T'p(y) can only be interpreted as [T'(p)](y), because T applies only to polynomials,
the same at the end of the line, [T_, (p)](y) is the only possible reading!.
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Let us illustrate the situation for such linear systems from the MATLAB point of
view, looking at the linear system:

p@) = T(p)(y) =2p'(z) + p(z — 1) — p'(x)

We can ask, what is the row vector (i.e. which linear functional) that corresponds to
this system, i.e. which linear mapping do we have from the coefficients of the input signal
p(x) to the output signal ¢(y) (the linearity of 7' is clear!), and in addition we can ask,
whether this system is invertible. In other words, how can we compute the coefficients of
the input signal which is needed in order to obtain as the output given cubic polynomial.

By just computing the output for the input vectors in the family .#3, expressed in
standard coordinates (again from highest to lowest exponent), we find that the matrix
representing 7" with respect to the basis .42 is

10 00
3 1 00

=13 2 19 (26)
1111

Since this is a lower triangular matrix with non-zero entries it is clear that det(77") =
1 # 0 (product of the diagonal elements). We may compute the inverse, and because of
the fact that 1/det(7") = 1 is an integer it will be integer-valued, in fact we get

1 0 0 0
L | =3 1 0 o0
=19 2 1 9 27)
-1 3 -1 1
Finally we have [TT(z*)(0) = [~1,—1,1,1] (which is of course just the last row of

the matrix for T'7"), given the input p(x) as a sequence of coefficients.

We have (see GEOGEBRA figure) the polynomial
p(x) =x(xr —1)(z +1) = 2> —x, or coefficients [1,0, —1,0];

Applying the matrix T'T to this column vector gives us (check with MATLAB) [1,3,-4,-
2], i.e. the output is supposed to be of the form ¢(y) = y* + 3y? — 4y — 2 (of course one
should also check it by ordinary differentiation).

Doing the same for the other system and plotting the result over [—7,2], and then
adjusting the height of the plot we obtain the following figure, confirming the correctness
of computations done in a similar way!
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Abbildung 1: MATLAB experiment confirming GEOGEBRA observations: translation
invariance of operation, directly computed within GEOGEBRA, using derivatives and
shift operators

Concluding this section let us summarize our finding in the coordinate representation
of both the operator T'T" and the corresponding linear function opp

1 0
rr=| 3 ; (28)

0 0
0 0
10
-1 -1 11
represTT
This is the matrix representation for 77" given in (77) with respect to the monomial
basis (in MATLAB, i.e. in decreasing order). In other words, the columns contain the
output 77T (p(x)), for p(x) = 2% in the first row and so on.
For the associated functional o7y we have to look at the value of the same output
only at the position y = 0. Obviously this is just the constant term of ¢(y), i.e. the last
coefficient. In other words we have the row vector

b=[-1,-1,1,1]

as the description of the linear functional.
In other words, for a general polynomial of the form p(z) = a;2® + ax2? + asx + as
the value
o(p(x)) = (a,b) = —a; — as + a3z + ay.

So our claim is (FOR THE MOMENT LEFT AS AN EXERCISE, please send your
suggestions or solutions or question to the lecturer!): One can reconstruct the full matrix
from o, i.e. it is possible to retrieve the full matrix from its last row (under the assumption
that the matrix represents a translation invariant operator).
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2 Transferring to non-periodic, continuous signals

OUTLOOK to the next steps: Motivated by the signal space &Z3(R) we move on to a
more realistic scenario, i.e. to (Co(G), || - ||s0), for a locally compact Abelian group, like
(R%, +) (Euclidean space).

For the sequel we will basically provide a general approach to invariant systems which
commute with translation. Although the approach works for any dimension, and also for
discrete signals, we will put a focus on the case R (one-dimensional, audio-signals) and
R? with d = 2,3, as it is used for image processing (or volume data).

We can give two formal definition of a BIBOS (bounded input - bounded output
system). First the mathematically precise (and simple one). For a detailed discussion
of the topic and relations to the published literature I refer to the very recent ARXIV
article by M. Unser at EPFL (un20: [42]).

Definition 1. A BIBOS is a bounded linear operator T" : (Co(R?), || - ||s) = (Co(R?), ||
which commutes with translations, i.e. which satisfies

3C > 0 such that Vf € Cy(RY) : [T(F)]lw < C|If ]| (29)

and
ToT.=T.0oT, VzeR< (30)

For a practical verification that a system T is a BIBOS system I would prefer the
following (more realistic, with respect to verification) assumption:

Definition 2. A BIBOS is a bounded linear operator 7' : C.(R?) — Cy(R?) which
commutes with translations, i.e. which satisfies ToT, =T, 0T, Vz € R and satisfies
a boundedness condition for T'(k):

3C > 0 such that Vk € C.(R?) : || T(k)|loo < C|Ik]ls (31)
and in addition:
Vk € C.(RY) and ¢ > 0 3R > 0 such that |z| > R = |T'(k)(z)| < <. (32)

Note that one has for a general measure (as treated in courses on measure theory,
see e.g. [Cohn, Donald, L.] Measure Theory [5]: f + [p. f(z)du(z) is only well defined
on C,(R?) and for any radius R > 0 there exists some constant Cr > 0 such that for
any f € C.(RY) with f(x) = 0 for |#| > R one has:

uHI =1 [ )dutz)] < Crlf (3)

A typical example is the usual Riemann integral, with Cg being typically the volume of
Bgr(0), the ball of radius R around zero.

13
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3 Third week

First let us recall the one-to-one relationship between linear functionals (on #3(R)) and

TILS on Z5(R), by the formula

T(p)(y) = qly) = o(T—yp),

Yy € R.

3.1 Norm of discrete measures
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3.2 The continuous case
Claim: iy, : f + [pa f(2)k(x)dz defines a bounded measure for each k € C,(RY):

el agyey = [ 1k(2)|de = ||kl g
R4

thsignl.eps , 4 .
smooth (lowpass) function, sign-function

1 - — M

A VI I M
i |
1 U

0 100 200 300 400

Abbildung 5: smoothsignl.eps

F(2)k(x)da E/ k()| = |[K] 5
Rd R4
The idea: for f = sign(k) the above estimate provides equality, and thus for
Lemma 3. For k € C.(R?) one has:

lllng = Ikl sk € Co(RY). (35)

. LispinMbil o o
Proof. The proof of equality (}35 ) relies on a standard strategy applied in many situations:
i) First we show that one has for any given k € C.(R?):

k[ ng < [l -

15



thsign2.eps

lowpass function, smoothed sign-function
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Abbildung 6: smoothsign2.eps

This is an obvious consequence of the fact that one has for any f € Cy(R?) that f -k €
C.(R%), hence it is Riemann integrable, and

(Pl =1 [ f@k@)e < [ |@llke)lde < [l

This implies that ||k||; is an upper bound for ||z || az (re) -

ii) In the second step one has to show that it is actually the sup(remum), resp. that
there is no smaller lower bound. In other words, one has to show that for any € > 0 the
number ||k||; — & is not anymore an upper bound, or equivalently expressed: For any
e > 0 there exists some f € Cy(R?) (in fact in C.(R?)) with the restriction ||f||. = 1
such that one has

(Pl =1 [ kel = ikl =<,

The choice of a suitable f (a smoothed version of the signum function for k) is illustrated
by the plots.

The detailed explanation and the proof for complex-valued functions k € C.(R?)
is given as Proposition 6 (Functions to Measures), ca. p. 68, in the SKRIPT (HGFei)
Instead if the sign-function one takes the phase function, but it requires some trick
because this phase function may be discontinuous near the zeros of the function k.

O
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3.3 Regular BUPUs

We will use a lot the so-called BUPUs, the Bounded Uniform Partitions of Unity: Families
of bump functions which have small support, finite (limited) overlap, and which add up
to the constant one (hence partition of unity!).

a nice, regular BUPU
1.2 T T T

0.8
0.6

0.4

0.2 f

02 | | | | | | | | |
50 100 150 200 250 300 350 400 450

Abbildung 7: BUPUETHO1.pdf

We use them in order to cut a bounded measure into localized pieces and we also use
it in order to approximate function in Cy(R?) by e.g. piecewise polynomial functions,
so-called splines. In computer graphics cubic splines are the most popular ones, because
they have continuous second derivatives, i.e. the allow to represent smooth curves in a
flexible way (so to say: roads which allow smooth driving, i.e. the steering wheel position,
corresponding to the current radius of curvature, is changing only in a continuous way
and without jumps!).

For the case d > 2 one can obtain BUPUs by taking tensor products of BUPUs (may
be even the same), say ¥ ® W consists of the collection

(Vs @ Vi) inerr

with
(f ® g)(z,y) = f(x)g(y), z,y R,

and
Il = {(z’,i’)|z’,i/ el}.

17
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4 Functional analytic tools and arguments

Date: 01.10.2020, hgfei

For the sake of repeated use in similar, but different contexts, let us summarize some
basic principles from functional analysis resp. some typical arguments used widely. Some
of the statements below are well-known functional analytic principles (basic facts, so to
say) and others are more like examples of best practice. They are supposed to present
arguments, which are very useful and which can be applied in many situations.

First we recall that we are using often the fact that (Co(R?), ||-||) is a Banach
space, i.e. every Cauchy sequence , in fact every Cauchy net (f,)n>1 of (fa)aer in
Co(R?) (with respect to the sup-norm) has a limit inside of the space Cy(R?).

The usual argumentation is

L ((Cy(R?), || l)) is a complete space, because uniform limits of continuous func-
tions have to be continuous functions, and since Cauchy sequences are bounded
in the norm sense, i.e. sup,, || fnllcoc < oo the limit will be also a bounded function
(this has to be verified first);

2. (Co(R?), || ||so) is a closed subspace, hence it is also complete. In other words, if
one has f, € Co(R?) for all n > 1 then also the limit (which exists in (Cy(R?), |- [|),
by (i)) must belong to (Cy(R?), || - ||s) (this argument has been worked out).

The next step is to discuss the completeness of (My(R), || - ||ag,) = (C5(R?), || - [lcr)-
It is a special case of a more general principle, but let us give the proof in the more
concrete context of (B, |- |5) = (Co(R?), || - ||~):

Lemma 4. Given a normed space (B, ||-||B), the dual space (B', ||-||5’), i.e. the col-
lection of all bounded linear functionals p : f — p(f) is complete with respect to the dual
norm, given by

lullr = sup |u(f)]- (36)

IflB<1

Even this very useful general fact can be further generalized (resp. represents a special
case of the more general statement) to (choose (B?, || - ||®) just R or C with the absolute
value as a norm):

18



Lemma 5. Let (B, ||-||") be a normed space, and (B2, ||-||¥)) be a Banach space,
i.e. a complete normed space. Then L(B', BQ), endowed with the operator norm

N7l = sup  |Tf]ge
fGBlﬂ||f||31S1

1s a Banach space.

Proof. Assume the (7,)2°, is a Cauchy sequence in £(B', B?) (endowed with the

operator norm ||| - ||| ). Then clearly for any f € B* we have
IT0f =TS llg2 = (T = T) fll 2 < T = Tl 1 1l 515 (37)
ie. (T,f.)22, is a Cauchy sequence in (B?, ||-||®). By the completeness assumption

the limit exists in (B?, || - ||®), and we may call it Ty(f), i.e.

To(f) = lim T, f. (38) |1limTn
n—oo
It is easy to check (left to the reader) that f +— Ty(f) is a linear mapping, so it remains
to show that the limit operator is also a bounded operator, in fact we even have for any
o Z 1:
ITolll < sup IT ]l (39) |opnormest2
n>ng
First, by choosing as € = 1 we can find ng such that one has for n,m > ng:
| T, — Tp|ll < 1. Hence we have for any f € B! with ||f||g < 1:

ITafllgz < Tho = Tulll + 1Tno fllg2 < 1+ 1Tl (40) [Toestim

and by taking the limit

IToflls> = lim |Tufllse < 1+ 1Tl (41)

This implies immediately that the limit mapping is in fact a bounded linear oper tor a0
(hence the symbol Ty is well justified!) and the claimed operator norm estimation (
is valid.

1
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5 TILS: measures representing operators

The key connection is the relation (slightly different from the “moving average approach
for 223(R)), using the flip-operator, given by f¥(z) = f(—x).

T.f(y) = (T, f) for pr(f)=T(f)(0). (42)

By this trick the correspondence between the operator T, (right shift) and the discrete
point measure J, (instead of —z!) arises.
We have to go thrOlE%h fdiffer?lt steps, in particular we have to show that the linear
( uncre

operator 7}, defined by actually defines a translation invariant and bounded operator
on (CO(Rd)a || . ||oo>
Basically the linearity and the boundedness are easy to check, including the estimate

Tl corey < |14l n, ma) -

What is more interesting is the verification that such a bounded and linear operator
commutes with any translation operator T,, z € R?: Using the simple fact that

(Tzf)‘/ = sz.f‘/

we get:

[TAT DY) = T (T2 f ")) = 1Ty f ) = TSy — 2) = [TAT)Iy).  (43)

This being true for any y € R? we have T,(T.f) = T.(T,f) for any f € Cy(R?), or
equivalently the desired commutativity for operators

T,0T.=T.0T,, VzeR%

Next we have to show (once the boundedness is established) that for any input
f € Co(R?) T,(f) is not only a bounded, but also a continuous function, vanishing at
infinity.

Since f € Cy(R?) is also uniformly continuous, we can use the translation invariance
of T, in order to derive the uniform continuity, due to the estimate

ITe(Tuf) = Tuflloo = ITW(Tef = Fllco < NTUll 1T5f = Flloo = 0 for [a] — 0. (44)

The final step, in order to guarantee the decay at infinity. We use the fact that com-
pactly supported elements are dense in (My(R?), || - [|as,) as well as in (Co(R?), || - [|so)-
More precisely we proceed in two steps.

First we prove that for compactly supported pn and f, ie. p = Y . pputp; and f =
> jep J¥j, where E and F' are finite sets, one finds that the resulting output signal
T, (f) has compact support inside of Byg(0), because T),(f)(y) = 0 for |y| > 2R. Thus
altogether T,(f) € C.(R%) C Cy(R?). The general case is derived therefrom by a stan-
dard approximation argument! (a good exercise for the interested reader!).

So let us first observe that due to the properties of BUPUs for an finite set (here E
and F') we have: There exists R > 0 such that for |z| > R one has ¢;(x) = 0 (because
each of the bump functions in the BUPU have bounded, i.e. compact support). We can
take the same radius for £ and F.
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Let us now look at the convolution product 7),,,(f1;) and try to find a control on
the region where this can be non-zero, for ¢ € F' and j € F'. By definition we have

T (F0) (W) = pbi(T, (i £)) = (@i - Toytby” - Ty ) = pl[thi - T-yib” - T, f7). (45)

Now we note that for the case |y| > 2R the two functions ;,i € F and T_ ;" ,j € E
cannot be non-zero at the same time, hence the pointwise product is zero and the
resulting action of y on the zero-function (multiplication of zero by T_,f¥ gives zero
again!) is zero. Combining these facts we see that T, f € C,,(R?), with compact support,
hence 7, f € C.(RY) C Co(R?).

The final step is taken by observing that we have (due to the absolute convergence,
namely the condition >, ; |1 villng, = ||l ns,):

= nbillag, — 0 for F AT, (46)
i€l
and similarly
1f =" fillc = 0 for E AT (47)
JEE

The detailed verification of this last condition is (for now) left to the reader (!Exercise).

In other words, the elements which satisfy the extra conditions just made (in order to
come up with the compact support condition for T, f) is verified for a dense subspace of
elements (that linear combinations of elements with this condition share this condition
is easy to check, but perhaps not trivial).

So we can create sequences of such measures with compact support, we may call them
M, convergent to p in (My(R?), || - ||azg,), and also sequences of functions f,, convergent
to fin (Co(RY), || -|l) (by choosing for E = F e.g. all the elements in the BUPU which
intersect B,(0), the ball of radius n € N around 0 in R9).

Then (please try to work out the argument yourself) one has ...

T,..(fa) is a Cauchy sequence in (Cy(R?), || [l«), and since this is a Banach space,
the limit (which is taken using the uniform, hence pointwise convergence), which is of
course T},(f) (why?) belongs to (Co(R?), || - [l«) (and not just to Cyp(R?)).

We do not do the detailed discussion of why we have that the (now) measure assigned
to a given operator 7T}, is just the original measure, and conversely, that the operator,
assigned to o, for a given translation invariant system is of course (in the sense of as
expected!) the original TILS T

In other words, we have that the mappings T — ugp and p +— T}, are inverse to each
other (and of course are both linear!).

Let us also observe that obviously one has

ez (A1 =T < WTWN oo = NTINIF oo

hence
e |lag, < || T|II - (48)
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Recall that we also have the other estimate

T f W) = Ty f ) < Mg flloor Yy € RY,

hence
T flloo < lleellagll Flloos ¥ € Co(RY),
or finally
ITull < [lpellag, Vi€ My(RY). (49)
Observinng_Peastt 1theioécl%(%mgé%g>pings are inverse to each other and both are non-

expansive ( (8] and (A9) we come to the important conclusion that the mapping is
an isometric one:

Il = lullag, Vi € My(RY. (50)

We can summarize: The correspondence between TILS (described as 7),) and linear
functionals on (Cy(R?), || - ||s), named bounded measures is an isometric one. Opera-
tors T),, are Cauchy sequences in (Lga(Cp(R?)), ||| -[|) if and only if the corresponding
measures fi,, n > 1 are a Cauchy sequence in (M,(R?), |- ||as,)-

There was a break here

Let us recall:

Dyp = ZM(%)&:H with  Dyu(f) = u(Spyf), f€ CO(Rd)a

el
hence
Dy pn( ) < il ng ISP oo < (11l | f lloos
or
1Dy pllng, < llptllng,, Vi € My(R?),

in other words, the linear mappings Dy : 4t — Dyp (with || < 1 are all non-expansive
(on (My(RY, |- [135))

Distinguish (!) between (u, f) — C,(f) is a bilinear mapping from (M (R?), || - || ag, ) X
(Co(RY), ||+ [|so) into (Co(R?), |- ||sc), and convolution with (Mj,(R?), |- |[as) (related
to concatenation of operators) is using the same symbol.

Let us recall that the very natural relation

(p1 * po) * f = py * (p2 * f) (51)

is a consequence of the definition of the internal multiplication (called convolution) in
(M,(RY), || - |ag,)- The second symbol is always the application of the measure (the
application of the convolution operator) generated by the measure to the left.

So far we have established the following facts:

Theorem 2. The Banach space (My(R?), || - |lag,) is a Banach algebra with respect to
the multiplication, given through convolution. oy is the unit element in the multiplicative
group of this Banach algebra. In particular we have submultiplicativity of the norm. For
1, o € M (RY) one has:

i+ sl ngy, < [l llng, - N2l ngy (52)
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Proof. Tt is clear that the set of all bounded linear operators on (Co(R?), || - ||o) which
commute with translations (TILS) is a Banach algebra with respect to composition. In
fact, it is easy to check that it is closed inside of L(Cy(R?)), the Banach algebra of all
bounded linear operators on (Co(R?), |- ||« ), endowed with the operator norm. Hence it
is a Banach algebra (under composition of operators), endowed with the perator norm,
which is of course submultiplicative. By transfer of structure we obtain (%237 O

e * Flloo < Nlutllag I flloos 1€ My(R?), f € Co(RY). (53)

plf) = px f10) (=[x f7](0)). (54)

5.1 Convolution and the commutativity question

It is clear that Dyu is w*-convergent to u € My(R?) for |¥| — 0, which means that

lim Dopu(f) = u(f), Vf € Co(RY). (55)

|@|—0
Upon replacing f by T, f¥ one can see that

lim (Dgp* f—p*f)(y) =0 (56)

|¥|—0

for any y € R% In fact, using the equicontinuity of the family Dy * f one can show
that the convergence is uniform over compact sets. For details you should check with
Lemma 8 of the script (labeled [unifcompO01], p. 18). In other words, for any R > 0 and
e > 0 there exists dp > 0 such that for [¥| < § > 0 on has for all y with |y| < R:

|Dopx f(y) —px fly)| <e. (57)

But in fact much more is true (because essentially one has control about the behaviour
of Dyp = f at infinity (so fare we leave out details), see script.

Proposition 1. For every u € M,(R?) and f € Cy(R?) one has
limyg| o [[Dyp* f— px flloo = 0. (58)
Moreover the limit is uniform for (bounded and) equicontinuous sets M C Co(R?).

Remark 1. A verbal description of the above statement may be given as follows: Given
any TILS T the output signal T'(f) (for input f € Cy(R?)) can be obtained by convolving
f with the uniquely determined measure u. It can be approximated by a finite sum of
shift operators, with coefficients which depend on the concentration of mass (thinking
of a probability measure p), namely p(1);).

Proof. The idea of the proof is to make use of the fact that compactly supported measures

are dense in (M,(R?),||-||as) and that E%?q%i)lvi&dense in (Co(R?), || ||lsc), and that

the pointwise convergence described by (b6) 1s uniform over the compact set where the
convolution product p * f is non-zero. O
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Distinguish (!) between (u, f) — C,(f) is a bilinear mapping from (M (R?), || - || ag,) X
(Co(RY), ||+ [|so) into (Co(R?), ||+ ||lsc), and convolution with (My(R?), | -|laz,) (related
to concatenation of operators) is using the same symbol.

Let us recall that the very natural relation

(k1 % p2) * f = puy = (o * f) (59)

is a consequence of the definition of the internal multiplication (called convolution) in
(M,(R?), || - [|ag,)- The second symbol is always the application of the measure (the
application of the convolution operator) generated by the measure to the left.

Lemma 6. Given u,v € My(R?) we claim that one has for f € Cy(R?), for || — 0:
(Dyp* Dyv) x f = Dyps (Dov * f) = (nxv) * fin (Co(RY), ||+ ||oo)- (60)
In particular one has w*-convergence of
DypxDyv —"" pxv, for|¥] = 0. (61)

Proof. The first statement follows from the uniform boundedness of the family (D jt)jw|<1
in (M,(RY), || ||ag,), for any given p € M,(R?), since one has the estimate:

|(Dwp* Dyv) * f— (uxv)* flloo <

using the commutativity of convolution (probably avoidable!)
S| Dwp s (Dyv s f) = Dy (Vs flloo + [ 5 (Dupps f = pos flloo <

< [Dwpllan 1Dwv s f = v flloo + IWllag | Dopp o | = o flloc

. DPsiconvappr .
Since we have || Dyp||ag, < ||¢t]|ag, we can apply Prop. I'in order T guarantee the claimed
convergence.

DPsi Psi
The convergence described in (%l ;lf%lnggvsstfrom the validity of (%l) i,mgllﬁnélerving that
[Dypi* Dyv)(f) = [(Dyp+ Dyr) * f1(0) = ([ v]* f)(0) = pxv(f)
whenever || — 0. O

We have seen, that Dirac measures correspond to translation operators, which of
course commute. Hence we have

Lemma 7. (My(R%),| - ||ag,) is a closed, commutative subalgebra of (My(R?), || - || as,)
with respect to convolution.

Proof. We know already that (My(RY), || - ||ag,) is a closed subspace of (My(R%), || - ||as,),
hence in fact a Banach space with the norm inherited from (Mjy(RY), || - ||az,). Thus we
only have to check that it is closed under convolution and that convolution is commu-
tative in Myz(R?). Since we have seen that

6p %0y = Opry = 0y %0y, 1,y € RY

it is clear that convolution of measures is commutative for finite discrete measures, and
then also, by taking limits, for arbitrary discrete bounded measures (resp. infinite series of

Dirac measur Cs().v’l%lseu%%chnical approximation argument relies on the submultiplicativity
of the norm (352 B O
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In order to derive commutativity of convolution (inside of (My(R?), || - ||ag,)) we have
to combine the observations above:

Proposition 2. For any two bounded measures iy, pa € My(R?) one has

i * fho = [l ¥ [ (62)

In particular, (My(R?), || ||lag,) is @ commutative Banach algebra with respect to convo-
lution, with identity dg.

Proof. We will use an indirect argument. If one could find two bounded measures pi, ps €
M, (R?) such that

i * [ F o * fiy (63)
one also would find some f € Cy(R?) with || f||c = 1 and
[ 12)(F) — 12 % ) ()] = 20 > 0 (64)

for some positive val

] %8 nunuwst .
But by applying ( we can choose sufficiently fine BUPUs such that we have both

|12 % 2] () = [Dw (1) % D (p2)](f)| < €0/4

and
{2 * 1] (f) — [Dw(p2) * Dy (p1)](f)] < €0/4-
Now upon writing
Dy (p2) * Dy (1) = v = Du(p11) * Dy (pe2)

we arrive, by means of the triangular equation, at

1 * pa(f) — pax pa ()] < Jpa * pa(f) — v () + v (f) — p2 * pa(f)] < 0/2,

. Lo L. . uitcommnegf
in contradiction to the indirect assumption (%Zi ).
The action of dy within M,(R?) is of course just the expected one:

[00 % p] (f) = g[8 f1(0) = px f7(0) = p(f).

5.2 Different variants of convolution

Given the commutativity of convolution we see a new problem. Given two functions
ki, ko € C.(R?), how can or should one define the convolution of these two functions?
We cannot (so far!) convolve two general elements from Cy(R?), BUT, we can interpret
one or both of the two functions as bounded measures. Thus we have so far the function
ki, ko € C.(RY) C Cy(RY), the associated bounded measures p; = g, and po :=
fr, in (My(RY), || - |lag,). This raises the questions about the potential ambiguity of
convolutions. First we will check that the following functions coincide in Cyp(R?):

Wiy * ko and  pg, x ky and Ky kg, ko (65)

®We do not claim that Dy (u1 * p2) = Dy (111) * D (p2)!
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respectively the following measures:

oy * [y and Fokey % o and /’L,U«kQ*kl and Fokey 5 o ko (66>

OF COURSE WE WILL NOT DO EACH AND ANY OF THEM IN GREAT DETAIL, BUT
WE GO THROUGH THE LESS OBVIOUS ONES STEP BY STEP!

Of course all these elements can be described as a continuous function with compact
support, which can be described pointwise:

o o Kaly) = /R iy~ 2)kale)dz = /R oy~ ()= = by s baly). (67)

kiktconv
Formula (%I) coincides with the interpretation as C, (k1) since

Coulb)0) = [

R4

T, (k1" ) (2)ka(2)dz = /Rd k1Y (2 — y)kao(2)dz = ki *p0 ka(y).  (68)

In order to convince ourselves that jix .,k = fix, * r, We only have to show that
the action on any given k € C,(R%) is the same (because by density the action of this
functional coincides on all of Cy(R?)). Given ky, ky € C.(R?) and the corresponding mea-
sures (1 = fug, and e = pg, we can produce the convolution product (via composition)
[ = i1 * g, whereas of course one can check (fairly easily) that ki %, ks € C.(R?) also

defines a measure, namely i, «, k.-
Recall that for any p € M,(R?) one has the connection: u(k) = C,(k*)(0).

p(k) = Cuk? (0) = Criyuuk” (0) = [Ciy (Cluk"))(0) = i [(Crik)1(0). (69)
Hence we have to compute that one has

Ok’ (y) = ua(Tyk) = /

R4

k(z —y) ka(2)dz =504y /Rd k(z)ksa(z +y)dz  (70)

Note that we have to apply a flip operator to this function, changing the ronmeng
ko(z + y) to kao(x — y) in the formula below (for the outer flip operator) from (69):

) = G [k 0 = [ 1) [ Keale =z )y = ()

= Fubini /Rd k(2) </Rd ki (y)ka(z — y)dy) dz = [hysgopky (K)- (72)

In this way (we will encounter various similar situations) we will be free to interpret
convolutions whenever they exist according to one or the other method, with the ex-
tra benefit that associativity and commutativity of convolution are granted within this
setting, as one might expect.
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5.3 The Lebesgue space

Most mathematical books, in particular re68: [34] or the more recent edition rest00 :
[35], by my advisor Hans Reiter, or the books of Folland (fo92: [18], fo94: [19]) take
Lebesgue integration theory as granted to start with the space (Ll(]Rd), | - ”1) as the
starting point for Fourier analysis (over ¥ = R? or even more generally, starting from
the Haar measure over a locally compact Abelian (LCA) group).

It is the goal of this subsection to link our approach, which starts with (Co(R?), || - ||s)
and its dual, called the space of bounded measures (My(R?), || - ||as,), with the approach
based on measure theory.

First of all let us emphasize that the terminology is well justified, because (diffe-
rent variants of) the Riesz Representation Theorem allow to identify these two objects.
Books and courses on measure theory start from a o-additive regular Borel measure,
which allows to determine p(A) for certain non-pathological sets (called p-measurable),
including all the open or compact sets (due to the Borel assumption). They go on to
define expressions like

/ f(z)dp(z

first for measurable step functions (i.e. function of the form

x) = Z cela,
k=1

which take constant values ¢, € R over measurable sets A, and then by taking suitable
limits for the most general functions, called the p-integrable functions.

The Lebesgue measure on R is built from the natural expression of volumes of
parallel-epipeds, i.e. sets of the form

d d
Q H ag, bk with VOI(Q) = H(bk — ak).
k=1 k=1

As usual we write f]Rd f(z)dx for the integral with respect to the Lebesgue measure,
and of course we have for any f € C.(R?) that this integral exists and equals the usual
Riemann integral (taken over a compact domain).

The space L£*(R?) consists of all measurable functions on R? which have finite absolute
integral

I£1h :—/ F(@)lde < oo

Since this is only a semi-norm, meaning that ||f||; = 0 only implies that f(z) = 0
almost everywhere, one resort to the definition of (L'(R?), ||-||1) as the vector space of
equivalence classes of Lebesgue integrable functions.

'01010.0:0:0.0.0.0.0:0.0.6 0.0.0.0.0.0.0.6.0.0.0.0.0.0.0.0.6.6.0.6.6.0.0.6.6.0.0.0.6.0.0.0.6.6 00660604
The important facts are given on the following page:
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1. (L'(RY), ||- 1) is a Banach space, containing C.(R?) as dense subspace;

2. (L'(RY), || -||1) is even a Banach algebra with respect to convolution, defined by
the usual convolution integral,

frglx) = /Rd g(x —y)f(y)dy (73)

which exists almost everywhere and defines another element (named f * g) in
L'(R?) satisfying the expected submultiplicativity

1f % gller < Wflleellglles,  f.g € LY(RY). (74)

3. On L'(R?) the Fourier transform is well defined as
flwy= [ f(t)-emtat (75)
Rd

and defines a function ]?E Co(R?) (Riemann-Lebesgue Lemma), turning convolu-
tion into pointwise multiplication (Convolution Theorem)

m:f/g\a f)geLl(Rd)'

4. Whenever f € L'(R?) the original function f can be recovered pointwise by the
wnverse Fourier transform integral

fo= flw) - €™ dw, (76)

The main facts used from Lebesgue integration theory are statements which gua-
rantee the interchange of integration and (pointwise) limits of functions, such as the
Lebesgue Dominated Convergence Theorem and the Fubini-Tonelli Theorem, justifying
the change of integration orders for multiple integrals. Finally, the specific properties
of the Lebesgue integral justify the change of variables (usually just translation, or affi-
ne transformation laws, bringing in determinants of the involved linear transformation,
such as rotation, dilation and so on).

Let us just formulate the Dominated Convergence Principle:

Lemma 8. Let (f,)n>1 be a sequence in (L'(R?), |- ||1), and assume that we have

1. |fu(2)] < lg(z)]  almost everywhere (pointwise domination) for some g € L'(RY);

2. fo(z) = limy, o fu(z) exists almost everywhere.
Then fy € L'(R?) and lim,_,o0 || fr — follzr = 0.

At a technical level it appears obvious that Fourier Analysis, as formulated above,
cannot be done without Lebesgue integration, and that the completeness property of
(L'(R?), || |l1) is an essential building block for the Fourier transform.

On the other hand, the focus on integration techniques narrows the view
and puts emphasize on the technicalities, and not on the content of Fourier
Analysis, as this lecturer is seeing it! Comments on the dual of (L'(R?), |- |)
(usually described as (L®(R?), |- ||s), to be given later!).
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Intermezzo, just for 08.10.2020

Let us summarize the situation:

We have the (pointwise) Banach algebra (Cy(R?), | -||«) as our starting point.
It is also translation invariant and flip-invariant, containing C,.(R?) as a dense subspace.
Hence most of the time we can reduce analytic statements by working with elements of
this subspace only, all of which are Riemann integrable!

Justified by the Riesz Representation Theorem (see books on functional analysis)
it is justified to just call the bounded linear functionals on (Cy(R?), |- ||s) bounded
measures. The dual space (of all such linear functionals) is another Banach space,
denoted by (Mb(Rd)> || ’ ||Mb)‘

Even without knowing much about (Co(R?), || |l«) and its dual (My(R?), || ||a,)
we can already establish the key connection between translation invariant linear systems
T and linear functionals p representing them, by the isometric! pairing

Tuf(y) = T, f") for pr(f)=T(f)(0). (77)

There are two very specific subspaces of (My(R?), |- ||ag) which are very useful,
namely the subspace of finite, discrete measures of the form p = >"7_, cx0,, (let us call
them the “simple” measures) and the “nice” measures, which have a density k € C.(R?):

n(f) = [ f@) ba)dr, € Go(®?,

(the integral can be a Riemann integral, since the integrand is continuous).

While both of them generate (almost) disjoint (only ¢ = 0 is common to them) closed
subspaces of (My(R?), |- |las,), they are both w*-dense in (My,(R?), || - ||ag,), which is
enough to get full information about the most general case by taking (suitable) limits
of such (simple or nice) easier to understand objects within My (R?). In fact, the closure
of the space of simple measures is the collection of bounded, discrete measures (or
absolutely convergent sums of Dirac measures) resp. (L'(R?), || [|1) (to be discussed in
more detail below).

Since the collection of all TILS forms a closed (lcommutative, as we have seen) sub-
algebra of £(Cy(R?)) (with the operator norm) it is natural to transfer the composition
structure of that algebra of operators to the (after all isometrically isomorphic) space,
namely M, (R?).

Finally we have explained that the different ideas about convolution which we have
introduced as the action of p € My(RY) on f € Cy(R?) by f — Cun(f) = u* f)
respectively the internal composition (also called convolution), characterized by

Churips = Cpy 0 Cy

are fully compatible and satisfy (in our context so far) the expected algebraic rules, such
as associativity, commutativity or the distributive law.

We still have to get more information on convergence issues, in order to understand
the connection to impulse response and transfer function, widely used in system theory.
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5.4 Lebesgue space as completion

Based on these facts we can describe, or actually introduce the space (L'(R?), ||-[|;) as
a closed subspace of (My(R?), || - ||as)-

Recall that we have already an isometric embedding of C.(R?), endowed with the
norm | - || into (My(R?), || - |lag,), by assigning to k € C.(R?) the measure

pe s f e | f@)k(e)de,  f € Co(RY),
Rd

i.e. with
1kl = Nl il agy ey -

Definition 3. (L'(R?), ||-[|1) is the closure of {u |k € C.(R%)} in (My(R?), | - ||as,)-
Few facts concerning (L'(R?), || -]l1) C (My(RY), || - ||as,):

charLisp| Proposition 3. (L'(R¢ ) is a closed ideal in (My(R), || - ||az). It coincides with
P = - llas,

the (closed) subspace of elements with continuous shift, given by
M (R)(RY) := {p € My(RY) | | Topr — pillag, = 0 for  — 0}

Proof. By definition (L'(R%), ||-||1) is a closed subspace of (M,(R?), || - ||as,)-

In order to show that it is a closed ideal we can resort to the fact that for compactly
supported measures p and for k € C.(R?) one has u* k € C,(R?) (see the proof that
M, (R % Cy(R?) C Cy(R?)). By taking limits one finds that My (R?)x L' (R?) C L' (R?).

In order to show that L'(R?) ¢ M,.(R?%) (without resorting to the characterization
of L'(R?) as the space of Lebesgue integrable functions!) we observe that the uniform
continuity of k € C.(R?) implies that

lim || T,k — k|| = 0,
x—0

In fact, the family (7,k)|;<1 has joint support in some compact set ). Hence one has
(writing |@Q| for the volume of Q):

1Tk = Kl < |QIITok = kllow = 0 for  — 0. (78)

That M,,.(R9) is a closed ideal of (M,(R?), |- |/ag) (With respect to convolution) is
quite easy to verify. The closedness is easy to check (left to the reader), and the ideal
property follows from the fact that convolution commutes with translation (lalso inside

of M,(R?), since
Sox (Wrp) = (0pxv¥)*pu, x€Rpve My(RY),
hence one has for v € M. (RY) and p € M (R?):
T ) — % llagy < 1T — vllng lillag, = O forfa] =5 0

The fact that any u € M,.(R?) can be approximated by functions k& € C.(R?) will
establish the coincide with this space with L'(R?).

30



The argument used will consists of two parts. For k € C.(R%) ¢ L*(R?) we know (cf.
above) that u* k € L'(R?). But we will use the continuity of translation in M.(R%) in
order to show that p x k (more correctly read as p * yy, via convolution within My (R%))
approximates .

Given pu € My.(R?) and € > 0 we can find some § > 0 such that ||T,p — pl|ag < /2
for |z| < 4. For any k € C.(R%), non-negative, with supp(k) C Bs/2(0) and any BUPU
U with U] < 6/2.

The continuity of translation within M .(R?) implies that one has

sk — pllng, < e

for any k € C.(R?) with sufficiently small support and [p, k(z)de = 1 implies that
1 can be approximated by function p % k € L'(R?), because we know already that it
is closed inside (M, (R?), |- |/ag,). Consequently M (RY) C L'(R?), and the proof is
complete. O

Corollary 1.
C,(RY) - LY(RY) = LY(RY) and Cy(R?) - L*(R?Y) = L*(R%)S.

Proof. Either characterization of L'(R?) can be used. E.g. uh € M .(R?) for y € M .(R?)
and h € Cy(RY), due to the estimate

1T (ph) — phllag, < W(Top — p) - Tobllag, + [l (Tah = b))l a,- (79)

The second claim, i.e. the statement that every f € L*(R?) can be written in the form
f = fi-h, for some f; € L'(R%) and some h € Cy(R?) will follow from the Cohen-Hewitt
Factorization Theorem (see hero70: [26]). As it is not needed now we postpone the
proof. O

We can also establish a link between “our approach” and the realization of the
completion as set of functions well defined almost everywhere.

Lemma 9. The elements f € L*(R?) can be represented as those measures i € M,(R?)
which can be represented as absolutely convergent series of elements k, € C.(R%), i.e.

f= ik with i lhinll < oo
n=1 n=1

Proof. This claim is based on the general functional analytic fact which allows to cha-
racterize the closure of a subspace in a Banach space with the collection of absolutely
convergent series. O

Remark 2. One of the basic facts concerning (L'(R?), |- ||1) (starting from the Lebesgue
theory) is the fact that the condition Y °, ||kn|lz1 < oo implies that > 7 k,(x) is
absolutely convergent almost everywhere and the resulting function g is a representative

6In both cases we use the “complex product”, i.e. Co(R?) - L*(R%) := {hf | h € Co(R?), f € L*(R%)}
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for the equivalence class which defines the measure j, € L'(RY) given by (the Lebesgue
integration, or via Riemann integrals for C.(R?)):

[ | f@)g(a)de,
Rd
also with the isometric embedding

ligllng, = llgllpe, g € LHRY).

From the measure theoretic point of view L' (R?) can be characterized as the subset of
absolutely continuous measures, i.e. those measures v € M, (R?) with the property that
Lebesgue null-sets are also null-sets with respect to v. The direct direction of obvious,
since for a set M of measure zero on has [, g(x)dz = 0. The converse is based on the
Theorem of Radon-Nikodym.

Lemma 10. The mapping f — [pa 9(x)da which is well defined on C.(R?) and con-

tinuous on (C.(RY),| - ||1) extends in a unique way to a bounded linear functional on

(L' (RY), - 111)7

Proof. Any f € L'(R%) is the limit (in the norm of (My(R?),| - |las)) of a sequence
tk,,n > 1 of “nice measures” induced by a family of Riemann integrable functions
kn,n > 1in C.(R?). Hence they are clearly Lebesgue integrable and

L— /R kn(z)dz = R — /R ki (2)d.

(Lebesgue integral equals Riemann integral for k € C.(R?)).
But due to the isometric property (||uxllag, = ||(||z1k) for k inC.(R?)) these integrals
have to form a Cauchy sequence, since

/Rd i () d — /R oy () da

and so we can define (formally, without knowing whether the values f(x) exist or not
(if we do not want to use Lebesgue integration theory), by

< ||k, — kml[zr — 0 for n,m — oo,

“| floydx" = | f= limn_m/ kn(z)dx.
Rd R4

R4
Of course, for those who have learned in a course on measure theory that (L'(R?), | -)
is a Banach space it will be clear that f = L' —lim,, k, belongs to L' (R%) and is Lebesgue
integrable, and the formal limit makes also sense in a pointwise almost everywhere sense
(even if it might be necessary to replace the Cauchy sequence (k,) by some subsequence

in order to achieve f(x) = lim, . k,(z) almost everywhere).
]

"While the integral is exactly defined in the sense of Lebesgue for f € Ll(Rd), viewed in the
usual sense, it is just a symbol for the extended linear functional, if we write fRd g(z)dz for general

g € L*(R%). It should thus be interpreted, whenever necessary, as limit of Jga gn(x)dz, for any sequence
(gn)n>1 approximating g € L'(R?) via elements g,, € C.(R?).
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6 Extension of measures to (C’b(Rd), | - HOO>

First we extend the action of bounded linear functionals u € (My(R%),|-|las,) =
(Co@RY, [+ lley) to all of (Cy(RY), |- |los), by the simple observation that one has for
any h € Cy(R?) and any BUPU (¢;);cr by setting

pulh) =Y u(wih). (80)

il

This is defining a bounded and of course linear functional on (Cy(R?), | -||«), due to
the formula ||p|[as, = > ;e |12l ag,, combined with the fact that there exists a family
¥ in C.(RY) with ||¢}|lc = 1 and v} - 1; = 15, allowing the estimate

()= lp@ih)l =) W) @i < Y ludillag 197kl < [1Bllss D lithillag,

iel icl el el
(81)

hence
()] < hllscllpllng, b € Co(RY), u € My(RY), (82)

i.e. the functional p defined a priori only for (Cg(Rd), |- ||<>o) is now extended to the
larger space (C’b(Rd), |- ||c>o)7 with the same norm estimate. Thus the norm of the linear
functional h — (h) on (Ch(R?), ||+ ||s) equals the norm of the original functional on

(Co(R), ||+ [loc)-
Remark 3. The above considerations imply the following harmless (but sometimes useful)
estimate:

- < Nl 1hllso, 1€ My(R?), 1 € Gy(R?). (83)

The discussion above hides a little bit the question of l11 da(?ggcendence of the description
given above from the BUPU (¢;);c; used in formula (%U%. We will fix this problem by
establishing an even more general fact:

Lemma 11. For any p€ M,(R?) and any h € Cy(R?) one has for any bounded appro-
zimate identity (hg)ges in (Co(R), ||+ [le):

p(h) = lim pi(hgh). (84)

Proof. First let us recall that we have hgh € Cy(R?) - Cy(R?) C Cy(R?) and hence the

expression (hgh) is well defined, and we only have to show that for any such appro-

imated identity (hg) the limit exists and provides the same limit as used in definition
)(%%ﬁich by consequence is independent of the BUPU used.

Details to be given later .. O]

The independence question is obtained by the observation that the partial sums

normmuh

> icr ¥ (with F' C I) form such a bounded approximation to the identity in (Co(R?), | - [|«)-
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MATERIAL FOR 08.10.2020 AND LATER!

7 Impulse Response and Transfer Function

In engineering books one often finds: T'(dy), the impulse response to the given system,
fully characterizes the TILS T'. Equivalently: The transfer function H, equivalently,
describes the behaviour of T on the Fourier transform side. Tf = F*(H - f).

Of course such a description raises a couple of question:

e Is the unit impulse (dy in our setting) in the domain of 7', or how can T" be extended
to a domain which allows to view dy as input; we will see that this is OK for BIBO
systems, but not for arbitrary TILS on (L*(RY), | -|2).

e Even if the domain of T can be extended (from Cy(R?) to say M,(R?), as we will
see), in which sense is the usual argument valid, which pretends/claims that the
impulse response is the limit (but in which sense?) of the output signals T'(b,), of
boxcar-functions b,,, with shrinking basis and unit area?

e What can we say about the convergence under the additional assumption that the
impulse response belongs to L' (R%), i.e. if it is an absolutely integrable, measurable
function? We will see later that a Cauchy condition on T'(b,) in (L'(RY), | -|1) is
equivalent to this additional assumption.

e Even if h = T'(dy) exists (in whatever sense, as a function, or as a distribution, i.e.
a generalized function), does it have a Fourier transform?

e In which sense is the description of T'f = h x f equivalent to HTf) = H - F7
Of course one would expect that h (in the case of BIBOS systems it is u € M, (R?))
has a Fourier transform and that H = F(h).

e Given a function H in the frequency domain (say a bounded function), can we
define the operator T(f) = F '(H - FA(f)) and when is it a BIBOS system (or
bounded on some other space, such as the Hilbert space (L*(R?), |- |2) (via Plan-
cherel’s Theorem). Is it justified to say that the description of TILS via impulse
response or transfer functions are in fact equivalent?

For the discrete setting (periodic or non-periodic) the characterization of a TILS by
the impulse response system is quite easy. In fact, the unit vector at the origin, or Dirac
impulse, is an ordinary signal and all the other functions can be written as sums of a
shifted Dirac measure.

However, in the case of continuous variable the Dirac measure does not
belong to Ll(Rd) anymore, even is it clear whether the operator 7', which is
a priori only defined (as bounded and linear operator) is well defined for the
input signal §y! Consequently the “recipe” of calling h := T'(dy) the impulse response
may not be meaningful.

Hence our next goal is to actually show that T" can be extended to a bounded operator
on (M,(RY), | -|lag), and thus h € T(d) is meaningful. In fact, we will show that
h = o € M,(R?), the “representing functional” for the operator T
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7.1 Coming back to the scandal story (Sandberg)

Since we are able to extend the action of a bounded measure, originally given on Cy(R?),
we can also extend the TILS C, induced by the functional p € M,(R?) to a TILS on

(Co(RY), |+ [loc)-

Theorem 3. Any TILS on (Co(Rd)7 |- ||oo) extends in a natural way to (Cb(]Rd), |- Hoo)

The extended operator, which we still denote by C\,, has the extra property that for any
bounded sequence (h,,)%, which converges to some limit function hy € Cy(R?), uniformly
over compact sets the same is true for the output, i.e.

p* hy (1) = px ho(x),  uniformly over compact sets inRY. (85)

co
Conversely, any TILS on (Cy(R?), |- ||s) with the extra property (08% 715 a convolution
operator with some uniquely determined p € M (R?).

Although this claim looks quite natural it turns out that it is easier to provide a proof
for the domain (C,(R?), || - [|s), more or less by the same argument as in the proof of
the characterization of TILS on (Co(R?), ||+ |ls) (just without the need to check for
decay at infinity, of the output side).

However, if the input is only continuous and uniformly continuous we have to provide
an extra argument in order to derive the continuity (at each point) as well. Of course we
can use that for any compact subset the uniform convergence of continuous functions
will be continuous.

Thus, without going into details, we just claim that this is valid from the fact that
first it can be shown to be true for measures with compact support, and then, for general
measures it follows by an approximation argument. The key observation (expressed via
BUPUs) is contained in the following lemma:

Lemma 12. Given any compact set Q C R%, and a measure pwithcompactsupport, i.e.
with p = Y. ppib; one can find a finite set E C I such that

pr f(x) =px D fiy

jEE
for any f € Cy(R?).

Proof. In fact, as in one of the previous proofs, one finds that the support of ; N
T,(¥;") # 0 for some y € Q only for finitely many indices j € I. O

Alternative argument (for the same claim). Assume that for a regular BUPU, with

centers k € Z?, one has
supp(¢y) C Bi(k), k € Z°.

Since only finitely many indices i € Z? are involved we have supp(¢;) C K for some
compact set K C R%.

supp(¥;") C Bi(y — j) C Q + Bi1(0). and supp(¢);) C By(i). The intersection can
only be non-zero if j ¢ By(0) + Q + K, but this is just true for a finite subset of indices.

CHECK: Maybe @ or —Q, K or —K?
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propadjo3

7.2 The use of adjoint operators

The general idea will be to make use of the adjoint operator. This will be an important
concept from functional analysis, especially for the treatment of distributions later on.

Let us quickly recall a basic fact about adjoint operators on the dual of some Banach
space.

Definition 4. Given an operator T' € L(B) the adjoint operator 7" is the bounded

linear operator defined on (B’, |||/ p’), given by
To(f)=0(Tf), fe€B,o0€B. (86)
Lemma 13. The operator T' is a bounded linear operator on (B’, || - ||g) and

I7lls =Tls, T eL(B)

Proof. This is a standard result from function analysis, which is based on the Hahn-
Banach Theorem. O

Note: We will show that the adjoint action (to the convolution operator C,, : f +— vxf,
defined on (Co(R?), || - ||«c)) on M, (R?) (viewed as the dual of (Cy(R?), || - || ), on which
M,(R?) acts through convolution operators), can be expressed by convolution with the
flipped version of v. Thus we have for any v € M,(R?):

IC M@y = MCMcomay = llvllag, = 1o [|as,-

The reasoning behind this additional viewpoint is the fact that adjoint operators are
known to be w*w*-continuous, i.e. they map w*-convergent sequences in a dual space
into w*-convergent sequences, in our case this means

1a(f) = 10(f) VI € Co(RY) = T'py(h) = T'o(h) Yh € Co(RY). (87)

We will see that the adjoint operator for an operator (Cp(R?), ||+ ||s) commuting
with translation is also an operator (now on (M;(R?), |- ||ag)) commuting with trans-
lation. So do we have yet another convolution??

Any adjoint operator is not only a bounded operator on (B’, || - ||/), but it is also
w*w*-continuous, but this will be discussed later. In fact, any such w*w* operator S'is
the adjoint of some operator T' € L(B).

The abstract argu agnf;wssl%owing that adjoint operators preserve w*w* convergence,
is easy to verify (see (@%_am@ .

Lemma 14. Any adjoint operator preserves w*-convergence.

ad jTwwst
Proof. We work with the setting of (%‘ﬂf@ﬁen the w*-convergent sequence (p,) in the
dual space, h € Cy(R?) (in the underlying Banach space), and ¢ > 0 we have to find an
index ng such that
T () (h) = T'(no) (R)| <&, Vn = no.

Rewriting the difference term which has to be estimated as |u,(T'(h)) — po(T'(h))| we
find that we just have to apply the assumption of the specific choice f := T'(h) and
choose ngy appropriately. O
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Next let us identify the adjoint action of the convolution operator ® C), : f + ux* f.

In the discussion we will observe that the involution in (Cy(G), || ||«), given by
f = fY (with f¥(x) = f(—x)) plays an important role. It can be also “extended” to
measures, by the definition p¥ (f) = u(f¥). It is a good exercise to check yourself that
(62)Y = 6_,, hence dy = §¥. Also the consistency condition

P = (Mk)/7 ke CC(Rd)’

confirm that this is the “right definition”.
THE FOLLOWING CLAIM WILL APPEAR BELOW WITH A SHORT PROOF!

Proposition 4. The adjoint operator of the convolution operator C,, : f — p* f on
(Co(G), ||+ llos) is the (internal) convolution operator v — p¥ * v.

We could reformulate the claim of the proposition as the relationship
C''=C,, veE M(RY. (88)

Note: it is trivial that the mapping p — p¥ is not only norm-norm continuous on
(My(G), | - |ag,) but also w*w* continuous, as it the adjoint mapping to f — f, i.e.

w (f) = n(f"), f € Go(G).

Proof. In both cases we know that it is enough to verify the relationship for the bounded,
discrete measures, i.e. finally just for the Dirac measures. So let us write (for a moment)
u *" v for the adjoint action of p on v, which is defined as usual by

(CL) WI(S) =or [+ VI(f) = v(p* ) = v(Cu(f))- (89)
We test it for p =9, and v = 9,. Then we have
0% 0y (f) = 0y (0u% f) = 0y (T f) = f(y—x) = y—u(f) = (0-a6y)(f), Va,y € RY, (90)

telling us (since obviously d,Y = §_,) that we can describe the adjoint action on
M,(RY) = C;(R?) by convolution with the flipped measure:

0y *' 0, = 8, * dy (91)

]

8The use of this symbol is now justified!
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THIS PART IS NOT USED!

In order to derive the same claim for general measures we first extend it from in-
dividual Dirac measures to bounded, discrete measures, and then by approximation to
general measures.

The fact that Dypu(f) = p(Spy(f)) — p(f) for || — 0 implies that the bounded
(and hence the finite) discrete measures are w*-dense in M,(R?) (in a constructive way).

Formally this means: Given fi, ..., f, € Co(R?) and € > 0 there exists some § > 0
such that one has for 0 < § < §g > 0:

|Dyp(fe) — u(fe)] <e, fork=1,..n.

It will be helpful to work with regular BUPUs U arising as shifts of ¥ = ¢y which is
supposed to be symmetric, i.e. satisfying 1) = 1*". Then one has:

Dy (1) = (Dan)?, 1€ My(RY) (92

We can use the fact that for A€A one has ¢_\ = ()Y, is ¥ = ¥ (i.e. if the BUPU
is made up by a symmetric function ).
In fact, we have for any regular BUPU (¢)xea: p(t_y) = pu([a]”) = 1’ (¥,), A€A.

(D)’ (f) = Dup( ) = u(Spul £)) =D 17 (V)
XeA
= F=Nuh) =mn D> fWp => fMu = Dyp’ (f).
NeA e Xeh

By summing up over finitely many Dirac measures and then taking limits (in fact,
using absolutely convergent series) one obtains: for any (finite or even bounded) discrete
measure v and any yu € M;(R?) one has:

V) = Dup” » @

In particular we have for u, v € My(R?) and any BUPU ¥:

Cpyy(Duv) = Dup” + (Dav), (94)

where '+ denotes internal convolution within M, (R?). .
. .. . . . . . .. %%Q%%Lr
Taking limits on both sides implies the claim made in proposition 4.
HAVE TO BE CAREFUL in taking limits.
In fact, we have by the adjointness definition for f € Cy(R?):

CL)() = v(Cx f) = lim ¥(Cyy ),

On the other hand we find, using ©¥ * v = v * p* that

1w ) # f = (v [Dyp]”) % flloo < IWllag Il — Dep]” fll
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Recall that we define p via p’ (f) = u(f¥), and that (6,)" =0_,,r € R%

Lemma 15. Given v € M(R?Y) and f € Co(R?) one has

adjflipconv

convnuwst

v fY = (v ). (95)
Proof. Using the fact that (f¥)” = f and (T, f)" =T_,f* we have:
W x [ y) = v (T, ) = v(T,f)) = v(Toy f*) = v f(=y) = (v )" (y).
]

Remark 4. Of course one can verify directly, writing out integrals and applying the
substitution z — —z that one has of course also the pointwise relation

1Y kg ko = (b #pw ko), K,k € C(RY). (96)

Proposition 5. Given v € My(R?) the adjoint action for the convolution operator C, :
f— v f coincides with the internal convolution by v*, or in formulas

Colu) = v" e p, € My(RY). (97)

Proof. We have to show that the abstractly defined measure C!/(u) acts on any given
f € Cy(R?) in the same way as the bounded measure v’ % p. Thus let f € Cy(R?) be
given. Then we have by Lemma above

[CoI(f) = ulv = f) =[x (v [)1(0) = [(ux ") x (F)]0) = (7 * p)(f).
O
djfli 1
In fact, for practical applications the following formula which is equivalent to (B‘T}_l&
will be used (replacing v by v)
W 5 f) = e p)(f), Vf € GoRY). (98)

Using this formula it is easy to show that C, : p +— v % pu (internal convolution)
preserves w* convergence:

Lemma 16. Assume that a bounded sequence (fin)n>1 in My(R?) is w*-convergent, with
po = w-1im ,, oo ftn. Then for any v € My(R?)

w-Hm ooV * by = V% fig.
djfli
Proof. By assumption we have lim,, u,,(f) = po(f), for any f € Cy(R?). Using (baS‘ o
see that
v pn(f) = (v’ f) = po(v’ = f) = vx po(f), (99)
because v * f is just another element of Cy(R?). O

Corollary 2. Let T be a BIBOS system. Given any sequence (ky)p>1 in C.(R?) (or
even L'(R?)), which is bounded in L*(R?), and such that w*-1im, ey, = 0o, then
the measure pu representing T can be described as w*-limit of the output sequence T'(ky,)
(viewed now as a sequence in My(R?)).
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Proof. We use that T'(k) = u * k for k € C.(R?). The boundedness of (k,) in L'(R9)
corresponds to the boundedness of the sequence (p,) in (My(R?), || - ||ag,). We also have
seen that T'(k,) = p * py, is w*-convergent to p % dp = p. So in fact we have that the
sequence T'(k,,) (which consists of continuous and de facto absolutely Riemann integrable
functions) is w*-convergent to the impulse response pu = p * dg = T'(dp). O

We will discuss such Dirac sequences at length later on. Just think of triangular
functions on R, compressed, and with constant area 1. We will use the operators St,, p —
0 for this purpose.

We will show later on that general so-called Dirac sequences, which tend to dy, can
be used.

As a consequence any BIBOs system of the form T : f +— px* f, with u(f) = T(f)(0)
in My, (R?) with [|p|lag, = | T)lcyre) can also be considered as a bounded operator on
L'(RY) (or also M,(R?)), with the same norm:

ICu iz gay = WCulllag@ay = Il llng, = lleell ng,- (100)

Since the flip-operator p — p* is isometric and also satisfies

) = (01)

also the operator k — pxk can be viewed as the adjoint of f — p*«f (on (Co(RY), | - [|x))
and is therefore a bounded and continuous operator on (My(R?), || - ||az,), also commu-
ting with any translation, and (thanks to the approximation by discrete convolutions)
with arbitrary convolutions!. The operator, which acts on L'(R?) is the adjoint of the
mapping C,v .

In particular, one has p = T'(dg), due to the simple relationship

T(00) = % 0g = fi. (102) ‘impulsrespOO

In the engineering literature the convergence is not discussed, i.e. the kind
of limit that one takes by inserting a Dirac sequence as input signals, and how
the resulting output signals are convergent!
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Another observation (checking for consistency).
We expect that translation can be extended from C.(R?) not only to Co(R?) and
even Cy(R?) in the usual way, but also to (My(R?), || - [|ag, ), due to the fact that we have

We also could try to approximate p (in the w*-sense) by a sequence (k,) (more
correctly (u,)), by some bounded sequence in (L'(RY), ||-]|1) (smoothed versions of
u!), and then expect that the shifted measures is approximated by the (equally) shifted
nice function:

% 1-
Ta:,ul = w™-lim n—oo Uk, -

In other words, the translation operator should be the unique w*-continuous extension of
the usual translation operator. This is possible, but it is more elegant to define translation
by transposition, recalling that

Cs (W) =0, *p=0,*p

djfli
suggesting to define directly (referring to (ba8§ i :

Top(f) =0z x p)(f) = p(0—of)= (T f),

This natural extension of operator defined for decent functions to generalized func-
tions (here measures, later distributions) is called the consistency principle.

Lemma 17. The operator T : C.(R?) — M,(RY), given by k — puxk resp. pip — pu* iy is
continuous with respect to the norm in (My(R?), || - ||ag,), but it is also w*w*--continuous,
e if

valf) = volf) for n — oo
for any f € Cy(R?) one also has

(1 xvn) () = (x vo)(f)-

Proof. We have for n — oo:

(e va)(f) = [( 5 va) % F710) = o (v 5 f7)(0) = px (vo x f7)(0) = (o) (f).

because obviously

it (v £ = vo 5 f)loo < Mlllagllvn = £ = vo % o,

which tends to zero for n — oo. O]
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8 Defining the Fourier Stieltjes transform

The usual Fourier transform is defined for k € C.(R?) via

i) = [ k0 et = [ k@ = o) (103
Ré R4
with y,(t) = ¥t the pure frequency. This suggest to define the Fourier for u € M, (R?)
by
fi(s) = plxs), seR?

In fact, the integral representation of the Fourier transform persists to be valid even
f € (L'(RY), ||-|l1) (the Banach space of Lebesgue integrable functions on R?), but
we prefer to avoid Lebesgue integrals. In fact, we plan to describe (L'(R?), ||-|1) in
an alternative way (as a closed subspace, and introduce it as a closed ideal within
(M,(RY), || - ||ag, ), with respect to convolution).

Similar considerations apply to the (so far “so-called”(!)) inverse Fourier transform
which is of the form

FHR)(t) = /Rd h(w) - €™ dw = [Fh)]* (t) (104)

assuming that the integral exists. Of course we expect (but this has to be analytically
derived) to have

F YA = and FAF(h)=h, (105)

but due to the problem with integrability of f (for general f € L'(R?)) we have to
clearly define the domain for which this Fourier inversion relation holds true.

Since f € Cy(R?) for f € L'(R?) one may think Iof %bfglute (Riemann) integrability
of fas a sufficient condition for the validity of ( 05T, Wewill discuss this in more detail
later on.

In a sloppy form one can describe the Convolution Theorem as the statement
that convolution is turned into pointwise multiplication under the Fourier transform
respectively that pointwise multiplication is turned into convolution under the Fourier
transform (or its inverse).

In order to be able to define the Fourier transform for measures and derive the
convolution theorem, expressed in formulas as

Flus * pg) = Flpn) - Fla), s p2 € My(R?), (106)

or in the more usual form:
[i1 % [I = [i3 - [I2, (107)

Theorem 4. The F'T on My(R?) is injective, and turns convolution into pointwise mul-
tiplication, i.e. in fact, it is a homomorphism of Banach algebras. This also implies (once
more) that convolution is commutative (because obviously pointwise multiplication is a
commutative operation).

The basis for the Fourier transform is the observation that the pure frequencies (resp.
complex exponential functions y,(z) := exp(2mis - x) are (joint!) eigenvectors to general
convolution operators. The strategy of proof is the following one:
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1. First of all the exponential law guarantees that

—2misx

(Tuxs)(2) = xs(2 — ) = xs(—2)xs(2) = € Xs(2);

2. Then show a similar result for discrete measures;
3. Then show that the limit Dgpu — p is meaningful.

In fact, the Fourier (Stieltjes) transform will be defined on all of My(R?) and it
will be shown that the convergence of Dy to p guarantees pointwise (in fact uniform
convergence over compact sets of the frequency domain) to .

First we observe that the Fourier transform of 4, is a the pure frequency x, (which
also appears as the eigenvalue of the shift operator 7)., which is the convolution operator
by 6, on Cy(R?), applied to the eigenvector ).

Consequently (by forming absolutely convergent sums in (Cub(Rd), Il - ||OO)) we find
that also F(Dyp) € Cypp(R?), for any BUPU .

We know that the discrete measures for a closed subspace of (M (RY), || - ||az,) hence
we cannot expect to have norm convergence of Dy to the (w*)limit g in (My(R?), || - || a,),
which due the estimate ||fi]l < [|1t]|ag, would imply that also i (as the uniform limit,
which it is not in fact!) would allow us to conclude easily that i € C,,(R?).

Note that we could however approximate g first in the norm of (M, (R?), || - ||as,) by a
compactly supported measure v = - p, for some p € C.(RY) (e.g. p = > icp¥i) and then
apply the discretization operator to v. Then the measures Dy would be finite discrete
measures and their Fourier transforms would be linear combinations of pure frequencies,
or so-called trigonometric polynomials. But still we would not have uniform convergence
of these functions (i.e. norm convergence to o in (Cyp(RY), |- [|oo)-
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8.1 Basic properties of the Fourier transform

Theorem 5. 1. The Fourier (Stieltjes) transform maps the Banach convolution alge-
bra (M,(RY), *, || - ||ag,) non-expansively and injectively into the pointwise Banach
algebra (Cy(R?), ||+ [|0o)-

2. It restricts to a non-expansive, injective’ mapping from (L*(R?), ||+ [l1) = (Co(RY), || - |lec)

(with dense range). [Riemann-Lebesgue Lemma/

There are additional (well-known) properties, such as f* (z) = f¥ is mapped into the
conjugate of the Fourier transform, i.e. F{f*) = J?, and so on.
ADDED 27.10.2020

Proof. We are going to prove the injectivity of the F-ST transform g — fi, making use

[ (ERFST). Let us assume that zi(s) = 0 for every ats € R?. Then clearly based on
. . d

( we have (by choosing v = py, for an arbitrary k € C,.(R?)). Let us concentrate on

functions k € C.(R?) with ke L'(RY), such as k = A.

0= v(f) = u(@) = p(k).
But since C.(R?) is modulation and flip invariant we even have
0= p(Mk") = p(Tulk)) = o b

for any k € C.(RY). But C.(R?) is even D, invariant, and we can replace k by StpE,
which gives us for any f € Cy(R?), using the (established) rules for convolution:

O*f:(u*StpE)*f:,u*(Stp/k\*f).

choosing now k such that [, /k\:(y) = 1 (easily done by rescaling) we find that the limit
of the argument to the right (for p — 0) is just the given function f. Hence px* f =0
for any f € Cy(R?) and so finally p = 0 € M,(R9). 1© O

Given the injectivity of the Fourier (Stieltjes) transform it makes sense to look at
the Fourier algebra FL'(R?), defined as the range of L'(R?) under the Fourier transform.
Using Lebesgue’s integration theory this would be simply

FL'(RY) :={[| | € L'(R)}

with the Fourier transform given as the usual Lebesgue integral. For us it is a subspace
of all F-ST-transforms of specific measures. In any case, we know now that f = 0 implies
that f = 0 (viewed as a measure, otherwise f(z) = 0 a.e.), and thus it makes sense to
endow FL'(R?) with the norm

IF e = 1fllg,  f € LYRY). (108)

9Meaning: f = 0 implies that f = 0 in L'(R%) € M,(R?), or classically f(x) = 0 almost everywhere.
10] GUESS THERE WILL BE EASIER ARGUMENTS, USING MORE ABSTRACT ARGUMENTS, BUT THIS IS
STRICTLY BASED ON WHAT WE HAVE ALREADY ESTABLISHED. 27.10.2020, HGFEI
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8.2 Outlook on the upcoming topics, as of 08.10.2020

We will discuss Dirac sequences and more generally bounded approximate units in Ba-
nach algebras a bit more closer. They play an important role in Banach algebras which do
not have a unit element (with respect to the “multiplication”), such as (Cy(R?), || - ||s)
and (L' (R, [-||1).

In order to efficiently discuss such objects we will introduce the concept of Banach
modules over Banach algebras.

Statements like

L'(RY) « L*(RY) ¢ L*(RY)

combined with the corresponding norm-estimates

lg * fll2 < lglhllfll2, g € L'(RY), f € L*(R)

will be important special cases of considerations in this context.

Finally we are going to derive the Plancherel Theorem, showing that the Fourier
transform F : L' N L* — L? can be extended to a unitary automorphism (“energy
preserving” (L*(R?), |- [|l2) = (L*(RY), | -||2)) mapping.

Another direction will be to avoid the problem that there is no inclusion relation
between Cy(R?) and its dual space M, (R?) (just {u, k € C.(R%)} is a kind of common
dense subspace of both of them, by replacing (Co(R?), || - [l«) by the smaller Wiener
algebra (W (Cy, £')(R?), || - [w) and its dual, the space of translation-bounded measures
(W<M7eoo)(Rd)’ H ’ ||W)

This dual space contains also Dirac-combs LLl, := Zkezd 0o and has the additional
advantage that there is a natural embedding of the space W (RY) into its dual (in the
usual way):

(W(Co, £)(RY), || [W(Co, £)(RY)]|) — (W (M, £2)(R), || - [W (M, £)(RI)]]).
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9 GEOGEBRA and MATLAB

M= [1,1;1,-2];

[V,D] = eig(M)
V =
-0.2898 -0.9571
0.9571 -0.2898
D =
-2.3028 0
0 1.3028
edt(M) = -3

% a symmetric 2x2-matrix
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9.1 Circulant matrices

Q
I

gallery(’circul’, 5)

Q
|

N Wb 01—
Wb 0= N
D O, NN W
g = N W b
=N WP o

>> convect(rand(1,5)) Yself-made routine!
ans

0.8507 0.5606 0.9296 0.6967 0.5828

0.5828 0.8507 0.5606 0.9296 0.6967

0.6967 0.5828 0.8507 0.5606 0.9296

0.9296 0.6967 0.5828 0.8507 0.5606

0.5606 0.9296 0.6967 0.5828 0.8507
>> A = convmat(rand(1l,m));

>> A = A+A7; % random real symmetric matrix!
>> [VA, DA] = eig(A);
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9.2 Intermediate considerations

Let us recall that we have started to introduce (Cy(R?), |- [|l«) and (Cy(RY), || [|) as
pointwise Banach algebras, with respect to the sup-norm.

Then we have started to look at the dual space, which we call (My(R?), |- ||as),
the space of bounded measures on R%. With the help of BUPUs one can show that
eellag, = D icr |2 il ag,, for any € M,(R?). This implies that the compactly supported
measures are norm-dense in (My(R?), || - ||ag,), namely those of the form Y, pu;, for
some finite set ' C I. In the same way any f € Cy(RY) can be approximated by
compactly supported functions of the form Y, ¥;f € C.(R?), where E is some finite
subset of I.

Among these bounded measures there are the discrete ones (bounded discrete mea-
sures are just absolutely convergent series of Dirac measures) and the “nice” ones (offi-
cial terminology: absolutely continuous measures), arising from densities g € Ll(Rd) D
C.(R%), in the form

S [ S gyn, | e CoRe)

The identification of the TILSs with the convolution operators f +— u x f gives

an additional multiplicative structure within (M,(R?), |- ||ag,) (with the associativity
coming for free), and the closed ideal (L'(R?), ||-||1) inside of (My(R?),]| - ||as,)-
The discrete measures can be used to demonstrate that (M, (R?), || -||az,) is a com-

mutative Banach algebra with respect to convolution, because
Op * 0y = Ogy = Oy * Og.

This is equivalent to the composition law T, o T}, = T}, via the all important identifi-
cation of measures with impulse responses of a BIBOS system.

That the operator k — u * k can be extended to the bounded measures follows from
the w*-continuity of the mapping v * k, to v * pu if k,(f) — w(f), for some sequence
(kn)nZI in Mb(Rd)

The usual approach to Fourier Analysis (see most mathematical books, such as
rest00 : [35], or Rudin, Hewlett-Ross, and many others) start with a definition of
the Fourier transform and convolution via the integral transform, all defined on the Le-
besgue space (Ll(Rd), |- ||1) This gives the impression that the Fourier transform IS
an integral transform.

The truth is, that it can be realized as an integral transform, with many in-
teresting properties, defined for the commutative Banach algebra (L'(R), |- [|;)
with bounded approximate units (the Dirac sequences), mapping the more
involved convolution into pointwise multiplication. Hence, among others, it is
very important to e.g. partially invert a TILS (at least for band-limited functions, as we
will see).

Given such a starting point one can ask, whether e.g. a pure frequency ys “has
a Fourier transform” (expecting a Dirac delta d; as answer). But for answering this
question one has to resort to the (much more complicated) theory of distributions (in the
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sense of Laurent Schwartz). This is a great theory, especially for PDE (partial differential
equations), but - as we are going to demonstrate in this course is by no means
necessary. Using ideas from the theory of function spaces (e.g. Wiener amalgams) and
time-frequency analysis (e.g. Gabor analysis, spectrograms) a conceptually much more
simple approach allows to deal with the “generalized Fourier transform”. It will lead us
to the consideration of the so-called Banach Gelfand triple (Sy, L?, S;)(R?) as a natural
domain for the Fourier transform. It will be compared to the triple Q C R C C as a
natural domain for the computation with “numbers”.

The generalized Fourier transform can be viewed as the natural extension of the
ordinary Fourier (and inverse Fourier) transform pair, given as integral transforms on
L'(RY) N FL*(RY), e.g. by considering w*-limits (such as Dirac sequences). As we will
see, the generalized formula will provide us with a tool that allows to claim not only
F) = 1 but also the converse, namely F~'(1) = dy, often written as

o0 [e.e]
/ €275t 45 — F1(1) = pritsen on / 1 e2mists — §(t).
— 0o —00

So will concentrate on the properties of that integral transform (for us the re-
striction of the Fourier Stieltjes transform) to the subset L'(R?) C My(R?), with
fi(s) = p(x-s), s € R™.

Nevertheless it is important and useful to derive the properties of the (integral)
Fourier transform in the L'-setting, especially the (pointwise) Fourier Inversion formu-
la and the all important Plancherel Theorem (energy conservation law for the Fourier
transform).

9.3 Locality of convolution

An important observation is now, that

ZI“/%*ZJC%‘

ieF jEE

is not only in C,,(R%), but it also has compact support.

In order to verify this let us recall that each of the functions 1;,7 € I has compact
support, hence for the finite set F' C [ one can find R; such that ¢;(z) = 0 for any
z € R with |z] > Ry.

In a similar way we find that for a finite set £ C I one finds a radius Ry > 0 such
that ¢;(u) = 0 for |u| > Rs.

Now let us look (for fixed, arbitrary) indices i € F and j € E at the convolution
product

() * (F))(y) = pbi( T, [f]) = (i Ty (8570 - T £). (109)
This convolution product has certainly only a chance to be non-zero if there exists some
z € R% such that

[0 - T, (1)) (2) # 0.

But this means that ¢;(z) # 0, or |2| < Ry and ¢,(y — 2) # 0, so |y — z| < Ry. But this
gives
lyl < 2]+ [y — 2] < Ri+ Ry,
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or expressed differently, the given convolution product (for any i € F', j € F) will vanish
outside of the compact ball of radius R; + Ry around zero.

Since f — p* f preserves uniform continuity it is clear that under the given circum-
stances one has

px f e C(RY ¢ L'(RY).
By taking limits on both objects (F' I, E 7 I) we find the px* f is in (Ll(Rd), | - Hl)
Recall that we define Ll(Rd) as the closure of C.(R?) (identified with a subspace of
M, (R?), via k «— i) in (My(R?), || - [|ag,)-

Among others we will make use of the following results:

Proposition 6. For any i € M,(R?) and f € L*(R?) one has
tim Dy £ — 10 e =0, ¥F € L'RY (110
5

Proof. OUTLINE of the argument: The statement is true for compactly supported p
and f € C.(R%). The important point is then that for any ¥ = (1;);cr with |[¥| < 1 the
same set ' C I can be used, hence one can conclude from uniform convergence

&Il‘m Dy k —pxkl|o =0, Vke C(RY (111) ‘DpsiconvLian
—0

that one also has L'(R%)-convergence.
The general case can be obtained therefrom by approximation. O
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10 Fourier transforms and involutions

Recall the involutions f¥(z) = f(—x), and f* = f*

AN = [ 1 @nslorto = [ f-ap(-a)do =

after applying the substitution z = —z and using that exp(2misz) = exp(2mi(—s)(—2)):
Fepeds = [ fene(-2d = Flez) = (Y 2)
R4 R4

In a similar way one shows that F{f*) = ?or Iz :]%. Indeed

) = [ Fanatade = | T e = | TG e = fls)

Rd * Jra
In a similar way it is shown that ~ R
Af) =),
e.g. by using above facts and the fact that f = (f*)*.

We start from the Fundamental Relation for the Fourier Transform (on L'(R%)):

Fat)dt = [ F(s)g(s)ds, forall f,ge L'(RY). (112)
Rd R4

This is easy to verify, because it just expresses the double integral

/]Rd /Rd f(t)g(s)e " dtds

can be realized in two different ways (but the value is the same, according to Fubini’s
Theorem), by changing the order of integration.

11 Even and odd functions or measures

evenodddef1| Definition 5. A function is called even if f¥ = f. It is called odd if f¥ = —f. Similar
definitions apply to measures.

Remark 5. The prototypical examples of even functions are of the form cos(2wsz) (the
real part of the pure frequency), while sin(27sx) (the imaginary parts) are odd functions.

multevenodd| Lemma 18. o The pointwise product of two even or odd functions is even, while
one obtains an odd function for the mized case.

o Very much the same s the case for convolutions.

95



e In particular, one can state: The convolution product of two even or two odd func-
tions is again an even functions.

The proof if these facts is left as an exercise. Also note that for even function f one has

[x fy) = (T, f), yeRY pe My(RY).

This also applies to the pointwise convolution product:
The value of k; x ko at y is the integral over ki - T ko, if ko is even.

12 BOX FOURIER equals the SINC function

Strictly speaking the rectangular functions or bozcar functions 1p,; are elements of
Ll(]Rd), as any Riemann integrable function with compact support! Thus we
can compute the Fourier transform using the Riemann integrals.

Since
1/2

s 0

1/2 1
/ cos(2msx)dx = . sin(2msx)
0

and hence

s s

1/2 1 sin(ms)
FLiZ1/21/2)(8) = 2/0 cos(2msz)dr = 22— sin(27rsl/2) = =: SINC(s).

Lemma 19. The Fourier transform of any integrable step function belongs to Cy(RY).

Proof. Any integrable step function is the L'-limit of finite linear combinations of dilated
and shifted rectangular functions, hence the Fourier transform is the uniform limit of
their Fourier transforms.

Since the dilation of a boxcar function results in a simple dilation of the Fourier
transform due to the formula F(St,(f)) =D (f) resp. F(D,f) = S, (f) p >0, and

~

AT f) = |M_of| = |f]

we see clearly that the Fourier transform of

(chT D 1 1/2,1/2})

is exactly

> eM_,, St,SINC € Cy(RY).

k=1
Taking limits in (L'(R?), || -||1), hence uniform limits on the Fourier transform side, we
arrive at the claim that fe Co(R?), known as the Riemann-Lebesgue Lemma. O]
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RiemLebsThm| Theorem 6. The Fourier transform, restricted to the Banach algebra (L*(R?), ||-1)
(with pointwise almost everywhere defined convolution) maps the Banach convolution
algebra with involution f — f* into the pointwise Banach algebra (Co(RY), || - ||eo) with
involution f — f.

The mapping is a continuous, injective algebra homomorphism with dense range, i.e.

AL'(RY) = {J| f € L'(R")}

for short FL'(R?), is dense in (Co(R?), || +||x)-
For f € (L' N FL")(R?) one can recover the (continuous) version of f by the Inverse
Fourier transform:
iF L1B
Let us recall the fundamental relationship for the Fourier transform on L'(R?) | ] 72071.1r
It can be reinterpreted as

~

pni(9) = pg(f), frg € L'(RY). (113)

So assuming that J/C\(S) =0 for any s € R (i.e. that f: 0 (the zero function), then one
has ps(g) for any g € L'(RY), or us(h) for any h € FL'(R?). But FL'(RY) is dense
in Co(RY), and thus for a sequence (hy)n>1 which is uniformly convergent to a given
function h € Co(R?) one has

py(h) = lim pug(hn) =0,
or with other words: u; = 0, but this implies that f = 0 in L'(R?) (e.g. pointwise, if
f € C.(RY)).

Proof. Since we have HfHOO < ||fllg: for any f € L'(R9) it is enough (due to the
completeness of (Co(R?), || - [)) to show that k € Co(RY) for any k € C(R?).

So the first step is to recall the concept of Riemann integrability of f € C.(R?), which
means that the (in fact uniformly) continuous step function is approximated (from above
and from below) by step functions whose difference (in the L'-sense) shrinks, hence the
difference between k € C.(R?) and a suitable step function (with finitely values over
cubes, in R?) can be made as small as we want. But for those functions we have explicit
expressions for their Fourier transforms, namely suitable (modulated and dilated) SINC-
functions.

The density of FL'(R?) in (Cy(R?), || [|) can be argued as follows: Let us first
deal with the case d = 1: Any piecewise linear function with compact support, i.e. any
linear combination of triangular functions, belongs to FL'(R), since A = FSINC?) (for
even functions with f € L'(R) and fe L'(R?) one has AFf)) = f* = f!). But any
h € Cy(RY) can be easily approximated by a piecewise linear function with compact
support, i.e. by a finite linear combination of shifted triangular functions, which belongs
to FL'(R).

For the multidimensional case one can take tensor products of such functions (i.e.
coordinatewise products of such functions). For example

SINC(z,y) = SINC(z) SINC(y), x,y € Rst

belongs obviously to Cy(R?), and so on.
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The fact that the inclusion is a proper one case be obtained from the fact that it
impossible (due to examples) to estimate the sup-norm of f from below for functions
f € LY (R?) with || f||z» = 1. In other words, one can exhibit examples (see SCRIPT) of
functions with L'-norm equal to one but with || f||o arbitrary small.

Such functions cannot be non-negative, because one has for g > 0:

lgllzr = /Rdg(l‘)dl‘ =9(0) = 1900)] < llglle < ligllzr-

The injectivity of f +— f has to be pointed out separately (in the context of the
Fourier inversion theorem). [l

Lemma 20. The triangular function A(z) = max(min(1l —x,1+ x)) is the convolution
product 1i_y/21/9) * 1[—1/2,1/9). Its Fourier transform is thus the non-negative function

A = SINC?, which integrable and vanishes evactly on 7\ {0}.

Proof. Since the boxcar function 1j_y/1/9 is even the resulting convolution square is
even as well. It is supported on [—1, 1] and hence it is enough to compute the value over
0, 1], which is easy to do, since

1
L_1/2,1/9] *pw Li—1/2,1/2/(y) = / ldx =1 —1y.
Yy
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Abbildung 11: GauDistrFet1.jpg:

This is a plot showing Gauss functions with different compression factors, and their
indefinite integrals, the so-called “DISTRIBUTION FUNCTION”. As one can see, for
any Dirac sequence (which is a sequence of functions all with integral 1, and shrinking
support size, say) the corresponding integrated version tends the the Heavyside functi-
on, or unit step function H(x) =1 for x > 0 and zeros elsewhere. The convergence is
valid for any point, except for the location of the step, i.e. for x = 0. Thus this concept
of convergence is weaker than the [al that time standard] concept of pointwise conver-
gence for any x € R. This is way the wording “weak” comes into play. Finally it was
observed that one should talk about various concepts of weak convergence for measures.
Considering the bounded linear functionals as elements of the dual space of Co(R?) the
introduced w*-convergence concept is the most important and natural one.

Recall that for d = 1 the name Fourier Stieltjes transforms arose in the context of
Riemann-Stieltjes integrals, taken with respect to a distribution function F' = [*__1dpu(y),
with Riemannian (Stieltjes) sums of the form

> FE)(F(zri) — F(x)) (114)
k=1

of a sequence a =z < z7 ...z, = b and with max,—y _, |ry+1 — x| = 0.

Those distribution functions are of bounded variation for any u € My(R?) and are
absolutely continuous if and only if p = pg for some g € L'(RY). Such functions have
the property that F'(z) = g(x) a.e., i.e. F' can be recovered from F".
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fdemoO 1 a. pdf FLT1 = flts(n,20) convolution product
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Abbildung 12: convdemoOla.pdf
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Abbildung 13: convdemo02a.pdf

13 Convolution Demo

It is clear that the boxcar-function (as we use it) is an even function. The same is true
for dilated versions (Exercise: the dilation operators both preserve the property of a
function to be even or odd), and thus also the convolution square or the convolution
product of two such symmetric indicator functions will be symmetric. Since the support
of 111219 is exactly [=1/2,1/2] it is clear that the convolution square will vanish for
|z| > 1. Since it is even one only has to determine the values for 0 < = < 1, which is
obviously (visualize the product of one box function against a shifted box function) is
just 1 —x ().
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Abbildung 15: sumhist01.jpg:behaviour of histograms compared to B-splines’
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Abbildung 16: randpwlin12.eps
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Abbildung 17: randpwlin12fft.eps

random step function and random piecewise linear functions and their DFTs. ATTENTI-
ON: for better vizualization the mean value has been subtracted, resp. the First Fourier
coefficient has been set to zero!
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14 Approximate units for convolution
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Abbildung 18: FourInvThm1.png
The triangular function and its Fourier transform: STNC?.

-InvThml . png
=

1023 sgn(023 a=119

v=-145
DD(x)
1 x sgn(x)+ 1L

Delta(x) =

SINC(x) = 5'”7(";”

| W Y

.

sin| 7-0291 M
b SINCD(x) = (ﬁ/

sin(m - 0.23 X

D bty - (o

StDag) = ——

cosa(x) = cos(11.9%)

| (EEEE R VA T B = = o 3 T s 3 R /]
slx) = 1-x : eaer 2\/ v \/ V \/ \]
s 5
$2(x) = 1+x 2
.l

snegs) = 1-x sgn(x)

A

Abbildung 19: FourlnvThm1.png:  The ingredients of the Fourier inversion theorem:
The shifted Dirac sequence goes to the modulated STNC? function.
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Abbildung 20: GEOGEBRA Demo for computation SINC function!

15 Preparing for the Riemann-Lebesgue Lemma

In order to show that F{L'(R?)) C Cy(R?) it will be sufficient to show that for a dense
subspace of L'(R?) one has control over the norm (via [[fi]jse < |pllaz, Tespectively
1Flloo < Ifllzes f € LY (RY). R

There are several different ways to show that FL'(RY) = {f| f € L*(R%)} C Cy(R?),
in fact, it is a dense, but proper subspace of Cy(R?).

One of the classical methods to verify it is by resorting to step functions.

Let us first recall the situation for d = 1, i.e. the functions on the real line. We define
the box-function as the real-valued symmetric function with looks like a square, namely

First we claim that one has

F(box)(s) = SINC(s) = sin(ws)/(ws), seR. (115)

Using the standard rules for the Fourier transform with respect to dilation (producing
narrow boxcar functions) and translation (building step functions) one can find that any
step function over aZ on R? (with finitely non-zero values) has a Fourier transform which
is a finite linear combination of stretched (dilated) and modulation (out of translation)
SINC-functions, so it must belong to (Co(R?), || - [|)-

Since we have the obvious estimate

1 Flloo <Ifllzts  f € L'(R),

and since obviously any f € C.(R) can be approximated in the || - ||;-norm by such step
functions (this is more or less by the construction of the Riemann integrall) we can
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Abbildung 21: SINCplot4.pdf

conclude (based on the completeness of (Cy(R), | -||«), that also the limit (which is of

course ]?must belong to Cy(R). >> Rdst, d > 2.

The non-integrability of the SINC-function is illustrated by the following plot (p.85

of SCRIPT)
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15.1 The Riemann-Lebesgue Lemma for RY, d > 2

We just indicate that this can be done using tensor products, i.e. functions which are
products of functions of each variable, following the general principle (first done for
d=2):

(f@g)(x,y) = f(x)g(y), z,yeR (116) ‘tensproddefoz

Using MATLAB the tensor product is easy to realize, it is just the creation of a
“multiplication table”, i.e. an n X n-matrix from two vectors of length n.

In order to make it independent from the given format of the input vectors x,y € C
we suggest to create the tensor product z := x ® y via

z =x(:) % y(:).”;

Due to the exponential law one has (for pure frequencies well defined for different
dimensions) one has a separation of the variables:

Xs = Xs1 @ Xso» Vs = (31, 52) € Rd (117)

Proof. The claim follows from the obvious splitting of the scalar product: for any t =
(t1,t2) € R (e.g. t; € RF and t5 € R! with d = k + 1) one has

(t,s) = (t1,s1) + (t2, s2)

and consequently

exp(2mi(t, s)) = exp(2mi(ty, s1)) - exp(2mi(ts, S2)). (118)

]

Lemima 21,
Co(R*) © Go(R') € Go(RY). (119)

This is a very simple exercise (!). (Exercise)

Remark 6. One can generate a Banach space, denoted by C,®C,, which is a proper
subspace of (Cy(R?), || [l). The dual space is called the space of bimeasures, which
properly contains (M;(RY), || - ||a,)-

Lemma 22.
Ff®g)=HAf)®Hg),VfgeL (120)
Lemma 23. Step functions on RY are obtained by sums of dilated translates of tensor

products of boxcar functions. Hence their Fourier transform belongs to Co(RY), and thus
the proof of the Riemann Lebesque Lemma remains valid.
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16 Approximate units for convolution

See GEOGEBRA classroom notes at www.nuhag.eu/ETH20
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Abbildung 22: FourInvThm1.png

The triangular function and its Fourier transform: SINC?. The compressed triangular
function (compression by the factor 2, hence support = [—1,1]/2 = [-1/2,1/2], and
maximum = 2 at 0) has the red dilated version of the SINC-function as the Fourier
transform, which in turn has its zeros at 2,4,6 (and of course —2, —4...).

@
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The ingredients of the Fourier inversion theorem:

The shifted Dirac sequence goes to the modulated SINC? function.

The technical details of this part of the explanation are found in the Lecture Notes
(Script file)
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16.1 Discrete convolution, p.51

We have seen that the convolution p := p * s is a well defined bounded measure for
any pair of bounded measures i1, p12. We also have observed that

0p ¥ 0y = 0pty, X,y € R

The same hold true - by the same proof, for discrete measures over any discrete
group, such as &4 = Z, or aZ or A = A x Z¢ < R but we will not make use of this
abstract point of view.

Since the general bounded discrete measures are just limits (in the sense of the norm
of (My(R?), || - ||ag,)!) of finite discrete measures let us next take a look at the convolution
of two finite discrete measures, say

n m
H1 = Z akéxk and M2 = Z bj(sij

k=1 j=1
we get a finite sum of discrete measures of the form

8, =0, % 0,1 <k<n1<j<m.

,
= Zcﬁzl, with ¢ = Z ab;. (121)
=1 (k.j):zi=21+y;
For the case that the sequence (zx)p_; is an arithmetic progression, in the simplest
case v =k —1,for 1 <k <nandy; =j—1, for 1 <k <n we get:

n+m—1

= Z qd;, with ¢ = Z aib;. (122)

1=0 (koj):(1I=1)=(k=1)+(i 1)
With a slight change of notation, by putting o;_; = a; and 5,_1 = b; and v, = ¢,
and summing up to n (instead of n), one can describe the discrete convolution for

measures supported on the semi-group Ny = {0,1,2, ...}, namely 1y = >, _, o0y, and
po = >0, Bjd; as

n m n+m—1
p= D b | x (D B0 ) = > ub, withy= Y b
k=0 7=0 =0 (k.7):l=k+j

(123)
But this is exactly the Cauchy product, i.e. the formula for the coefficients of the
product polynomial r(z) = p(x) - ¢(z), for

p(z) = Zakxk and ¢(x) = Zﬂjxj.

k=0 j=1

H'We use the symbol < to indicate that A is a subgroup of (R?,+), in this case a lattice.
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Ezercise 5. With p(z) and ¢(z) given as above, or degree n and m respectively, we know
that the resulting product polynomial r(z) = p(x)q(z),z € R is a polynomial of degree
m + n. Thus it can be described by 1 + n + m coefficients (index set is going from 0 to
m +n). If we “multiply out” we find that:

The discrete convolution corresponds to pointwise multiplication of polynomials.
In other words, while we are doing a pointwise multiplication of polynomials (more
correctly: of the polynomial function z — p(x) over R or C) we have a corresponding
operation (obviously commutative) at the level of coefficients, mapping the pair of coef-
ficients («,3, indexed by Z) to 7.

Formally one typically collects the term in a systematic way:

Zakﬁl] Zﬁjau 0<I<r=m+n. (124)

Another observation is this one:

FEzercise 6. Note that dy (corresponding to p(z) == 1) is the unit element for convolution
among the discrete measures, any OTHER such measure (once more: supported on Ny)
does not have an inverse otherwise.

Recall that a polynomial of the form p(z) = >_,_, axz” with non-vanishing leading
term x™ (i.e. with a,, # 0) is said to be of degree n resp. of order n + 1 (meaning: it has
potentially n + 1 non-zero coefficients).

The degree is of course good in order to find that it multiplies (the degree of r(x) =
p(z)q(z) is ¥ = n + m!), while the order tells us how many (different) points we need
in order to determine a polynomial. In fact, for any collection of n 4+ 1 different points
in the complex plane (specifically on the real line) it suffices to know the polynomial at
those points in order to recover the polynomial completely!!!

One of the many ways to verify this is to make use of the idea of the Lagrange
interpolation polynomials, for a given sequence zg, 21, ...z, € C. We may look, for some
fixed k € {0,1,...n} for a polynomial of degree k with Lj(z;) = i, (Kronecker delta:
equal to 1 for k = j and zero for k # j).

The first step is to make sure that one has a polynomial which vanishes at all the
points listed, except for z = z;, so we just take

pr(x) =[] (z = 2).
Jitk

Then pi(z) has n linear factors, hence it is of degree n, but it cannot of one more zero
at z = 2y, so we can take Ly(x) = pp(2)/pr(2k).
Given the values of the given polynomial at all those points it is now clear that

= Zp(zk)Lk(x), xeC (125)

is a polynomial with p(zx) = q(2x),1 < k < n. Hence the difference polynomial p — ¢
has n + 1 zeros, which implies that p(z) = g(z), i.e. the coefficients are known.

In this whole story the so-called Vandermonde matrix and its (non-vanishing deter-
minant, for z;, # z;, pairwise) plays an important role.
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Abbildung 24: uroots8dem?2.eps

Remark 7. There is also a very interesting and useful connection to probability theory,
more precisely to discrete probability measures. Assume you through a coin, which tells
you to take a step to the left or to the right (both with probability 1/2) along Z, starting
from 0. What is the probability of coming back to the range {—1,0,1} after 7 steps?
Or you trough a dice and you want to know what the probability is to reach more than
30 point after 8 times throwing the dice (or by summing the outcome of 8 independent
dices? I plan to come back to such questions later on. It will also be a way to demonstrate
the validity of the Central Limit Theorem in an experimental setting.

16.2 Discrete Fourier Transform, FFT

One way to look at the Discrete Fourier Transform is to say, that it realizes the
discrete convolution for polynomials, one the degree is high enough (to recover the coef-
ficients of a polynomial from its values over Uy, the (multiplicative, but commutative)
group of unit roots of order N, which is a discrete subgroup of the unitary or torus
group:
T=U:={ze€C||z| =1},

which has 1 € C as its multiplicative neutral element, and with 27! = Z (complex
conjugate) since we have

Zz=2Z2=2'=1*=1, z€U.

For every N > 1 the unit roots of order N form a group with N elements and
generator '
wy = /N = cos(2m/N) + i * sin(27/N).

For teaching purposes the choice N = 8 is quite convenient, because it is easy to
draw the unit roots of order 8 on the blackboard. Here is how it looks. They are created
by the following MATLAB command (see MATLAB Expo Talk):

u = exp(2xpi*i*(0:1/N:(N-1)/N));

In this way the discrete Fourier transform can be viewed as the linear mapping which
assigns to each a = (ax)h_," (with of course practically speaking n << N — 1)
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aa = rand(1,5); ub5 = uproots(5);

compnorm ( polygala(fliplr(aa),conj(ub)) , fft(aa));

comparing the evaluation of a polynomial at the unit roots of order N
with the values of the FFT routine, which is a linear routine

% quotient of norms: norm(x)/norm(y) 1

% difference of normalized versions 3.3197e-16

Here we are working with row vectors aa, hence the flip operator has to be used in the
form of £fliplr. The unit roots of order 5 come in their natural order, i.e. as w¥ k =
0,1,2,3,4.

Since the Fourier transform has expression of the form e ?"** they have to be taken
in the opposite (namely clock-wise sense), still starting from 1 = €. This is way we have
to evaluate the polynomial at conj(ub).

The justification for the fliplr command comes from the fact that we have the
convention that polyval([1,2,3],10) == 123 i.e. to describe the polynomials in this
contezt, starting with the leading term!

So the summary is: Given a sequence (ay)k = 1) € C" the DFT (Discrete Fourier
Transform) of

NOTE: The connection to the continuous Fourier transform will be discussed later
on! It is an interesting subject.

Next steps: What can we say about the matrix F' = fft(eye(N)) representing this
linear transform? It has a number of interesting features:

1. It is a Vandermonde matrix
2. Up to the normalizing factor v/ N it is a unitary matrix;
3. All the entries are complex numbers of absolute value 1;

4. The matrix is equal to its transpose matrix, hence the inverse matrix if just the
1/N times the conjugate, or
inv(F) = F'/N.

Note that this scheme correspond exactly to the multiplication of natural numbers
described in the decimal system! After all, we have

polyval([1,2,3],10) == 123 = 1*x1072 + 2*1071 + 3%x1070.

Exercise: Compute 111112, or 111111127 Do you see any pattern?
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16.3 Towards impulse response

The fact, that we have a concrete realization of any TILS T on Cy(R?) allows us to
extend its action to all of (Cy(R?), ||-||) by the same pairing (let us write H instead
of T now):

Hf(y) = u(Tyf"), f € CRY)  ul(f) = H(f")0), f € Co(R?).

In contrast to the setting discussed earlier there is a problem when one tries to
recover the system from the measure defined by u(f) = H(f)(0) because this might
be the zero functional, even if the operator (abstractly defined on C,,(R?) or C,(R?)
and commuting with translations) is not the zero operator. This observation, which is a
consequence of the Hahn-Banach Theorem in functional analysis, has been explained in
several papers by I. Sandberg, who talks about the scandal in system theory. See sa98:
[38], sa02-1: [39],sa94: [37], and several other papers in a similar spirit by the same
author.

The key observation is the fact that in a situation as we have it here, namely a chain
of closed, proper subspaces (all Banach spaces with respect to the sup-norm, namely

(CoR?), |- lle) = (Cut(®Y). |- ) = CHRAN (126)

there are always non-zero, bounded linear functionals which vanish on the smaller sub-
space, e.g. on Cy(R?), but vanishing on Cy(RRY).

The existence of such linear functionals is grounded (in the mathematical theory)
on the Hausdorff maximal principle which is equivalent to the axiom of choice, i.e. it is
highly non-constructive. The alleged systems H would not be observable within finite
time, because their reaction to input signal k € C.(R?) would be the zero signal, so they
cannot be really observed.

As a consequence, the scandal is a mild scandal, and has more to to with an inap-
propriate description of the situation, the mathematical modelling of BIBOS systems.
As we have tried to point out, the choice of (Cy(R?), || |l«) as the domain of such
systems as a starting point, followed by an extension of that system (as just done) is
a better way compared to a direct modelling of BIBOS systems as operators acting on
(Cy(R?), || ) or (as it is done in un20: [42] on (L®(R?), |- ||s), which requires
Lebesgue integration theory and causes further problems, because the point evaluation
is not well defined for general elements h € L>(R9)!).

See [12] for more details. See also the recent article by M. Unser [42], which also puts
forward (mathematical) short-comings in the discussion of linear translation invariant
systems in the engineering literature.

It is clear that the same rules apply as for the action of C, : f = p * f defined on
Cy(R?), i.e. such systems commute with translations, and this implies that the systems
preserve uniform continuity, i.e.

M, (R x Cy(RY) C Cy(RY),  My(R?) * Cpp(RY) C Cp(RY). (127)
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16.4 Exponential law and characters

Due to the exponential law one has

XY (2) = x_s(z) and T.L(x_s") = xs(2) - X—s)

and therefore
ok xs(2) = Cuxs(2) = m(Talx—s")) = plx—s) - Xs(2) = [i(s)Xs(2), (128)

or expressed more compactly: x, is an eigenvector for C,, with eigenvalue fi(s) :

CL(XE):::ﬁ(S)':XS- (129)

F(6,) =Xy, but? F(x_,)=0d,7 (130)

17 The dual of (L'(RY), |- |1) : (L®(RY), |- ||«)

We want to discuss shortly the dual space of (L'(R?), ||-|1). Abstractly speaking
it is of course just the space of all bounded linear functionals on the Banach space
(L@, |- ).

In books on functional analysis one finds that it is the space usually denoted by
(Loo(Rd), |- ||oo), the space of all essentially bounded, measurable functions. More preci-
sely, the set of equivalence classes of such functions, according the to usual identification

hi =hy < hi(x) = he(z) a.e.. (131)

Recall that a complex-valued measurable function is essentially bounded if there exists
C > 0 such that

|h(z)] < C ae.. (132)
The natural (semi-)norm on
L*(R?) := {h|his essentially bounded} (133)
is given by
|h||oo := inf{C| |h(z)| < C a.e.}, (134)

turns L™ (R?) (the space of equivalence classes, as described above) into a normed space.
The classical approach using Lebesgue integration allows to show that one can iden-
tify (L®(R?), |- [|o) with LY(R?) (the dual space for (L' (RY), |- 1))

Lemma 24. There is a natural identification of (L°(R?), || - ||e) with the dual space of

(L' (R, ||+ |l1), such that every o € LY (R%) is determined by a unique (up to equiva-
lence) h € L>®(R?) such that

o(f) = [ fl@)h(z)da. (135)

R4
This identification is isometric, i.e.

/R f@)h(a)da (136)

”h”Loo(Rd) = Ssup
I £l1<1

= sup
keC(RY):||k[1<1

/R K()h(e)dr
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17.1 Multipliers and related facts 15.10.2020

The first step can be shown without reference to the use of measurable functions.

Lemma 25. (Cy(R?), ||+ ||s) is a closed subspace of L™(R?). Moreover, C.(R?) and
hence Co(R?) are w*-dense subspaces of L™ (R?).

Proof. First we have to show that any h g (al%i‘lgo%(iﬁnes a bounded linear function on
(L*(R?), || -[l1), by checking the estimate (l36l§ above, by simply testing it on h € Cy(R?)

and f € C.(R?) (using the Riemann integral).
The result is again

0w (Al < Mhllcll fllr b € Cy(RY), f € L'(RY),
or simply
lonllL=@ey < llhlloos  h € Cy(RY).

In order to show equality one has to find for ¢ > 0 some k € C.(R?) with ||k||;: <1
but
lon(F) = [[Allec — .

First let us assume that h(x) > 0 for all z € R% Then the continuity of h € Cy(R?)
implies that we can find some small ball B, (zy) around some point zy € R? such that

(@) = N[hllee — &, V€ By(xo).

Then for any k € C.(R?) with k(x) > 0 and ||k||;: = 1 and with compact support inside
of B,(x) one has, using the non-negativity of all the involved terms:

/ h(a)k(x)da > minses, oo h(z) / k(z)dz > [[h]la — .
Rd Rd

For the general, complex-valued case we have to invoke the phase function. Since we
may assume that & has small support inside of some open ball By(xy) (with s < r) we
can find some other function ¢ supported in B,(xo) with ¢ - k = k (i.e. ¢(x) = 1 on

supp(k))-
Since the continuous function h € Cy(R?) is bounded away from zero on supp(¢)
the function ¢(z) := |h(x)|¢(x)/h(z) is a continuous function, and we work with k- ¢

instead of & in the estimate from below. In fact, we still have supp(k - ¢) C B,.(zo) and
also ||k - || = 1 (since the phase factor has absolute value 1). Thus

nlk ) = [ )@k = [ ek,

so that the rest of the estimate can be used unchanged.

Finally we have to argue why C.(R%) (a subspace of Cy(R?) C L>(R?), via h + o7,)
is a w*-dense subspace of L>(R?). In other words we have to show that any f € L>(R?)
(OR should we use ¢7) can be approximated in the w*-sense by a suitable sequence
(kp)n>1 from C.(R?). REST to be done! O
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Lemma 26.
L™(RY) « L{(RY) C Cyp(RY). (137)

Proof. The convolution of ¢ € L>(R?) with f € L'(RY) can be viewed as a pointwise
convolution product of the form

ox fly)=o(T,f"), feL (R
Consequently one has
Lo f1() = [o % fl(z = y)l < No(Tef = Toey f)| < Nollpoequa 1T = Ty ) p gy -
Since the L'-norm is translation and flip-invariant we have
1T = Ty f Wiprgsy = I1f = Ty fllprgey — 0 fory — 0.
O

Lemma 27.
My(R?) » L™ (RY) C L2(RY), (138)

with the corresponding norm estimate

i Fllom < lllag | Flomn . 0 € My(RY), f € L¥(RY.  (139) [MbLinfconven:

Proof. We start from the fact that M,(R?) x L'(R?) C L'(R?), i.e. from the fact that
L'(R?) is a closed ideal in the Banach convolution algebra (My(R), || - |las,)-

Hence we have (by the general principles of functional analysis) some abstract action
on the dual space, which can be expected to be the convolution by p*. Hence let us
consider the mapping f + C/,(f) given by the action on k € C,(R?) (by definition a
dense subspace of L'(R?)):

Cre (k) = f(u” x k), feL®RY), ke C(RY).
We know that (Cy(RY), ||-]le) is a closed subspace of (L®(R?), ||« ||ls).... (also

Cup(R7))
O

Lemma 28. We will prove later on:

Hyra(L'(RY), Cup(RY)) = Hya (L' (RY), Cy(RY)) ~ L™ (RY).

Hea(L'(RY), Co(R?)) € L=(R?) as a closed, proper subspace.
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17.2 Pure frequencies are eigen-vectors for TILS

For any operator T'f = p * f the output for a given pure frequency y, is just

T(xs) = plx—s)xs = 1(s)xs (140) ‘chareigenTILS

But in reality one can only produce a localized (time-limited) version of a pure
frequency, and then one will find the

.convpfl.pdf .
p=--P localized measure Iocallzed pure frequency
0.1 1 1t

I " aaananm,
YooY

-200 -100 O 100 200 -200 -100 100 200

output to pure frequency input output to localized character
2 1 21

JUAMANMADAAL AADAARADAA,
LA

-200 -100 O 100 200 -200 -100 O 100 200

—

Abbildung 25: localconvpfl.pdf We see the localized convolution kernel or measure y in
the left upper window. Below we see the output of a pure frequency under convolution
(done via FFT) with a particular pure frequency ys. The right, upper window shows
the same (input) pure frequency, but restricted to a compact domain. Note that the
cosine-part is evenly arranged (blue) around the center, while the sine-part is in read.
Note the phase shift in the output side! Finally the right lower plot show the output of
the localized pure frequency under the same system. Locally we have the same phase
shift, so if you compare local pieces of the input (localized pure frequency) with the
equally localized output in order to determine the phase shift, resp. fi(s)
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Abbildung 26: inputoutp2.pdf This plot shows the central Fourier coefficients (low fre-

quenc es){ aﬁd r&arked in read the quotient (phase shift) obtained as illustrated by picture
|[focalconvypfl.p . .. . . .

T7.2. 1t shows up at exactly the right position and with a highly precise value. The nee-
ded length of the input signal for a good determination of fi(s) depends on the size of

the support of p.

18 Approximate units for convolution

Definition 6. A bounded family of functions (g,)o<,<1 is called a bounded approximate

unit for the Banach convolution algebra (L'(R?), ||-|]1) (or a Dirac sequences) if
sup Jlg,llp1 < oo, (141)
0<p<L1
and
lim g, % £ — fllps =0, ¥f € L(RY). (142)
p—

. By a simple approximation argument one can show, that in the presence of condition
(%%dition (%%uivalem to the validity of (ﬁ'&%gfoc%lst [ € C.(RY) (It is a
good exercise to verify this claim).

Note: In the book of Kanwal [31] the SINC function (which is NOT in L'(R)) is
chosen as a Dirac sequence, but this is somewhat problematic. We will see that the com-
pressed SINC function is convergent to the Dirac measure in the since of the dual space
S; (but it is not w*-convergent in Mj(R?), because even the approximating elements do
not belong to this space).

Hence we will first prove the following result:

Lemma 29. Given any g € C.(R?) with [, g(z)dz =1 and k € C.(R?) we have

lim ||St,g * k — k|oc = 0. (143)
p—0

Since all the involved functions have common compact support (for |p| < 1) this implies
convergence in (L' (RY), || -|l1), and finally by approzimation for all of L'(R?):

lim Sty % f = fllr =0, f € LR, (144)
p—>
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Abbildung 27: LiLtLinFLil.jpg: blue rhomb represents L'(R?), the green rectangle re-
presents L™ (R?) resp. Cy(RY), with Cy(R?) inside (marked as a black line). Rotation of
the blue rhomb (corresponding to taking the Fourier transform) gives us the red symbol
for FL'(R?). That it is contained inside of Cy(RY) is the statement of the Riemann-
Lebesgue Lemma. The yellow circle represents L?(R?). Note that L'NL>*(R%) ¢ L*(R%)!

Proof. We can restrict our attention to the case p € (0,1] and assume without loss of
generality that ||k||z: = 1. Since supp(g) C Bg(0) for some R > 0 the family (St,g),c0,1]
has joint support in Bg(0). Following [34] (Ch.2.1.4) we can write St,g * k — k as point-
wise integral compared to f(z) = [p. St,g(y) - f(x)dy, taking into account that (by the
transformation formula for integrals) this integral equals [, g(y)dy = 1 for any choice
of p. Thus we obtain the pointwise estimate

|[Stpg * Kl(x) — k(z)] < /Rd k(= y) — k(2)|[[Stg](y)|dy

Note that supp(St,g) = psupp(g) € pBgr(0) = B,r(0), can be made arbitrarily small,
and we continue with

|[Stpg * kl(z) — k(z)] < / k(= y) — k(@)[|[Stog](y)dy

BPR(O)

Using the uniform continuity of f € C.(R?) we can estimate the differences
|k(x —y) — k(x)] for y € pR < §, and get thus an estimate of the form

ISt + k= bl < ¢ [ S00)ld) = <lgls:

Finally we make use of the compact support of f: Assuming that supp(k) C Bg(0)
for some K > 0 (or k(x) = 0 for |z| < K) we find that the pointwise estimate is valid on
Br1x(0) in the pointwise sense, and the expression equals zero outside of this compact
set. In this situation uniform convergence implies L'-convergence.
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various Fourier invariant spaces

Abbildung 28: Fourinvsp5B.jpg: Within the universe of Sy(R?) we have the Hilbert space
L*(RY) (yellow). It contains L'NFL", the space to which the Fourier inversion applies (in
red). Inside of it (turquoise square) we have W (R4) N AW (R?)). This is the domain for
the Poisson summation formula, or the space of continuous Riemann integrable functions
to which the Fourier inversion via Riemann integrals applies. Finally we have inside the
magenta space of test functions called Sy(R?).

Finally, once the g,glgugg oixsfvﬁ’}liéi for the dense subspace k € C.(R?) one can approxi-

mate it and obtain (IZ[Z[]§ is valid for every f € L'(R9). O

Remark 8. If we do not want to normalize the compressed function g to have §(0) = 1
the approximation will be to g(0)f (instead of f).

Diracgrho . .
Based on the proof of Lemma (bQS we come up with the full statement, which looks
a bit complicated, but is based on very simple and natural approximation arguments:

dapprunit00| Lemma 30. For any g € L'(RY) with §(0) = [, g(y)dy = 1 the family (St,g)p—o forms
a bounded approzimate unit for (L'(RY), |- |1).

Proof. Clearly the proof will go by reduction to the case that g € C.(R?), using the
density of C.(R?) in (L'(R?), ||-|l1) (by definition!).

Our goal is to find, given f € L'(R?) and e > 0, some parameter p, such that
p € (0, po] implies for the given g € L*(R?):

IStug* f — o <. (145)

Without loss of generality we may assume || f||;1 = 1.

Recall our observation that g — g(0) = [;.g(y)dy is a continuous mapping from
(L' (RY), || -||) into C. Hence, by the density of C.(R?) we can guarantee that for any
k € C.(R?) with ||g — k|| .» < n (for whatever n > 0, to be chosen later on) one has

1(0) — 1] = [k(0) — 5(0)] < Ik — gll= <. (146)
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Fourier invariant Wiener spaces
F(W(R))

Abbildung 29: FourlnvWWRnew.jpg: Showing the “small” Fourier invariant spaces, na-
mely the (here) white square, the intersection of W (R?) with H W (R?)), shown as blue
resp. red object. Obviously this is Fourier invariant. But inside of this space we have
So(R?) = F(S,(R?)), which is also invariant under the Fractional FT (see later).

B' grh
We will use now Lemma 29 to 51 gw, that one has for p well chosen

IStok  f = k(0) f]lp < &/3. (147)
Finally we observe that one we have the following estimate, independent of p!:

[Stok  f = Stog * fllpr < ISt(k = g)lpr 1 fller = [1E = gllp [ fllr <. (148)

Using the triangle inequality we come up with the overall estimate

IStog * f = fllzt < [1St(g — k) fllps + IStk * f = k(0) fl| gt + k(0) = L[| fll: (149)

L. lestimOJlstim010 Jlintestetal .
and combining (149), (148) and (I46) we obtain:

IStog = f = fller <n+e/3+n<e (150)

Hence one can obtain the required estimate by first choosing n = £/3, then picking
ke CC(Rd)‘ such that ||g — k||r <n and. then, for fixed I(fm.xiliary function) k one chooses
po appropriately, so that the overall estimate (IZ[5§ 18 achieved for any p € (0,p0]. O

estim009

estim010

estim011

estimO011b

runit00

Stroconv7 d
Let us give an application of formula (IGS; below respectively of Lemma (B0) above

(once we know that F{SINC?) = A, due to the Fourier inversion theorem for (L' N FL')(R%)).

Corollary 3. The band-limited function in L*(R?), i.e.
Ly (RY) := {f € L'(R") | supp(f) compact}
is a dense subspace of (L'(RY), |- ||1).
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Proof. Due to the Fourier inversion theorem we know that F{SINC?)

=AY = A, and

thus ¢ = SINC? can be used to form a bounded approximate identity of the form
(St,9) 0. Hence we can approximate any f € L'(R?) by convolution products of the
form St,g * f. But such function are band-limited, because we have supp(A) C B;(0) (in
the multi-dimensional setting we also have compact support), and by the convolution

theorem

supp(F(Styg * f)) = supp(D,A - f) C 1/p - B1(0) = By,(0).

]

Note: Although compactly supported elements are dense in (L'(R?), ||-|1), and also
band-limited elements are dense, the only function f € C.(R?) which is also band-limited

is the zero-function (because f € C.(R?) implies that f is an analytic function, and a
non-zero analytic function cannot vanish on a whole interval, leave alone outside a given,

compact set).

In reducing the Fourier transform to compact support it is important to be careful
and to avoid sharp truncation, because this corresponds to multiplication by a box-

car function, resp. convolution by a (not integrable) SINC-function!

For the case of

the boxcar function (step-function in L*(R)) the negative effect is known as the Gibbs

phenomenon (see WIKIPEDIA for details).
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Abbildung 30: FiltRecBumpl.eps

0 50 100

NOTE: It may be difficult to find the optimal balance, because in the above situation
the choice of p depends on k. If one chooses a function which is approximating g very
well it might be a not-so-smooth function k, and in such a case a Cl}ome of py results

which might be suboptimal (with respect to the final claim IZI5;
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The book of Kanwal ( [31]) also provides the following example (snapshot of a GEO-
GEBRA experiment):

| Dirac02. jpg

® = = r=522

. 5
h{x) = g(x—2)+g(x+2) - glx) ’ ﬂ
O 2 2
_, e T(x-2) + e T2y _ e—m@ 3

a = Integral(g,—3,3)
O

1

b = Integral(h, —5,5) : 2

-1
r=522 :
® 0.02 ® 8 ® \
: | [omoe T - -2 1 1 2 3
hrho(x) = r h(r x) :
O . 52 (e 7(5.22x-2) te n(5.25c+2) e N[

-2

+ Eingabe...

—4

3

Abbildung 31: KanwalDirac02.jpg This GEOGEBRA SNAPSHOT exhibits a sum of
three Gaussians, two positive ones and a negative one, with total mass 2 — 1 = 1. The
corresponding compressed versions of h = T 999 — go + 1290 have the property that
Strhoh(0) — —oo for p — 0. A compressed version (member of the Dirac sequence) is
displayed in violet color.
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19 Some abstract bilinear considerations

Lemma 31. Assume the M is a bilinear mapping B' x B*> — B which is bounded, in
the following sense: There exists C' > 0 such that

|M(b1,bo)l|z < Cllbill lorllg, b € B by € B (151)
Then M is a continuous mapping, meaning that

fo=B'— lim f,, and go=B"— limg,

n—o0

implies that
M(fo:90) = B = lim M(fy, gn).

The proof is based on the same argument that is used to prove that multiplication
or addition are continuous on R. Given a' close to a and b close to b we know how to
show that |ab — a'b'| is small.

Proof. Given € > 0 we have to show that for a suitable choice of ny we can guarantee

that
M (fr:gn) — M(fo,90)llB <&, Vn > ng. (152)

We first observe that the convergence of the sequence g, implies boundedness in (B*, || - ||(V).
More precisely, there exists n; such that for n > n; on has

19allB1 < lgn — 9ollBr + 90l 52 < |90l gt + 1 := C1 < o0. (153)

The key estimate comes by a simple application of the triangular function, namely by
inserting the mixed term M ( fy, g,). Thus

1M (fn, gn) = M (fo, 90) B < (M (fn, gn) — M (fo, 9u)ll B + M (fo, 9n) — M (fo, 90) || B

fngnest2 (154)
The first term in (I5Zfi can be estimated (first for fixed n)

IM(farg0) = Mfor g)ll < Cllfa = foll i llgnllz < CLCfu — foll g (155)
M£ t3
The second term in (l5n5 ingesm be estimated as

1 (fo, 90) = M(fo, 90) 18 < Cllfoll 1190 — goll - (156)

This is suffices to choose ng > ny such that

lfn = follpr < €/(2CC:) and [|gn — g0l g> < £/(2C). (157)

fngnestl
Combining the last three estimates we have verified that (i52§ 1s valid for n > ng. [
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Proposition 7. Assume that M is a bounded, bilinear mapping as in Lemma [?]. As-
sume that Cy and Cy are dense subspaces of (B, ||-||V) and (B2, || -||®) respectively.

Let T,, be a bounded net of operators on (B, ||-||V), i.e. assume that
ITls < B ie ITlf)lm < Blfls, Vf B (155)
for some positive constant B > 0. Assume also that Ty is a fived operator'? on (B*, || - ||V),

also with |[|Tyl|| g1 < B. Then the following implication is true:
Assume that one has verified that

B —lim M(T,k, f) = M(Tok, ), Vk€Ci,f € Ca, (159)

then one can conclude that this limit relation is valid on B x B2, i.e. that

B —lim M(T,g,h) = M(Tyg,h), Vg€ B',he B (160)

. ilinconv .
First note that the proof of Lemma E%)l is no only valid for sequences but also for
nets. In fact it provides an error estimate for the output, given some deviations at the
input.

Proof. Given a general input pair ¢ € B' and h € B? we have to obtain, for a given
€ > 0, an estimate of the form

[M(Tag,h) — M(Tog, h)|s < €. (161)

conydensl
As usual we are comparing the term to be estimated to terms for which relation ( 59i
can be used. By inserting two intermediate terms we split M (T, g, h) — M (Tog, h) as:

[M(Tag, h’) - M(Taky .f)] + [M<Taka f) - M(Tok, f)] + [M(T0k7 f) - M(ng, h)] (162)
. . conydensQ | .

we can estimate the expression (IIG1 ) by estimating the three terms separately. Let us
first take care of the first one (the third can be done by exactly the same estimate, just
setting o = 0):

Note that we have the following situation: If we choose k € C'; appropriately, with
lg — kllgr <n, then

1Tag — Tokllgr = [ Talg — F)llpr < | Tallsr lg — Fllz < Bn,

and similarly ||h — f|| g2 Cjnl be made arbitrarily small by a suitable choice of f € C'2 C

B?. we can apply Lemma in order to obtain

||M(Tagu h) - M(Tak7 f)”B < 5/3, (163)

and of course (as said, by the same argument) also the third term can be estimated as

1M (Tog, h) — M(Tok, f)|| < £/3. (164)

Now given this choice of £k € C; and f € C5 we can apply the assumption, i.e. the
middle term can be estimated as well, according to the assumptions. There exists some
ap such that o = ag implies

IM(Tok, f) = M(Tok, f)lls < /3. (165)

conydens0
A simple combination of the last three estimates implies the required estimate (T61 i

12Typically the w*-limit of the operators T,.
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19.1 Applications of the abstract principle

First let us mention a situation, which we have already encountered for the discussion
of convolution. How have we demonstrated that My(R?) x Cy(R?) C Cy(R%)?
We can say that this corresponds to case

M{(p, ) = px f
which maps M,(RY) x C(R?) into C,,(RY) with the estimate

1% Flloo < Nl n || flloo-

labsconv. |convsum
Compare with the formulas (46) and (47), in the proof that any bounded measures

describes a bounded linear operator from Cy(R?Y) into Cy(R?) (and not just C,,(RY)).
The proof was using the fact that

M omp ={p= Zu 1; for some finite setF'} (166)

i€F

is a dense subspace of (My(R?), || - ||a,) and C.(R?) is a dense subspace of (Cy(R?), || - [|so)-
The explicit demonstration that also pxk has compact support (vanishes outside of some
ball of radius R > 0), i.e. that

Moy * C.(RY) C C.(RY) C Cy(R?)

was the decisive step, the rest was just approximation in the spirit of Lemma (%‘%M

Let us now demons‘%:émst&%vlgumber of concrete special cases of the abstract principle
put forward in Lemma 7. In fact, the formulation of the abstract arguments above came
from the observation that the arguments used in quite different situations show a formal
similarity. One verifies a convergence statement for some special cases and goes on to
extend it to the general case, using estimates for convolution or multiplication operators,
combined with approximation arguments.

1. The first choice will be the setting of (B', || [|V) = (B?, || -[|®) = (L"(R?), || - |l1),
with C; = Cy = C.(R?), and operators St,, for p — 0, and the limit operator
Ty = 11(0)8o (a rank one operator from L*(R?) to M,(R?))'?

We have seen that the operators St, are isometric on (My(R?), || - ||as,), since they

are the adjoint of the operators D, (which are value Dreserving, hence isometric
i sconv

on (Cy(RY), || -]ls))- Thus we have B =1 in Lemma

The bilinear mapping M is given as M(u, f) = p* f, for p € My(R?) and f €
Co(R?). Since we have ||p* flloo < ||itllag, || f]loo We have C = 1.

For compactly supported measure and f € C.(R?) one can ggnﬂ&%n%rfiform conti-
nuity of f in order to derive the validity of the assumption ( 59i in this case.

b 0
The conclusion of Proposition 7 15 then: For any g € L'(R?) and p € My(R?) one

has
IStoe 5 f = 72(0) fl| 2 — O for p — 0. (167)

13A slight deviation from described setting, since dy ¢ L'(R%).
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Restricted to functions g € L'(R?) (by normalization) with [, g(z)dz = g(0) = 1
we show that compression of L'(R?) functions produces bounded, approximate
units for (L'(R?), ||- 1) (with convolution):

lim [|St,g = f — fllpr = 0, (168)
p—0

i.e. the family (St,g),o forms a bounded approximate unit for (L'(R?), ||-|1).

2. The second choice is the pair (B!, |- ||V) = (My(R9), | - ||lag,) and (B?, || -||¥) =
(Co(RY), ||+ [|0) , again with M (g, f) = px f, hence C' = 1. The operators we choose
are the discretization operators Dy. Since we know that || Dyp||as, < |||l as, for all
p € My (R?) we also can choose B = 1. The limiting operator will be the identity
operator on M (RY).

As C we use the subspace of compactly supported measures in (My(R?), || - ||az,),
and C.(R?) as dense subspace C5 of (Cy(R?), || - ||s)-

The validity of the convergence

lim || Dyp sk — % kljse = 0
Wl‘rgOH wp x ke — pox k||

for compactly supported measures and f € C.(R?) is easy to check, because all the
involved functions Dgp * k have joint compact support, and thus can be reduced
to the pointwise convergence'*

Dyp f(y) = Dep(Tyk") = w(Tyk") = px k(y)

3. Exchanging the space (Cy(R?), || [l) by (L'(R?), ||-]l1) one comes up with the
claim: For any f € L'(RY) and p € M,(R?) one has:

|Dapx f—px fllp: =0, fe LR, (169)

More such applications will be given below.

19.2 weak* convergence of bounded measures

Just for illustration of the same kind of arguments we state the following result:

Lemma 32. A bounded sequence (fin)n>1 in (My(R?), || ||ag,) is w*-convergent to pg €
M,(RY) if and only if one has for every BUPU V:
Dyp,(f) = Dupo(f),  Vf € C(RY). (170)

Proof. Assume that pg = w*1lim,_,o it,,- Then one has for any BUPU ¥

Dy, (f) = itn(SPAf)) —nsoso Ho(SP(f)) = Dupio(f)

by the assumption (just because Spy(f) € Co(R?)).

14The derivation of uniform convergence over compact sets should be given in more details, to come!
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For the converse observe that we have for any BUPU || Dyu|lp, < ||pt|lasg,- Let us
assume that sup,,s ||fnllag, < Cn < 00. Of course this implies that also ||uol|az, < Cs

(this will be used later on, below). Dosivst
By consequence one can extend the validity of (11 70 iwfsocofng Co(R?).

For general f € Cy(R?) one has for n > ng (suitably chosen)

1 (f) = 10 (F)] < |pn () = pn(Spaf )| + [0 (SPaf) — 0 (Spaf)| + |0 (Spaf) — o(f)] < e.

In fact, first we can guarantee, for given f that for any BUPU ¥ with |¥| < §,
(chosen properly) on has

1f = Spufllo < €/(3Cn).

Then the first term (and similarly the last term) in the estimate above can be controlled
| (f = SPuf ) < [lpnllag, || f = Spufllee < /3.
The middle term follows from the identity

Dyu(f) = p(Spaf), € Co(RY),
which is the middle term, which tends to zero by choosing n appropriately. O]

The Fundamental Relationship for the Fourier Stieltjes transform, namely
w(®) =v(p), p,ve My(RY), (171)

can also be derived in the same way. We choose the mapping M (p, v) = pu(Fv)), which
is bilinear, well defined and bounded, thanks to the estimate

@) < Nlpllag 17l < lullaglvllag, — p v € My(RY). (172)

As a dense subspace we can choose the compactly supported measures. So let us
verify it for compactly supported measures. As it is clear that it is valid for discrete
measures (please check it directly yourself for = §, and v = 9,):

D) = Bulxy) = €727 = 72T = (i) (173)
Hence we have (by taking absolutely convergent sums of this type):

In order to go to the limit we take the intermediate step, namely
Dy (Fw)) = v (FDyp) (175)

which can be verified by verifying that for both sides the transition from Dgv to v can
be justified, at least for case that v € M,,,, (and then by taking limits for general
v € My(R7)). FRESTdisc2

In a second step the transition from (h’?’b%_mﬁe general formula is obtained in a
similar way, again assuming first that @ € M., and then again by taking norm limits.

Details will be worked out later (hopefully, hgfei).

The last item is helpful in order to verify that the Fourier Stieltjes transform is
injective (without making use of the Fourier inversion theorem, see script for details),
but this question can be settled in many different ways.
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Actually, similar results are valid for (LP(R%), | -|[,), for 1 < p < oo and even for
so-called homogeneous Banach spaces in the sense of Y. Katznelson (see ka76: [32]).

NOTE: The abstract principle described above makes it necessary to understand
which spaces are contained in other space, and which ones are dense in each other.

Another abstract principle which plays an important role here is the following:

Lemma 33. Assume that (B, ||-||V) is a dense subspace of (B, ||-||®). Then there
1s a continuous embedding of (Blg, |- ||B'2) mto (B/l, | - ||B/1).

Proof. First of all it is clear that any bounded linear functional o on (B?, || -||®) will
act as a bounded linear functional on B! by restriction. In fact, by the assumption about
a continuous embedding we have

Ifls: < Cllfllg, VfeB. (176)
Consequently we have
lo(NI < llollsy 182 < [Cllolls Il /] (177)
and thus we have
lolls, < Cllolls, - (178)

The role of the density of B* in (B?, ||-]|¥) is to ensure that the restriction map-
ping is injective. In fact, it is clear, for any two linear functionals o7 and oy as abo-
ve, if they coincide on B! they are equal, because for any sequence f,,n > 1 with

lim, 0|l fr. — f|| g2 One has

o1(f) = lim a1(fn) = lim o5(fn) = o2(f).

n—o0

[]

Remark 9. The example of (€', [|-[1) = (€2, | - [|2), with dual spaces being of the form
(€%, 1| - l2) = (¢, ]| |ls) show that one cannot expect density of By in (B, | 5;)
in general. However, it is true that B is w*-dense in (B4, | -|/5;)-

This principle will be applied later by to the situation of Sj(R) — W(RY), or
Sy(R%) < L*(R?), and so on.

By definition L'(R?) is a subalgebra (even a closed ideal) inside the Banach convoluti-
on algebra M, (R?). The Fourier transform maps (M,(R%), || - |[as,) into (Co(R?), || - [|)
in a non-expansive way. The image of (L'(R?), || -[|1) will be denoted by FL'(R?) and
is called the Fourier algebra

Definition 7.
FL'RY) == {F = Fpy) | f € L'(RY)}. (179)

Since (L'(R?), | -||1) is a Banach algebra with respect to convolution the Convolu-
tion Theorem and the Riemann Lebesgue Theorem imply that FL'(R?) is a pointwise
algebra, dense in (Co(R?), ||+ ||s), because it contains all the linear combinations of
triangular functions (for example).

89



Lemma 34. L' N FL' is a dense subspace of both (L'(R), |- ||).

Proof. We start by observing the triangular function A belongs the FL'(R?) and to
C.(R?) c L*(R%), as well as all the dilated and shifted versions, hence all linear combi-
nations.

In order to approximate f € L'(R?) it is enough to approximate a nearby k €
C.(R?) (in the || - ||;-sense). But here we know that for the BUPU consisting of triangular
functions (for R, and tensor products for d > 2) we have uniform approximation, i.e.

ISpgk — kl|lee — 0 for diam(¥) — 0. (180)

Since for any k € C.(R?) the piecewise linear interpolation (i.e. the sum of shifted
triangular functions) is a finite sum we have achieved the required approximation, noting
that due to the joint compact support of the involved functions Spyk, |¥| < 1, uniform
convergence implies of course L'-convergence. O]

We will also see other arguments showing the validity of this claim in a different way:.
In fact, we will see that S;(R?) and hence also W (RY) N FW (R%) are dense subspace of
L'(R%) and FL'(R?), and in fact even of (L' N FL')(R?) with its natural norm:

I lleozy = 1 le + 1 |z
This is a non-trivial result derived in [17]. Also, by the argument used above (L' N FL')(R)
is dense in (Cy(RY), |- [/x)-

Exercise 7. Check yourself the details of the last statements, mostly by making a list of
the partial claims involved in the proof.

The Fourier transform in the context of (L' N FL')(R?) puts things into a symme-
tric context with respect to the time and frequency variables (on “equal footing”). In
fact, both L*(R?) and (hence) FL'(R?) are flip-invariant, and since the inverse Fourier
transform is more or less the forward Fourier transform combined with the flip operator
(before and afterwards) we have:

Lemma 35. e (L'NFL")(RY) is a Fourier invariant subspace of (L'(R?), |- |1)
as well as (Cy(RY), || - [|), and for the norm

1Al = 1 f s + 1]l

the Fourier transform and the flip operator are isometric, i.e. ||| = |If] = |/

e The Fourier transform converts pointwise multiplication (within (L' N FL')(R?))
to convolution.

The proof is left to the reader as an exercise.
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19.3 The Fourier inversion theorem
Lemma 36. 1. For any f € L'(R?) and g € Co(R?) with we have

[ Dusta)f @)z pma 90) [ fle)ie (1s1)

In particular we have T € Cy(R?) with 7(0) = 1 and ¢ € L*(R?):
[ tpsr@owie = [ Do) om0 [ s (82
Rd Rd RY
2. For any f € Cy(RY) and h € L'(R?) one has for any t € R%:

/R (TSKAN () ()dz =0 HO)I(S) = hO)F(0). (183)

Proof. (ii) We will derive both statement based on the abstract principle just developed.
Let us start with the first one. We will choose B = (Cy(R?), || - ||), B> = (L', || - [)1)
and (B || |lB) = C (with Euclidean distance) and simple duality pairing M(f,g) =
Jga f(x)g(x)dz, thus with C' = 1 & dense subspace we can choose C.(R?) in both

d
cases, i.e. we only have g v Verlfy l8] i for f,g€ C.(R
(l59ilsfﬁ

The assumption en verified, because for f E C (RY), with supp(f) C Bg(0)
one can use the continuity of g € C’O(Rd) at zero in order to guarantee that one has for
some suitable chosen § > 0:

19(0) —g(y)| <e, V]yl <4
But this means that for p < §/R one has
19(0) = Dpg(2)| = [9(0) — g(pz)| <&, V|| <R,

whenever 0 < pR < 4, i.e. whenever p < po := §/R. Hence

<o [ @l <elfly. s
R4

Formula %‘lchsnjiu%% a special case, arising by replacing g € L*'(R?) by y.g € L'(R%).
The second case is done by similar arguments.
HGFEI COMMENT 27.10.: I HAVE MADE SOME CHANGES, AND WILL PROVIDE
MORE DETAILS LATER ON. SEE LECTURE NOTES!

[ Dat@rsayiz = [ o) f@)a

R4

]
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Proof of the inversion theorem

We want to verify, that the Fourier inversion theorem is valid if both f, fe L'(R%):
fy= [ f(s)e*ds, teR (185)
R4
We will apply the Fundamental Relationship for the Fourier Transform (FRET)

AgMﬂ@M—Aﬂwiww<ﬂwn (186)

to suitable pairs, consisting of the given continuous and integrable function f and some
well chosen functions g, namely g = M;D,A € L'(R?) with

g=FMD,A) = T;8t,AA) = T;8t, SINC* € L' (R).

dil 03b
The right hand side of (FRFT) is exactly the left hand side of (I812§onfgr the choice
7= A € Cy(R?) with 7(0) = 1 and ¢ = igv&)l(Rd). Taking the limit for p — 0 one
obtains as limit the right hand side of ( .
.1Lhe left hand side of (FRFT) becomes in this situation just the left hand side of
dil
( 83 i(,mv\x,flfh h = SINC? € L*(R?), and thus converges (for p — 0) to v - f(t), with

~ = h(0) = [FSINC?)](0) = || SINC? || .. > 0.

Sincel:1 by the (FRFT) these two expressions are equal and the limit is justified by

3 ~
Lemma }BOBHgingaCh side (IF f, f € L") we arrive at the following formula:
VFDO =10 = [ Fe)eas= [ Fleermtas = Af ) (87
R R

whenever f, f € L'(R%).

Remark 10. This also implies that the condition f € L'(RY) implies that f € FL'(R%)
(1), justifying previous notations and showing that the inversion theorem holds for f €
(L' N FLY)(RY).

It also implies implies that the Fourier transform is injective over (L' N FL')(RY),
because (due to the linearity) f = 0 implies f = 0 (and so continuous functions in
(L' N FL")(R?) having the same Fourier transform would have to take the same values).

Moreover we have the very useful formula

FUH=7ANY, fe (@ nFLYRY, (188)

The observations made so far makes sense also for other normalizations of the Fourier
transform, e.g. with the exponential functions appearing without 27 in the exponent
(because for them (FRF) is equally valid).

It is now an important consequence of the normalization which we have chosen, to
take the term 27 into the definition of the pure frequencies x, which allows to find
out that v = 1, because the classical Gauss function go(z) = exp(—mnz?) satisfies two
important properties (not verified in detail here):

Fgo) =g0 and g¢o(0) = go(0) = / go(z)dz = 1. (189)

Rd
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Corollary 4. For f € (L' 0 FL')(RY) one has
FFF))=f", and consequently F*(f)=f.

Remark 11. We could have used g, also instead of the pair A, SINC? for the proof of
the Fourier Inversion Theorem, but we found it more natural to reduce the role of this
very specific property of the Gauss function to the determination of the constant . We
do so also having in mind that such a very special function like the Gaussian does not
exist in general LCA groups, while the arguments given up to this point are valid in full
generality, if properly adapted.

For details see [41] (p.138,139), using an elementary differential equation which is
Fourier invariant. Prop.1.8 (p.140) is the (FRFT) (for Schwartz functions). From this
(p.143) the Plancherel Theorem (isometric in the L*norm) on S(R?) is developed (and
then the heat equation is derived).

A similar path is taken by Folland in his book [18], Chap.7.2 (p. 213), also using the
Gauss function. But he does a lot of convolution first.

[Duoandikoetxea, Javier] Fourier Analysis, is another modern book. [6], also using
(FRFT) and the Gauss function (Thm.1.13), doing over R" right away.

Grafakos does the same in Chap.2, showing the Fourier invariance of the Gauss
function g(x) = exp(—2?), with [ g(x)dz = \/m. (I guess [23]).

20 Plancherel’s Theorem

20.1 Towards Plancherel’s Theorem II

The boxcar-function 1_y /31 /2] has the obvious property that it coincides with its point-
wise product. ' ' convETO0 ' '
We also have the convolution theorem : Convolution Theorem which has implied

that A = SINC?. We know that A(0) = 1, but we have to determine

[F(SINC?)](0) = /_ h SINC?(x)dz = SINC * SINC(0) =, SINC(0) = 1.

(e}

Note that both A and SINC? are even and (non-negative) real-valued functions.
Since FA) = SINC? it follows that F'(SINC?) = yA for some v > 0, based on the

fundamental relation for the Fourier transform.

20.2 Different Normalizations of the FT

It is remarkable to mention that this (FRF) is also valid for the alternative version of
the Fourier transform, we write JF;, given by

Fairf (w) = / f(t)e ™ dt
which has different normalizations for Plancherel’s Theorem, namely
1~
1713 = o172,
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or another normalization of the inverse Fourier transform (see [43]), namely

1 o[>
= %/OO flw)e ™ dw.

Finally it is not valid anymore that convolution and multiplication just change their
role. In fact, pointwise multiplication goes into convolution, again up to a scalar factor
of the form 2.

1
«Falt(f : 9) = %(faltf * «F;zltg)'

Finally (Thm.7.7) in [43] the (Shannon) Sampling Theorem takes a less convenient
form. For general band-limited f € L'(R?) takes the form, for a function f € L'(R?)

with f(w) = 0 for |w| > ¢:

0=35 () e 190

neL

with (claimed only) uniform convergence. In fact it is uniform and absolute (in (Co(R), || [|)).
because effectively f € Sy(R) in this case. Thus the Nyquist rate for [-1/2,1/2] is 27,
or sampling at Z (¢ = m) allows bandwidth .

20.3 The advantage of having 27 in the exponent

Let us try to find out what the value of v is!
The usual way found in all the books I have checked is via the Gauss function
go(t) = exp(—7|t|?),t € RY namely the two properties of the Gauss functions which

play a role here
F f— . () — N S S = . 91 G P
(.CJO) Jo, .(]0( ) 1, /Rd ,(]o(s)dS I ( ) auProps00

Then we have the perfectly symmetric situation. Plancherel’s Theorem is becoming
an isomelry, the inverse Fourier transform (for (L' N FL')(R%)) is just the forward
Fourier transform combined with the flip operator (corresponding to the transition from
X_s t0 Xs, and pointwise multiplication and convolution simply change their
roles.

Of course one can (finding formulas in different books) transfer results about the
Fourier transform as used in these notes to the alternative one or vice versa combining
the integral transforms with dilation operators. The starting point could be the obvious
transition formula

F = DaroFuy, respectively Fuy = Dyjoq oF. (192)

Finally let us mention that some authors have the normalization of pure frequencies
without the factor 27, but prefer to have the inversion formula and the forward Fourier
transform to be more similar. This implies to use (citation from [2], p.164)

flo) = o= =/ e (193)
T
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which gives the symmetric version of the Fourier transform, and also the isometric pro-
perty for the Plancherel’s transform, but still the Nyquist rate in the Shannon Sampling
Theorem does not have the same nice normalization. Also now/then both the convolu-
tion theorem AND the conversion of pointwise products to convolutions would have to
bear the factor \/%, which is not nice.

Let us also mention here that Butzer/Nessel do the Fourier Stieltjes transform for R
in Chap.4.3 and 5.3 of [2], p.219:

1 >
i) = <= [ ) (194)

They also do Poisson’s formula (p.188,201,232,239), but the word SAMPLING does
NOT yet appear in this book, hence the persistent problem with the Nyquist rate would
still show up in that context. Also the convolution theorem does not show up in the
book [2]. There was never a multi-dimensional version of that book!

Of course the original reason for choosing exp(it) is Euler’s formula:
et = cos(t) + isin(t), which looks more convenient.

20.4 Convolution operators on the Fourier algebra

By the Riemann-Lebesgue Theorem we know that the Fourier algebra FL'(R?) with the
natural norm || f|lz: = || fllp:, f € L'(R?) is a dense subalgebra of (Co(RY), || - [|oo)-
But it is also (by transfer of structure) a Banach space, even a Banach algebra.

In fact, any Cauchy sequence (fn)nzl in (FL'(RY), || -||7£) corresponds to a Cauchy
sequence in (L'(R?), ||-||1), namely (f,)n>1. By the density we may replace this given
sequence by an equivalent one with elements in the dense subspace (L' N FL")(R?). Thus
we may assume without loss of generality that the Fourier inversion theorem establishes
a connection between f,, and f,.

By the completeness of (L'(R?), ||-||1) this sequence has a limit, let us call it fo,
i.e. limy, ool fn — follzr = 0, but this is fully equivalent (thanks to the Fourier inversion
theorem) to the claim that lim, || fn — foll 71 ray = 0.

The submultiplicativity of the norm follows also in a trivial way, using the convolution
theorem (now in the L'(R?) setting):

1F-Glse =I5 allzr < I lasllalle = 1Pl NGl (195)

Thus My, (RY) « FL'(RY) ¢ M, (R?) x Cy(R?) C Cy(R?), i.e. the action of convolution
by bounded measures is well defined, but, does it also preserve the FL'(R?)-structure?
The answer is provided by the following proposition.

Proposition 8. The Banach space (FL'(R?), || - || z1) is a homogeneous Banach space,
and any convolution operator C, with i € My(R?) leaves FL'(R?) invariant, i.e. we have

M, (R%) x FL*'(RY) ¢ FL'(R%), hence L'(R%) x FL'(R?) C FL'(R%), (196)

with the corresponding norm estimate

1% Bl i gay < llpllag 1ol pprgay . 1€ My(RY), h € FL'(RY). (197) [MbconvFLiest
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Let us look at the dense subspace (L' N FL")(R?) of FL'(R?) (and of Cy(R?)). Then
we know that the convolution acts boundedly with respect to the L'-norm or the sup-
norm, but it is also bounded with respect to the norm in the Fourier algebra, for simple
reasons (and then extended to all of FL'(R?)):

e fllzmray = M- fller < Millsollfler < llallag 11l 7o ay - (198)

20.5 Towards the Fourier Plancherel Theorem

We want to derive from this that the Fourier transform (at least defined on C.(R?)) is
isometric in the sense of the L*(R?)-norm, given by

sy = ([ 1Fa) o)

or expressed by the natural scalar product

(g = [ S, (199)

by setting as usual
||f||L2(Rd) = \Af f)re (200)

It is a consequence of the fact that

<f7g> = <f7g>L2

is a sesquilinear form, i.e. linear in the first variable and anti-linear in the second one'?,
that one has the Cauchy Schwartz inequality

[(Frgb el < 1 llze llgllee (201)
which in turn can be used to derive the triangle inequality for the L*-norm:
If 9l < [fllze +llgllze- (202)

Note let us choose § = h € (L' N FL')(R?), so that the left hand side of (FRF) gives
just (f, h) 2. Then we have

g=F(h) = [AR) =) =h, (203)
or in other words, the right hand side turns into
/ F)h(s)ds = (F.h) e (204)
R

Setting now f = h one obtains the important isometric property of the Fourier
transform (with respect to the L*(R%)-norm), namely

£l 2@y = IFllz2@ey,  Vf € (LN FLY)(RY). (205)

we arrive at the fact that the Fourier transform is also unitary (i.e. isometric in the
L?*(R)-sense, by setting §(t) = h(t)).
Later on we will show that (new by 29.10.)

FLY(R?) = L*(R?) « L*(R) = {f1 * fa, 1, fo € L*(R)},
which originates from the idea that for f > 0 the function v/f belongs to L*(R%).

15Physicists would choose the opposite convention.
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21 Plancherel’s Theorem

21.1 The energy preservation property of F

One of the most important consequences of the Fourier inversion theorem, which esta-
blishes (among others) the symmetry between forward and inverse Fourier transform,
thus contributing to the viewpoint, that the “time”-domain and the “frequency”-domain
are equivalent.

While the restriction to (L' N FL')(RY) ensure the existence of the involved integrals
(as Lebesgue integrals) it does not even help us to find that F'(SINC) = 1(_1/21/2,
because SINC ¢ L'(R)! We will see that Plancherel’s Theorem, which extends the
Fourier transform to (L*(R?), |- ||2) (establishing an isometric automorphism!) allows
us to come back from SINC € LQ(R) to 1j_1/2,1/2- Of course, this still does not allow us
to invert the Fourier Stieltjes transform, not even to recover every f € L'(R?) from 7,
because L'(R%) N L*(R?) is a proper subspace of L'(R%). In the extreme case (but most
naturally) we need to find that 7~ (1) = &, as the converse to the obvious relationship
Fdo) = 1, which appears in engineering books often as the (questionable) formula

Frwm = [

We will see in due course in which sense such a symbolic manipulation is justified!
The step from the Fourier inversion theorem (with v = 1) to Plancherel’s theorem is
based on the following result:

1(s)e* ™' ds = / e*™tds =q99 0o ()77

o0 — 00

o0

Proposition 9. For f € (L' N FL")(R?) one has
P = 2de = | |f(s)|ds.
D= [ e = [ 7R (206

Proof. The obvious strategy to go back to the (FRF) for L'(R%), which reads:

~

g f®)g(t)dt = /]R dg(s) f(s)ds, forall f ge L'(R%). (207)

Now let us choose § = h € (L' N FL")(RY), so that the left hand side of (FRF) gives
just (f,h) 2. Using the algebraic properties of F we obtain:

g=F\(h) = [FR) = [(h)7) =h, (208)

or in other words, the right hand side turns into

9 F(s)h(s)ds = (F, h) pe. (209)

Setting now f = h and taking square roots on both sides one obtains the important
isometric property of the Fourier transform (with respect to the L*(R%)-norm), namely

~

I fll2waey = 1 fllL2rey, Vf € (L' N FL)(RY). (210)
]
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The full version of Plancherel’s Theorem can be derived from this isometric property,
using the density of (L' N FL')(R?) in (L*(R?), ||-||2). We will provide the technical
details later® on.

>lancherel00| Theorem 7 (Plancherel’s Theorem). The isometric (forward and inverse) Fourier trans-
form extends to a unitary automorphism of (LQ(Rd)7 |- Hg) This means that it defines
a bijective mapping from (LQ(Rd), Il - ||2) into itself which preserves scalar products and
i particular is isometric. Thus we have

(f.9)e2 = (F,8)2, frg€ LR, (211)

Proof. First one extends the forward (and the inverse) mappings in natural way to
all of L? ASSUMING FOR NOW the density of (L' N FL')(R?) in L*(R?), to all of
(L*(R?), || -]]2). Then we make use that both sides, namely the sesquilinear forms defi-
ning the scalar product (in the L2—sense) on the time or the frequency side are continuous,
and therefore the transition can be made based on the bilinear mapping proposition de-
scribed earlier. O

Remark 12. This remarkable statement allows, among others, to give a meaning to the
(correct) claim that F~'(SINC) = 1(_/21/9.
It also implies that two (say band-limited) functions f,¢g € L*(R?) with disjoint

-~

spectrum, i.e. with supp(f) Nsupp(g) = 0 are orthogonal, because

<f7 g)L2 - /Rd f(s)%dﬁ =0.

1610 the current context the role of (LQ(Rd), | -]]2) as a Banach space of (classes of) measurable
functions will be a minor one, compared to the existence of a scalar product on any of the decent
subspaces, such as (L' N FLY)(R?) or later Sy(R?), which is preserved by the (forward and inverse)
Fourier transform as explained.
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22 Wiener and Feichtinger algebra: 25.10.2020

This is an attempt to derive certain properties of Wiener amalgam spaces which will
turn out to be extremely useful for the rest of these notes. The general Wiener amalgams
are denoted by W (L? £7)(R%), or more generally W (B, C), with a “local component”
(B, |- ||B) and a global component (C, |- ||c) and they consist of those (generalized)
functions which belong locally to B, and whose global behavior of the B-norm is des-
cribed by C.

Instead of giving a formal definition for the general case here, let us take restrict
our attention first to those space which can be already formed now, with a global £'-
behavior (or equivalently, as we will see, a global L'-behaviour). There are quite different
ways to describe such amalgams, using so-called continuous norms (then the symbol
W (LP, L7)(R?) is justified), or the discrete version of the norm, which makes use of
BUPUs. There are also atomic characterizations of these spaces and so on.

For us the following situation will be useful (unifying the properties of (CO(]Rd), || - HOO)
and (FL'(R), |- |l :)):

homFuncAlg| Definition 8. A Banach algebra of continuous functions (with respect to pointwise
multiplication) is called a homogeneous Banach algebra of functions if one has:

1. ANC.(RY) < (A, || [|la) = (Co(R?), || ||s) as dense subspaces;
2. Translation is isometric on (A, || -||a), i.e. |Tuh||a = ||h]|a,h € A,z € R,

3. Translation is continuous on (A, || -||a), i.e.

lim || T,h — hlla =0, Vhe A.
x—0

4. (A, ||-]la) has bounded approximate units; (?used?)

5. There exists a regular BUPU (¢)geze in (A, ||-]|4), i.e. some ¢ € AN C.(R?)

such that
S o) = S wlw— k) = 1. 212)

kezd kezd

As a consequence of 2. and 3. above one has M,(R?) x A C A, we will need

L'RY)+«ACA, with|gxflla <lgllp:llfla, g€ L'(RY), f€ A (213)
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For reasons of formal reference let us state the following lemma.

omFuncAl
Lemma 37. FL'(RY) is homogeneous Banach algebra in the sense of definition (%7. -

Proof. We will not go into details here. Just let us recall, that (L'(R?), ||-|1) is a
commutative Banach algebra with respect to convolution. The Dirac families (St,g),—0
(for g € L'(R?) with §(0) = 1) form bounded approximate units. The existence of band-
limited approximate units implies that C.(R%) N FL*(R?) is a dense subspace (even a
dense ideal) within (FL'(RY), ||« ||l z1)-

Remark 13. As we have seen the mapping k — [p. k(x)dz is continuous on C.(R?), en-
dowed with the L'-norm (which coincides with the norm induced from (Mj(R%), || - || as,)
via the identification of k£ with ). Hence using this “extended integral” one could descri-
be the Fourier algebra simple as the image of L'(R?) under the usual integral transform.
This is, by the way, the approach taken whenever the Lebesgue integral is available. The
argument then relies on the fact that (L'(R?), ||-||;) (now in the Lebesgue sense!) is a
Banach space with respect to the || - |1, containing C.(R?) as a dense subspace.

We have seen that A = FSINC?) € FL'(R?), hence we can have (many different)
BUPUs in (FL'(R?), ||+ |z1) (e-g- ¥ = A®..® A in the multi-dimensional case).
It is obvious that one has

ITof e = Mo fllpe = [ fllor = 1flpmr,  f € FLARY). (214)

It is an easy exercise to verify that s, — so implies uniform convergence of the characters
Xs, tO Xso, 1-€. that for any R > 0 and € > 0 there exists ¢ > 0 such that

[sn =50l <0 = [Xen(®) = Xso (D) = [Xsu—so () = 1| <&, V][2| <R,
because

exp(2mi(s, — so,x)) = exp(iy)

for some y € RY with
lyl < [lsn = sol[llz]] < OR.

Since the exponential function is continuous and satisfies ¢ = 1 we can assure that for
k € C.(R%) one has ||M,k — k| 1 — 0 for s — 0. By approximation the same is true for
f € L'(RY), and this implies (by the formula Ts]/”\ = F(M;f)) that one has continuous
shift in the Fourier algebra. O]

LiConvMod1 1/md 1/md 1 /md
Remark 14. Observe that property ( , stafne that L' (R) « FL'(R?) € FL'(R?),
has been already been verified in Proposition 8.
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We are going to introduce W (A, €') resp. (W (A, €'), | - W (a.en) in the following way.

The two prototypical examples (which we want to describe in a unified way) are given
by (A, |- 1) = (Go(R?), || -[lxc) or (A, |- [la) = (FL!(R%, |- 1). The resulting
space will be called Wiener algebra, denoted by W (Cp, £')(R%), and W (FL', £')(R?)
for the second case, also known as modulation space (M'(RY),|-|/pp) or as Segal
algebra (Sy(R?), || - ||s,), also called Feichtinger algebra in the literature.

homFuncAl
Definition 9. Let (A, || - ||a) be a homogeneous Banach algebra as defined in ( T Then

we set

WAL £ - {f€A| S inla <oo}. 19

kezd

It is clear that the proposed expression actually defines a norm on W (A, £")(R%)
and that the embedding of (W (A, £'), - ||W(A7£1)) into (A, ||-]|a) is a continuous one.
In the proof of the various statements we will make use of the following technical result
(which also implies the equivalence of the norms introduced by different BUPUs).

As a preparation for the relevant estimates let us provide an alternative, so-called
atomic characterization of W (A, LY)(R?).

WAliatomicl| Proposition 10. For any fired R > 0 the following characterization can be given: A
function h € A belongs to W (A, £") if and only if h can be written as an absolutely
convergent sum of so-called atoms: there exists a sequence (hy)72, with Y po | ||hx]la < o0
and supp(hy) € Bgr(zk) for some sequence of points (xx)52,. Any such representation of
h € A is called an admissible atomic representation of h =" 7~ | hy.

Proof. First of all it is clear that any f € W (A, £')(R?) has such a representation. Just
recall that the BUPU is formed from a function ¢ € C.(R?), hence supp(¢) C B,(0)
for some r > 0. This implies that the absolutely convergent series representation f =
> rezd [k satisfies the required side condition, namely supp(fix) C By (k).

For the converse we observe first that it is enough to find a uniform estimate for all
the atoms hy, because the rest can obtained by summation over the atoms:

o0
1Allw ey < Z 1hrllwaen -
=

In preparation for such a uniform estimate let us observe that for any radius R > 0
the number of non-zero terms k € Z¢ such that

Br(x) Nsupp(¢y,) C Br(z) N B.(k) # 0

is uniformly bounded. In fact the intersection is nonzero (if and) only if k¥ € Bry,.(z). A
simple estimate for the number of non-zero terms can be obtained as follows: for v = 1/2
the open balls B, (k) are disjoint. If k& € Bgy,(x) then of course B, (k) C Bpir41. Thus
the total area of all these small, disjoint balls, all having the same fixed volume, namely
« = Vol(B,(0)). Write 8 = Vol(Bgr4,+1(0)) = Vol(Bgyr41(x)) for any z € R%. Hence
the count of points involved allows the following estimate:

#{k |k € Brer(2)} < /o
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. . . . lcoverballsl. jpg
The situation can be illustrated (for d = 2) by Fig./Abb. 22. The yellow ball repres-

ents the ball Br,,(0), while the larger ball/circle of area « is represented by the blue
circle surrounding the yellow one.

Remark 15. The short verbal description of the situation is the following one: Given
R > 0 there exists some constant Cr > 0 such that for any h € A with supp(h) C Bg(z)
for some z € R? one has: h € W (A, £")(R?%) and

1Al waeywey < Crllh]a-

rballsl. jpg

red = B’T(k), yellow = BR"(D), blue = BR+r+1(U)
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Abbildung 32: coverballsl.jpg

Recalling that ||¥]la = ||¢|la for any k € Z¢ and the fact that (A, ||-|la) is a
(pointwise) Banach algebra, we can estimate the W (A, £')-norm of such an atom via

hellweaey < Y Mwtslla < (8/a)][)allela- (216)

Jpj-hi#0

= |llwae < ZHthW(A,el) < [WMWHAZHMHA'
k=1

k=1

This result immediately implies

Corollary 5. Two BUPUs ® and ® define the same subspace (W (A,£€")(R?)) of A

with equivalent norms.

The proof also reveals that the natural atomic norm, namely the expression

1A | atom := inf {Z 1hela ‘ h=" " hy admissible } (217)

k=1 k=1

the infimum taken over all admissible representation, defines an equivalent norm on
W (A, £")(R%), with the equivalence constants only depending on 9 (resp. ¥) and the
chosen Radius R.
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Proposition 11. The space W (A, £"), endowed with the natural norm

1 llwaen =D Ifexlla < oo (218)

kezd
has the following properties:

1. (W(A, €Y, |- I waen) is a Banach space, continuously embedded into (A, | -||.a)
and also into (L'(R?), |- [1).

2. ANC.(RY) — (W(A,£'),] lwae) as a dense subspace;
3. The family of translation operators is uniformly bounded;

4. Translation is continuous in (W (A, L"), || wa.r), i-e

}}L%HTxf — flweaemymsy =0, fe€W(AL)RY.

5 W(A,£")(RY) is also a Banach algebra with respect to pointwise multiplication.

6. If (A, ||-|la) is dilation invariant (either for D, or St,, for all p > 0), then the
same is true for W (A, £')(R?).

7. The same is true for affine transformation of the argument, i.e. for f — v*(f),
with v* f(x) = f(y(x)) for v(x) = A xx, some non-singular d x d-matriz A.

Proof. For the completeness one has to show that absolutely convergent series with
S hmin (W(A,L)(RY), |- HW(A,el)(Rd)) are convergent. Since the condition

Z A" lw () < o0
n=1

implies absolute convergence in (A, ||-||a), h = > -, h™ is well defined in A, and

hibp =Y W™y, k€ Z°

n=1

and (due the allowed permutation of summation) one has

> Miella=> > I klla < oo,

kezd n=1 kezd

ie. h e W(A,£)(R) and 17w ey < P 17" [ w a6ty < 00

In order to verify the uniform boundedness of the translation operators one just have
to observe that the atomic norm is strictly isometric. In fact, for any atomic decomposi-
tion of f € W (A, £")(R?) and 2 € R? the function T}, f has an equivalent representation,
just with the support of the atoms being shifted (but preserving the norm exactly).
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As for the density of the compactly supported elements it is also clear from the
atomic characterization. For any finite partial sum of atoms the reminder (which has
an arbitrary small total sum of norms) will have a corresponding atomic representation,
hence with decreasing (atomic) norm.

For finite partial sums translation is continuous, again based on the atomic decom-
position. Assume that supp by C B, () implies for |y| < 1 that T,hy C B,y1(xy). Thus
the differences (7, h,, —h,,) constitute an atomic representation with respect to an atomic
decomposition of size R = r + 1.

Finally, also the dilation invariance is easily obtained from the atomic representation.
The dilated atoms will be supported on balls of a new radius B, (2s) for suitable centers
2k, k > 1, and thus for each fixed parameter p > 0 the boundedness of the dilation
operator can be verified.!”

The continuous embedding into (L'(R?), || - ||1) follows from the fact that finite par-
tial sums belong to ANC.(R?), and thus to L'(R?). Due to the finite size of the support
one can estimate the L'-norm (which is computable via Riemann integrals) as

IRllp <Y el < D 1 F ekl VOl(BL(K) < C > [l fnlla

kezd kezd kezd

if supp(v)) C B,(0), since we have (A, |- ||a) = (Co(R), |- [|oo)-
Finally let us observe that the pointwise multiplicative structure is easy to ve-
rify, because clearly the product of two atoms can be viewed as an atom itself, since

supp(hiha) C supp(ha) supp(hs). O
Proposition 12. There exists C' > 0 (depending only on the BUPU etc.) such that:

M,(RY) « W (A, €) CW(A L), with ||p* flwae < C|luHMbeHW(A,z1)(- |
219

The proof of these results goes back to the techniques already developed in fe83 :
[9], and uses the fact that M,(R?) = W (M,,£") according to Thm. measabsdecomp.
(Thm. 4 of current version of Script, 25.10.2020).

FuncAl
Proof. The proof is essentially a combination of the fact (see Prop. %Oimf hat
M, (R%) » FL*(RY) C FL'(R%)

and the fact that both M, (R?) and W (A, £") can be described via absolutely convergent
sums of localized pieces. Since the compactly supported elements are dense in both
space it is enough to find an estimate under the assumption that p = . pu; and
f=ep fto; in W(A £)(RY).

We have for some fixed regular BUPU V:

lillng, = > lidsllag, and  [If lweaey = D 1fvela
=1

jezd k

17Since there is a change of geometry the operator norm may be influenced by this change of diameters.
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(actually a finite sum). Hence (cf. (ﬁ'%%%%)
o f=3 3 [bs) + (f))- (220)

i€l jeE

By relabelling the finite index sets of pairs by the natural numbers [ = 1,..L and writing
hi = (i) * (f1p;) for the corresponding term, we have the required norm estimate

1Plla < llptbillag [ fbslla, 1 <T<L

and furthermore

Combining these observations allows to estimate the atomic norm of px f in W (A, £')(RY),
thus completing the proof (by invoking Prop. i;) ).

Lemma 38. Assume that one has for any f € A and g € L'(R?) with §(0) = 1
ISt + £ flla 0 for p—s0. 221)

then the same relationship also holds for W (A, £")(R%), i.e.
i 1840 £ — Flwaeny = 0. (22
p—> ’

In particular, the band-limited elements are dense in W (A, £")(RY).
Lemma 39. Since Sy(RY) is a dense subspace of W (R?) = (W (Cy, £")(R?), || - [lw),

the dual spaces are continuously embedded into each other, i.e. for someC > 0:

lulls; < Cllipllweay s ne W(RY (223)

Froof Due to the atomic characterization of W (RY) = W(Cy, £")(R?) (cf. Lemma
&D%_ltls;enough to approximate atoms by compactly supported elements of FL'(R?).
In fact, using a sufficiently fine regular BUPU with generator ¢ € FL' N C.(R?) C
W (FL', £")(R%) we obtain a good (uniform) approximation of the form Spyf, i.e. by a
finite sum of terms from W (FL', £")(R9). densdual
As a consequence of the dense embedding the abstract principle Lemma %31s—appli—
cable and provides a proof for the claim. O

In general, the fact that the embedding of Sy(RY) in W (RY) is a proper one, im-
plies that also the dual spaces are properly embedded into each other, i.e. there exists
o € Sj(R?) which cannot be (boundedly) extended to all of (W (Co,£")(R?), |- [lw).
However, if o € S;(R?) is non-negative, i.e. if f > 0= o(f) > 0 then such an extension
if always possible.

Lemma 40. Let o be a non-negative, bounded linear functional on Sy(R%). Then is

extends in a unique way to a linear functional on (W(Rd), |- HW)
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Proof. Given the positivity (resp. non-negativity) of ¢ it will be enough to show that
there exists some Cy > 0 such that for any h € W (Cp, £')(R?) some f € Sy(R?) with
1 f1lsorty < Collhllw (re) -

In fact, we can start from any fixed function ¢ € FL' N C.(R?%) with ¢(y) = 1 over
B,.(0), and thus T,¢(z) = 1 over B,(z).

Since supp(fvx) C B,.(k), k € Z* we have

|for(@)] < | frllocTid(z), =€ RY

Using using the positivity of o, applied to the non-negative function

W) =Y 1 fnllocl T (@) = | f(2)] = 0

kezd

one has (using the continuity of o on (W(R?), | -|lw)):

(A< D 1 klloolo(Ted)] < Tlloll 1911 11 F 1w oty ey -

kezd

[]

In order to verify the additional action of the Dirac sequence St,g, with p — 0, let us
recall that - in the same way as for L'(R?), one first can verify the result for g € C.(R%).
Since it is compressed one can assume that supp(St,g) C B;(0) for p < py. Hence for
the dense subspace of finite sums of atoms the terms St,g * h,, are also supported in
balls B, 1(zg). Since the we have (by assumption) convergence in (A, ||-||a) the result
is clear in this case (convergence in the atomic norm).

The general case follows there by the same principle as in the proof for (L1 (RY), |- 1Ih)-

Since there exist functions g in (L'(R?), ||-||1) which are band-limited and satisfy
3(0) =1 (e.g. g = SINC? with § = A) the band-limited approximation can be achieved
by convolution products of the form St, * f (whose Fourier transform is contained in
p~supp(g)- O

The two most important special cases of this construction appear by the choice
A = Cy(R?) respectively A = FL*(R?), both with their natural norms.

The resulting space (W (Co,£")(R?), |- |lw) is called Wiener’s algebra, and ap-
pears prominently in H. Reiter’s book [34] (and hence in [35]), while the space W (FL", £")(R?)
has been introduced as the “New Segal Algebra” (Sy(R?), || - ||s,) in [8] by the author,
and has been baptised Feichtinger algebra in [35].

Wiener’s algebra is the largest among the spaces W (A, £')(R?), because we have
assumed from the very beginning that (A, |- [|a) = (Co(R), || - [|so)-

Any of the space W (A, £')(R?) is a Segal algebra, i.e. a dense Banach ideal inside
of (L'(RY), ||-|l1) (with respect to convolution), but also a pointwise Banach algebra
(see [34] for the definition of a Segal algebra).

Both of them are invariant under dilations and (by choosing p = —1) under the flip
operator as well as the other involutions discussed so far f — f and f — f*.

W (Cy, £') is not contained in FL'(R?), and hence cannot be Fourier invariant, but
one may consider W (R?) N FW (RY). We will see later that this is a natural domain
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for Poisson’s summation formula. Moreover, one can derive the validity of the Fourier
inversion formula in the pointwise sense using only Riemann integrals, but we avoid the
more technical discussion of this question here.

Compared to the spaces considered so far, namely Cy(R?) or FL'(R?), which cannot
be embedded into their dual spaces, the new spaces, as any Banach space (B, ||-||5) —
L' N Cy(R?) (with natural norm ||f|| := ||f|lz: + ||f|lec) are naturally embedded into
their dual space, in the usual way of turning nice functions into functionals:

uslh) = [ Wa)f(wyts, fhe B (224)

In fact, if one has || f||,r < Ci||flls and || flle < Cal|fllB,Vf € B, then

lp ()] < /Rd (@) (@)lde < [hllooll fllr < [C1C5]|fII ]Il

or
sl < G0 fllB,

showing that the embedding f — ps (the injectivity of this mapping is obvious!) is a
continuous mapping from B to (B, || ||&/)-

22.1 The Fourier Invariance of Sy(R?)

The next and very important result is the Fourier invariance of (Sy(R?), |- |s,) (resp.
W (FL', £")(R)).

As a preparation let us note that by the Fourier inversion theorem (and the fact
that A is an even function) we have seen that A € FL'(RY), and since it has compact
support it also belongs to W (FL', £')(R%) (only finitely many terms of the given BUPU
will intersect in a non-trivial way with supp(A).) This is the argument why ANC.(R?) C
W(A,£")(RY).

Theorem 8. The space W (FL', £")(R?) is invariant under the Fourier transform. Hence
it is continuously embedded into W (RY) N FW (R?).

Proof. Since we have seen that W (FL', £')(R%) is continuously embedded into FL"'(R)
it is clear that it is also embedded into the Fourier invariant subspace of all those
continuous functions which belong to L' N FL'.

What we need for the proof of the theorem (using the atomic characterization, with
atoms concentrated in balls Bg(zy), k > 1), is a collection of plateau functions p €
AW (FL', ") (RY)) with p(z) = 1 on supp(t)).

This is easily achieved, using a few properties of Sy(RY) := W (FL', £")(R?). First
we recall that there are non-trivial functions f € So(R?) with @ = supp(f) compact.
Taking any band-limited function in Sy(R?) we can convolve it with f* € Sy(R%), and
thus obtain the function f f* =|f ]2 which is compactly supported and non-negative
(of course non-zero), in FSy(R?)). By dilation we may assume that there also bump
functions of this kind in FSy(R?)) with arbitrary small support.

Since FL'(R?) - S5(R?) C Sy(R?) we also have

L'(RY) « FISH(RY)) C AS(R)),
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which in turn implies that we can convolve these bump functions with indicator functions
1¢ of sufficiently large sets, so that we can create within J{Sy(R%)) = F~'(Sp(R?)) also
plateau functions p such that p(z)y(x) = ¢(z),r € RY.

We will need the fact that F(p) € W (FL"', £")(R?), or equivalently p € F(W (FL*, £')(R%))

(because the space is flip-invariant). In fact, we have

fr = fir - Tup, k€ Z°%

by consequence we have for any k& > 1:

Ffr) = Ffow) * Fp), keZ

[FU o)l sy < NFS ) [|FD) | spmay - = [IF D) spmey - 1wl 7rr ey
and adding up over the pieces

Iflls < D0 IRl < D 1 ell ey 1FD) lspeey = I1FP) | soce |1/l

kezd kezZd

demonstrating that the Fourier transform (and consequently the inverse Fourier trans-
form) is a bounded automorphism of (Sp(R%), || ||s,)- O

Definition 10. We just define the dual space (Sj(R?),||-[|s;) as the Banach space of
all mild distributions. The extended Fourier transform can be defined on S)(R?) via

G(f)=0o(f), fe€S(RY),0e SR (225)

Let us recall the of course finite discrete measures are in the dual of W (A, £)(R%)
(for any choice of (A, || -]/4)), but also so-called Dirac combs over lattices A = A * 74,
for some non-singular d x d-matrix A.

In fact, we have seen for any ball Bg(z) (independent of z € R?) the number of
points of a lattice is limited. Let us write

Cgr = #{/{3 S Zd, ke BR(l'k)}

. \ppverballsl.ipg d . .
We can refer to Fig. 22 (for the case A = Z¢, for the pur%gggo% illu raté(%n). The

general situation is described by the picture presented in Fig. 22.T. B

We claim that 65 or LUy := >, 0r € S{(R?) (in fact it is in the dual space of
(W R, |- lw))

It will be enough to observe that we have for any atom hy € A N C,(RY):

> " ox(hw)

AEA

< Y ] < Crllhulloe < CrCollhg|a,

AEBRr(zy)

hence we have for f =377 hy:

> ox(hw)

A€A

< Cr(y Z |k l| 4
k=1

and then by summing over all atoms, we have for C; > 0 (involving the equivalence
constants comparing different norms)

> ox(hw)

AEA

S C4Hf”atom-
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Abbildung 33: periodOmega2a.pdf: disjoint subsets of the fundamental domain
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Abbildung 34: countboxshift.eps:
Counting the number of lattice points of the form aZ inside of a given interval of fixed
length, as a function of the initial position, e.g. #{j|aj € [v — R,z +r|},r € Z.

22.2 Equivalent norms on Wiener amalgams

The use of BUPUs ¥ = (¢;);er in (A, || - || a) is the most convenient way to define Wiener
amalgam spaces, because they deliver a so-called atomic decompositions f =3 .., fi;
right away, i.e. a linear procedure to obtain an atomic representation from the given
signal. But in order to measure the membership of a given function in A (in our case)
other simple methods can be employed. For example, it would be enough to control the
expression >, za || fTk®| 4 for some ¢ € ANC.(R?) as long as there is some h € A and
some ¢ € A forming a BUPU W = (1););c;. In fact, we have

oI enlla = Y NG Tho) - (Tih)a < [[lla Y NI(f - Tid)lla < oe. (226) |controlBUPUL

kezd kezd kezd

Conversely, the assumed compactness of the support of ¢ implies that

6= ¢

leF
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everything happens inside so”

Abbildung 35: SOSPworld1.pdf: The universe inside of Sj(R?):

yellow: Wiener’s algebra, NOT contained in FL'(R?). Light blue hexagon to the outside:
dual space: W (M, £°)(R%). Locally comparable to M,(R?), globally like £°. Everything
happens inside of Sj(R?) (magenta big circle).

and consequently, by the same argument as above, with changing roles, one has:

ST T, (ZM) la < lelad D Nf - Titlla < #F) - | fllwease -

jezd leF IeF jezd

Another alternative for the norm, which is overcoming the difficulty of lack of strict
(meaning isometric) translation invariance of the norm for a fixed BUPU (or the alter-
native problem of obtaining atomic decompositions in a linear way), is given by the use
of the so-called continuous control function (CCF).

Instead of measuring f by moving the function 1 along some lattice (Z? or more
general does not matter) one defines this continuous control function by moving ¢ (in fact
any non-zero bump function ¢ € A N C.(RY)) continuously, and measuring constantly.
Let us provide the definition of such CCFs for the general case of a localizable space

(B, | ]s)-
K(f)(z) = k(f, ¢, B)(2) == || f - T.¢| B- (227)

. . . . . CSnorm2 .
In our setting (A detailed proof will be given in Lemma %9 below) the alternatlbzgs
characterization can be formulated as follows (details will be provided in section b
below). HHH

cContSOnorm

Lemma 41. For each non-zero ¢ € AN C,(R?) the expression®

1WA s = [ 57,0, A) i (229)

18The integral appearing here applies to a non-negative, continuous functions, and can be understood
in the Riemannian sense!
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defines an equivalent norm on W (A, £€")(R?), and f € A belongs to W (A, £")(R?) if

and only if this expression is finite.

Remark 16. The fact that the continuous norm is applied to x is the reason why these
space are also denoted was W (A, L')(R?). However, since there are no inclusion relations
between e.g. L'(R?) and L*(R%) and only the global properties of LP-spaces play a role
in the definition of amalgam spaces, we prefer to use the discrete components which
are natural to use. They also give an intuitive clue concerning (dense) embeddings, e.g.
W(A, L) — W(A, ).

Note: The space of the form W (A, £')(R?) have been introduced as minimal invariant
spaces in [7]. The key paper concerning the Segal algebra (So(G), |- ||s,) is [8], see
also [29] for a summary of some 13 characterizations of (Sy(R?), || - ||s,)-

added 05.11.2020: Turning this abstract principle for A = FL' into a concrete con-
dition one has for any band-limited function g € L'(R9) (this ¢ := §¥ € AN C.(R%)):
The following expression is another equivalent norm on Sy(R?), seen as a subspace of
(L' N FLY)(R9):

I£las = [ 109 Flznds < . (229)
R

because ||T5¢ - f|| 1 = [[Msg * ﬂ|L1. But we know already that Sp(R?) is Fourier inva-
riant, hence one can equally well use the following norm:

I£has = [ 109 Flgsds < . (230)
R

We will see later that the following is a norm equivalent to the L*-norm:

1/2
flaa = [ (1009 fds)"" < o (231)

More general norms (with p,1 € [1, 00]) define modulation spaces, see [11], or [10].
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Abbildung 36: BUPUGausl.jpg: smoothed bins as they are used for the creation of
histograms.

22.3 Wiener’s algebra

This is a kind of repetition on a more simple case, namely A = C,. Recall how BUPUs
look like:

We observe that one has for any f € Cy(R%):
f=2 0 i (G®R, |- ).
el

meaning that the family of finite partial sums ), fv; converges to f in the sup-norm
sense, or in full detail:

For any given f € Cy(R?) and £ > 0 one can find a finite set F, C I such that one
can guarantee for any finite set F' O Fj that

F=> fii :‘

1€F
Just recall that this is done easily by observing that (by definition of Cy(R?)) the set
Q:=Q(f,e) == A{z|[f(x)] = e}

is a bounded, in fact compact subset of R?. Hence only finitely many of the members of

U = (¢;)ser satisfy ¥;(q) # 0 for some ¢ € Q. Let us call this set Fy. Then one has for
F D Fy and g € @ (since only terms which vanish over () are omitted)

L= wile) =3 _wila) = D_vila)

Consequently f(q) — (ZieFfwi)(q) =0 for all ¢ € Q. But for z ¢ @ one has
1_Z¢z |<|f )|§€7

el

1_sz

i€EF

S e (232)
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thus by combining the cases ¢ € @ and = ¢ @) we arrive at the required claim (E%Cﬁgm
Thus we have shown that the sum . . f1); is unconditionally convergent (think of

summation over Z?, you can take iterated sums of any order etc.), but it is in general not

absolutely convergent, i.e. we will not have ), || fil|oc < 00. This (which is also more

or less a reason whey Cy(R?) is NOT INCLUDED in M, (R%)) suggest to specifically

consider the subspace of Cy(R?) which consists of all those functions f for which one

has absolute convergence. We will call that space Wiener algebra'®.

Definition 11.
W(RY) := W (Co, £)(RY) = {f € Co(®Y | Y || flle <00} (233)
i€l

Adding M, (R%) to the graph. The local behaviour of W (R?) is the same as that
of Cy(R?) or C,(R?), while the global behaviour (left/right) is the same as that of
L'(RY) = W (L', £")(RY).

ner002b. jpg

Wiener algebra inside L' and Cu

Abbildung 37: Wiener002b.jpg

Of course this raises the question, whether the definition depends on the particular
choice of the BUPU W (of course not, see the lemma below) and whether the natural
expression of size, namely

1w cpery = Z 1/ Yills (234)
iel

turns (W (Cy, £')(R?), || - |w) into a Banach space.
First we verify the independence of the particular BUPU and then we collect the
basic properties of the normed space (W (Cp, €")(RY), || - [|w).

9There are many objects with this name, but this is established terminology within the area of
Time-Frequency analysis and function space theory.
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ICOlr-propsl| Proposition 13. The following statements concerning (W(]Rd), |- ||W) are valid:
1. (W(RY), |- lw) is a Banach space.

2. (W(RY), || |lw) is continuously embedded into (L'(R?), |-[|1) as well as into
(Co(RY), ||+ [|oo), hence W(R?) — L' N Cy (as a dense subspace).

3. C.(R?) is a dense subspace of (W (RY), || -|lw), in fact

> i fin (WRY, |- |w).

el

4. Translations and modulation operators act uniformly bounded on (W(]Rd), Il - ||W),
1.e. there exists C; > 0 such that

IT:fllweey <Cillflwes, YfeW(RY),zeRY
For the case of the continuous control function translations would be isometric.

5. Translation is continuous within W (R?), i.e.

i [T, f = fllwey =0, Vfe W (RY).

6. (WR?), ||-lw) is an ideal in My(R?), with
e fll< lillng | fllwey . 1€ My(RY), f € W(RY). (235)
7. For any measure u € My(R?) and f € W (R?) one has

lim [[Dyp* f — p* fllwga = 0. (236)

|¥|—0
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22.4 More general Wiener amalgam spaces

The use of the symbol W (A, £')(R?) already indicates that one may have other spaces,
to be denoted W (B, £%), using the sequence space £(Z%), for 1 < ¢ < oo, using the
defining norm (for ¢ < oo, and ||¢x||o for ¢ = 00):

1/q
[(cr)kezalles = (Z \ck\q) : (237)

kezd
As a local component (B, ||-||g) any Banach space of (generalized) functions can be
used as long as (A, ||-]|a) acts pointwise on (B, || -||p) with an estimate of the form:

For some C' = U4 p < 0o one has:
Ih- flls < Cllh|allfllB, Yhe A, feB. (238)

These spaces are then again well defined Banach spaces, independent of the use of the
particular Bl;gqaic%mgé, |- /|a) and so on, but there is no analogue of the technical
Proposition (I0). Hence we postpone the discussion of these more general spaces. Ho-
wever, there are classical examples of such Wiener amalgam spaces, the space denoted
by W (L?, £7)(R%), which are using the BUPU of rectangular functions. These amalgam
spaces (sometimes also called Wiener-type spaces) are quite popular, especially in samp-
ling theory and time-frequency analysis. (see [21] for an early survey article), and [9] for
the - up to now - still most general approach. The convolution theorems have been
inspired by [1] or [27] or [28].

In contrast to the regular case sampling theory (the theory which describes the
recovery of band-limited functions from irregular samples the use of non-regular BUPUs.
If their centers are well-spread (no formal definition here, e.g. certain minimal mutual
distance of sampling points, but uniform covering of the underlying signal domain),
they can also be used to characterize Wiener amalgam spaces. It just requires a bit more
geometric arguments and some tricks.

Just in order to visualize the situation let us show a typical picture for the planar
situation, i.e. the collection of circles which may serve as supports for a non-regular
BUPU in R?:
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Abbildung 39: BUPUsupp2.jpg: supports of a family ¥ = (v;);c; over R2.
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Abbildung 40: BUPUcomp02.eps

22.5 Invariance properties of Sy(R?)

It is important to know that (Sp(R?), || -||s,) is not only (isometrically) translation and
modulation invariant (if we use the “continuous, Gaussian” norm) as well as Fourier
invariant, but it is also invariant under dilations.

Recall our conventions concerning dilation: We write D, for the value preser-
ving dilation given by D,h(x) = h(px) which is compatible with pointwise multiplication
and the sup-norm: ||D,h|s = ||h]loc, B € Cy(R?).

Its adjoint is the operators St,, defined for u € My(R?) : [Stul(f) = u(D,f), f
Cy(R%), which can be described directly for k € C.(R?) (or on L'(R?)) as [St,k](x)
p~%(x/p). It is compatible with convolution and preserves the || - ||;-norm.

I m
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In fact we have

Lemma 42. The operators (St,),=0 and (D,) =0 leave (So(R?), || ||s,) invariant, and

o The family (D,),>1 of value-preserving compression operators acts uniformly boun-

ded on (So(Rd), | - ||So)f

o The family (St,),>1 of area-preserving stretching operators acts uniformly bounded

on (So(R), [ [ls,)-

Proof. We start by observing that the isometric St,-invariance of (L'(R), ||+ ||1) (mo-

re or less by the definition of the operators) implies the isometric D ,-invariance of

(FL'(R?), || - | zz1)- The rest is done, using the atomic description of Sy(R?) = W (A, £")(R?).
First we observe that one has for any p > 0

supp(D,k) = (1/p)supp(k), k € C.(RY).

For p < 1 one has a stretching effect, and if f has an atomic representation using
atoms supported on balls Bg(z;) the same will be true (since the FL' norm of atoms is
preserved under dilation), but with larger supports of the form Bg/,(xx/p). This implies
that one has some constant?® C), such that

IDpfllsy < Collfllsp: f € So-

For p > 1 the supports of atoms are shrinking, hence one has C, = 1 in this case.

The effect of St,,p > 1 is based on the observation that St, = p~ 4D, /rho, WE leave
the details to the reader (resp. will provide them later on, if time permits). In fact, we
need a good estimate for C, for p — 0 (it is if the order p~¢, because a dilated atom hits
roughly speaking p~¢ many functions ). [

By taking adjoint relations (this we do not provide a detailed proof) we have:

SOPdilatinv| Lemma 43. o The family (D,),<1 of value-preserving dilation operators acts uni-
formly bounded on (SH(R?), |- |ls);

o The family (St,),<1 of area-preserving compression operators acts uniformly boun-

ded on (Sj(RY), || - ||S(§)'

It is an interesting consequence of the above dilation results, combined with the
(now yet demonstrated result) showing that the chirp-function chirp(t) = ™ on R is
invariant under the extended Fourier transform, that we have a statement, that appears
to be useful in the context of quantum mechanics:

Lemma 44. One has S;—w* — lim,_, St,(chirp) = do.

20More or less depending on the number of smaller atoms required in order to decompose a large
atom, so this is something dependent on the dimension d > 1 and p, some p~¢ probably.
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Proof. Since the extended F'T preserves w*—convergence an equivalent statement is
F[St,(chirp)] = D,[Fchirp)] = D,(chirp) — 1,  for p — 0,

but this is easy to verify, noting that the involved mild distributions are uniformly
bounded in (S(R?), || - ||g;), and hence it is enough to test D,(chirp) against elements
from the dense subspace C.(R?) N Sy(R?) = C.(R?) N FL'(RY) C C.(RY). But due to
the uniform convergence of e™** — 1 over the support Q of k € C.(R%) one clearly has

;lg% Rd(Dpchirp)(s)k(s)ds = ,{ii% g ™05 (5)ds — » 1(s)k(s)ds.

]

Remark 17. The interesting aspect of the above result (aside from indicating a number
of interesting perspectives) is the observation that one can obtain dy also as a limit of
unbounded measures.

Clearly a similar argument justifies the statement

because also in this case one also has
.F[Stp(SINC)] = Dp[f(l[_1/271/2})] = 1[—p/2,p/2] —1 for P — 0.

But SINC € L*(R%), although the boundedness of St, SINC, for p < 1 is only valid
in the (Sj(R?), || - ||;)-sense, and not with respect to the L*-norm.
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FSTinCbRd

23 Various minor issues 25.10.2020

The fact, that FL'(R?) contains plateau functions combined with the convolution theo-
rem imply that the Fourier Stieltjes algebra

FST(RY) = {fi, p € My(R%)}
has locally the same structure as FL'(R?). Consequently we have:

Lemma 45.

FST(RY) — Cy(RY).

Proof. Since we know that the trapezoidal function is the convolution product of the
rectangular functions (of different size) we see that their Fourier transforms decay like
a pointwise product of SINC-functions, i.e. are dominated by (1 + 2%)~! over R. Since
these trapezoidal functions can be chosen to be even and in C.(R) we find that the do
have an integrable Fourier transform, hence the belong to the Fourier algebra FL'(R?)
(because F ' (h) = F(h") = F(h) for even functions h € L'(R).

For the multi-dimensional case (d > 2) we can obtain functions in the Fourier algebra
which are constant one on cubes of the form [—R, R]? by taking tensor products of such
trapezoidal functions, recalling that one has

Af©g)=Hg) @ Hg), and [[f@gllgr =[Nz 9),

and thus
FL'(R™) ® FL'(R*) ¢ FL'(R™*).

Let us denote such trapezoidal functions in (L' N FL)(RY) by 7, and their (inverse)
Fourier transforms by ¢.

Given now i € FST (R?) we find that the Fourier transform of ux¢ € L'(R?) is of the
form 7 - 71, but it coincides with 7i over any given compact set. Since FL'(R?) C Cy(R?)
consists only of continuous functions this means that 11 € C,(R?), since we know already
that |s| < |, ||ag, s € R O

Note: The alternative, more technical approach to this fact can be based on the fact
that the family F{Dyp) converges uniformly over compacts sets to fi, because this family
is not only bounded and w*-convergent (this by itself would not be sufficient), but it
is also uniformly tight. This is best understood by the observation that for any p with
compact support and for all the BUPUs ¥ with |¥| < 1 one has joint support for all
the discrete measures Dy p.

Final remark: Due to the convolution theorem we find that FST (R?) is a point-
wise algebra. We can transfer the norm from (M,(RY), || -|/ag,) to FST(R?) by setting
72l zsT = llillag,, 0 € M(R?), because the Fourier-Stieltjes transform p — 7 is injec-
tive. In fact, assume that 7i(s) = 0 for any s € R?, then pu* ¢ = 0 for any ¢ € L'(R?).
But (g € L'(RY) with §(0) = 1)

u(f) = T x Stog) (f) = lim p(Styg” + f) = 0
then implies that y = 0 (as element of (CH(RY), |- [l¢))-
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24 BIBO systems represented by L!'-functions

The key observation of un20: [42] concerns the fact, that in various books (he gives
prominent examples) on signal processing the false claim is made that every BIBO system
is obtained as a convolution operator with some L'-function (usually the argument is
presented for d = 1, but it is valid also for d > 1 as well).

The clear example is an ordinary shift operator T}, (or convolution by d,.), specifically
the identity operator, or Ty (no shift at all, or shift by zero!), which is represented (in
our way) as a convolution with the standard Dirac measure Jy (often just written as
Dirac §)2L.

It is clear that the identity operator cannot be written as a convolution operator by
any L'(R?)-function, due to the Riemann Lebesgue Lemma. None of the convolution
operators C; with f € L'(RY) (equivalently: convolution with the bounded measure
induced by the Lebesgue integrable “function”) is in fact invertible. We will discuss a
partial inverse in the sequel (going by the name of Wiener’s Inversion Theorem.

But on the positive side let us explain in which sense the standard claim can be, at
least, partially justified.

Let us put in a practical situation. We cannot (for physical reasons) insert a true
Dirac into the system in order to obtain the impulse response T(dg) = p * dg = p.

What we can do is to test the system on a (perhaps large) but finite number of input
signals f,,n =1, ..., L, and try to obtain information from theinput-output relationship,
So assume we know p * f,, for 1 < n < L. So we can put the question: Can we decide
whether the operator (TILS) T has been realized as a convolution operator by some
(finite) discrete measure or as convolution with some L*(R?)-function?

We will give several indications that this is a delicate questions, which cannot be
answered decisively!

First, we have seen, that for ANY convolution operator T : f — pu * f there is a
discrete (without loss of generality even finite discrete) measure producing a close-by
result. In fact, given any g € L'(R?) (better ju,, or in fact a generic u € M, (R?)) we can
choose in the given situation for any € > 0 (think of ¢ close to the numerical precision
of your device) a fine discretization v = Dy (Y, pp ;) € My(R?) such that

IT(fn) = v fllo <&, forl1<n<L (240)

This means, that to the observer (even of many) input-output relationships the action
of the discrete measure v and that of the original (perhaps L'(R?) induced) measure
p may not distinguishable (leave alone that an observer may be able to take e.g. only
finitely sampling values T'(f,,)(x})).

There is another aspect, which indicates that it is in fact impossible to recognize from
a finite set of observations T'(f,,) whether T is generated from a discrete or an absolutely
continuous measure (i.e. as p,,g € L'(R9)).

21There is also the Kronecker d, which is describing an n x n-matrix, representing the identity operator
on C” or R", i.e. simply eye(n) in a MATLAB setting. Whereas the Kronecker symbol is written as
d;.k, with the value 1 for j = k and zero else, i.e. describing the whole matrix, one can describe it as
the collection of (column or) row vectors which have a single 1 at position & of the k-th row. Applied
to a column vector x it thus picks out the k-the coordinate.
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The argument is based on the Cohen-Hewitt factorization theorem. Given a finite set
fn and & > 0 there exists some g € L'(R?%) and h,, € Cy(R?) such that ||f, — hpllec < €
for 1 < n < L such that f,, = g * h,. Consequently T(f,) = p* f, = (i * g) * h,,. Since
p* g € L'(R?) it shows that T'(f,) is in the range (exactly!) of some (slightly different)
input signal (compared to the original one).

25 Wiener’s Inversion Theorem

Wiener’s Inversion Theorem is a way to overcome the lack of invertibility, at least for
band-limited functions.

First let us look at the L*(R%)-situation. Any TILS on (L*(R?), ||-||) is given by
a bounded transfer function (in fact by some element of L>(R?)) and is of the form
HT(f) = h-Ff) for some f € L*(R?) with

1Plloe = TNl 2 e - (241)

In the classical setting this claim is an easy consequence of Plancherel’s Theorem plus the
work with measurable functions. We still have to obtain a proof in our current setting.

pghyious part is that any h € C,(R?) defines a TILS on (L*(R?), || -||2) and satisfies

If we look, for some compact set 2, e.g. Q@ = Bg(0) or

Q:
k

d
[_wka U.Jk]
=1

and write R
Lg = {f € L*(R") | supp(f) € Q}
for the space of (£2-) band-limited elements of L*(R%).

Assume that h € Cy(RY) satisfies h(z) # 0 for z € Q. It is then clear that 1/h(z) is
well defined and continuous there. Taking any continuation of this local piece, i.e. any
bounded function h; € Cy(R?) with hy(z) = 1/h(z) for z € Q.

It is then clear that the system T : f +— F '(hy - F(f)) inverts the operator T on

the closed subspace L. In fact, we have (viewing everything on the Fourier transform
side) for f € L}:

AT(T(E) = () f(z) = J(2), 2 € R,

because the result is valid for z ¢ Q (both expression vanish, because f(z) = 0 there),
and it is valid for z € Q, since h(z)h1(z) =1 for z € Q.

The content of Wiener’s Inversion Theorem is the interesting fact that a similar
result is true for convolution operators from L'(R?). In other words. If we assume that
T(f) = g* f for some g € L'(R?) there exists some g; € L'(R?) such that

gi(z) =1/4(2), 2 € Q,

of course under the natural assumption that g(z) # 0 for z € Q.
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25.1 The mathematics of Wiener’s Inversion Theorem

We will not do the details of Wiener’s inversion theorem but rather explain the basic
steps towards this remarkable result. Details are found well explained in re68 : [34]
resp. the new (enlarged) edition rest00: [35], already in the first chapter.

Note, that Reiter uses the symbol M, (indicating that the argument of the function
is multiplied, in fact with 1/p) for the operator which is written as St, in the current
notes, but in the way that preserves the L'(R%)-norm.

First let us reformulate the result right in the Fourier setting:

Theorem 9. Given h € FL*(R?) and a compact set Q C R? such that h(z) # 0, then
there exists hy € FL'(R?) such that

hi(z) =1/h(2), =ze€.

Remark 18. The proof does not provide any control about the FL'-norm of hq, in fact
one cannot obtain such universal estimates without extra conditions.

In the proof one uses the fact that St, defines an isometric automorphism of the
Banach convolution algebra (L'(R?), || - ||1):

St,(f * g) = St,(f) *St,(g), f,g € L'(R?). (242)

Wiener’s Inversion Theorem is a special case of the more general Wiener-Levy Theo-
rem, which shows that one can apply analytic functions to the Fourier transform, as
long as one stays away from singularities, and thus one can use power series expansions
of analytic functions (Chap.1.3 of [34]).

Roughly speaking the idea is the following: Locally (i.e. over small open balls B,(z))
any analytic function

H(u) = Z cru®
k=0
can be applied to h, i.e. one can find some hy € FL'(R?) such that
ho(z) = H(h(x)), =z € B.(x). (243)

These locg] pieces can be glued together using fine partitions in FL'(R%) to obtain
the equality ( over all of Q.
An important auxiliary result on the way is the following:

Lemma 46. The closed ideal Iy := {f € L'(R?) | (0) = 0} has a bounded approzimate
unit of norm 2, i.e. for any family fi,..., fr € Iy and € > 0 there exists g € Iy with
gl <2 such that

lg* fi — fillp <e. 1<k<L.
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26 Fourier invariant spaces

First let us recall that the Fourier Inversion Theorem implies that

Lemma 47. (L' 0 FLY)(RY) coincides with the set
{fe L'®RY|f e L'(RY}

Proof. Let us start with f € L'(R), such that f € L'(R?). Then f = F(FJf)) =
Ff), and clearly f¥ € L'(RY), thus f € FL'(RY), as the image of some L'-function
under the Fourier transform.

Conversely, assume that f € L'(R%) is also in FL'(R%), i.e. f = g for some g €
L'(R%). Then of course A f) = Ag) = g* € L'(RY).

Also the corresponding natural norms are identical, since

LAl = 1A + 1 = 1Al + 1 F (), (244)

turning that space into a Banach space. [

26.1 Recalling basic properties of S;(R?)

We have introduced (Sy(R?), |- [|s,) as (W/(FL', €")(RY),||- W (L1 £1)(ra))s using ab-
solutely convergent decompositions via a (regular) BUPU in FL'(R?), and have esta-
blished an atomic characterization, which helps to derive more easily a number of basic
properties. Let us recall the most important ones:

1. Sy(R?) is a Fourier invariant Banach space, continuously embedded into (W (R?),
(hence into L'(R?) and L*(R%), and many other spaces);

2. Tt is a so-called Segal algebra, meaning essentially that it is a dense subspace of
(L' (RY), || - ||1) which is an ideal, thus

L'(RY) x §y(RY) C S,(R?)
combined with the corresponding norm estimates, and g(0) = 1 implies that

St,g* f — fin (SO(R), Il - HSO), for p — 0.

FL'(RY) - Sy(R?) C Sy(RY)

combined with the corresponding norm estimates, and h(0) = 1 for any h €
FL'(R?) implies that

D,h-f— fin (SO(R), | - HSO), for p — 0.
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Corollary 6. Any band-limited function in L'(RY) belongs to Sy(R?). Moreover, for any
compact set M C R? there exists a constant C = Cyy such that

Iflls < Cullfllg, V€ L'(RY), supp(f) € M. (245)

Proof. Band-limited functions from L'(R%) have a Fourier transform (obviously) in A =
FL'(R%), and have compact support, thus ]? € W(FL', £")(R?%), and by consequence
f € Sy(RY).

Given M there exists some trapezoidal function 7 in FL'(R?) NC,(R?) with 7(s) = 1
for s€ M, or f-7=f, or (for ¢ = F (7)) one has

f=xf € SR« L(RY) C Sy(RY), (246)
with the norm estimate (thus Cyy = ||7||s, = ||¢]ls, is a possible choice) estimate:

1lls < el fllgs. (247)

]
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27 The Fourier transform for mild distributions

27.1 Motivation

It is one of the main goals of this course to popularize the usefulness of the space
(So(R?), || - [1s), also called the space of mild distributions, as described in fe20-1: [14]*,
mostly with respect to an understanding the role of the Fourier transform, now NOT seen
as an integral transform but rather as a more general transform with certain properties.

It will also illustrate in which sense the current approach (aside from avoiding Lebes-
gue integration) overcomes the traditional classification of signals into discrete versus
continuous, or periodic versus non-periodic one. This point of view is very much the
view-point of abstract harmonic analysis (AHA), which deals with functions (or genera-
lized) functions over LCA (locally compact groups). Depending on the choice of such a
group we find that there is always a version of the Fourier transform, mapping integrable
functions (i.e. elements from (L'(G), | -[|1)) on the group ¢ into continuous functions

fe (CO(@), |- [lso)- There is also a convolution theorem, a Fourier Inversion Theorem,
and a Plancherel Theorem and so on, all relying on the existence of a Haar measure
on ¥, the fact that the dual group ¢ is also a LCA group (and Pontrjagin’s Theorem
stating that the dual group for 9 is naturally isomorphic to the original group ¢, thus
giving the “time” and the “frequency” variable, which may live on different “domains”
an equivalent role within Fourier Analysis over groups.

For the connection between classical AHA (as presented e.g. in the books of L. Loomis
1o53: [33] or W. Rudin ru62: [36], or in a more modern form in re68: [34] and
f095: [20]) we may recommend the book entitled “Unified Signal Theory” by G. Ciarolo
call: [3], putting this perspective into the language of engineers.

Traditionally books on Fourier Analysis often have this perspective in the background
and take the historical path. Starting from the most classical theory, which is the theory
of Fourier Series for periodic functions® they go on to take limits (the length of the peri-
od is going to infinity, so that a-periodic, but decaying signals can undergo a continuous
version of the Fourier series expansion, now know as the (integral version) of the Fourier
transform, with the well known inversion theorem derived (first) equally vaguely, and so
on. Finally, the DFT (Discrete Fourier Transform), of course implemented as FFT (Fast
Fourier Transform) is mentioned as a computational tool, again analogue to the Fourier
series expansion, but now with discrete date, i.e. applied to vectors of finite length, i.e.
elements of CV (we view them as data in £2(Uy)). This last step can basically be treated
in terms of linear algebra and realized (computationally) using e.g. MATLAB.

We will kind of go the converse path. Once we have established and (abstract??,
but symmetric) version of the Fourier transform we show that more or less all of the
typical realizations of abstract Fourier transforms can be viewed as the consequence of

22Gee feja20: [16] for a mathematical paper along the lines of the current notes, or fe20-2: [15]
concerning the possible general plan for a course like this one, or fel9: [13] for details concerning the
relationship of this approach to the classical one. We will only highlight a few of these aspects here and
provide some additional ones, as they are relevant for engineering applications.

23This problem was one of the driving forces for the development of many important concepts for
mathematical analysis, including the Lebesgue integral, but even set theory, and later on the theory
of tempered distributions by Laurent Schwartz (sc57: [40]), but in particular it was stimulating the
development of Functional Analysis as we are using it a lot in this course.
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properties of specific subspaces of Sj(R?) and their Fourier transforms.

27.2 Special cases of the FT for mild distributions

We have established Sy(R?) as a decent Fourier invariant Banach space?* and define

Definition 12. N
5 =oll), ocS,feS, (248)

Given the fact that HfH s, = ||flls, for f €Sy implies that the Fourier transform
defined for S;(R?) is isometric as well, and an automorphism (i.e. bijective). Any T € S,
is the Fourier transform of some o € S, and obviously the extended Fourier transform
can be inverted by the simple formula

[F17l(g)=7(F'g), 7€8,g€8. (249)

It is also clear that the Fourier-Stieltjes transform can be seen as a special case of
the Fourier transform for Sj(R?), and this in turn of course is a generalization of Fourier
transform on L'(R9).

This is the so-called consistency principle, which can be rephrased in the following
short formula, writing for g € L'(R?)

aq(f) = g f(x)h(z)dz, [ €S,

with
oy ()] < /Rd (@) g(@)dz < [ fllscllgllzr < (CllgllL)ll fllso,

satisfies (with Fdescribing the generalized Fourier transform, while g denotes the integral
form of the Fourier transform), in short o3 = 7, or:

o5 = Fo,), g€ L'(RY). (250)

Remark 19. As we will see later on the definition chosen above (via an adjointness
relation) is the unique w*w*continuous continuation of the ordinary Fourier transform
(even just the one defined on W (R%), using Riemann integrals).

Later on we will show that the DET (usually realized via FFT) for discrete periodic
signals can also be derived in the framework of the (extended) Fourier transform for
S;)(R%), and that it could also be used as a motivation for the definition of the extended
FT via w*-approximation. We will have a separate section on this later on.

24... with a lot of other properties, ensuring that it is a rich space, nevertheless contained in most of

the function spaces of interest for Fourier analysis, e.g. dense in (Ll(Rd), |-1l) or (LQ(Rd% I -[l2)-

126

mildFTdef

mildIFTdef



trigpolFT00

1iLamdef00

27.2.1 Trigonometric polynomials and discrete measures

This already allows us to compute the inverse (or forward) Fourier transform of y:

-~ ~

FONA) =xeD = [ Fwx(f) = f6) = df). feSH®). (25

My standard comment on this is: If a musician listens to a pure frequency y, she/he
would say: This pure tone I hear has exactly frequency s, and this is nicely expressed
by a Dirac delta located at s.

Remark 20. Of course an important special case is obtained by putting s = 0, which
gives F~!(1) = dy, which appears in the engineering literature often as the (annoying to
mathematicians, divergent) integral

/ h 1e®™st = §(t). (252)

o0

It is OK to translate this formula in the distributional setting as formulated above.
Otherwise we have a divergent integral to the left and a generalized function to the
right, which cannot be described by pointwise values. The idea that the left hand side is
“kind of zero” for t # 0, and that one obtains +o0o for ¢ = 0 (why not 3 - 00?) is highly
problematic and should not be taken as a solid basis for the further development of a
mathematical theory! The question of “existence” of a FT becomes in this way obsolete!

Summarizing our knowledge about finite discrete measures and pure frequencies we have
thus altogether:

Lemma 48. The (forward or inverse) Fourier transform of a trigonometric polynomial,
i.e. h € Cy(R?) which is a finite linear combination of pure frequencies of the form

h(z) =Y crxs, (253)
ieF
is a discrete, finite measure of the form (and vice versa!)

chésk, resp. .F_l(h):ché,sk.

el 1EF

27.2.2 Discrete measures on Z%

We have already seen that the convolution of bounded, discrete measures behaves in the
expected way, based on the rule §, * 6, = d,4,, =,y € R% By consequence we have for
any lattice A << R? (i.e. a discrete subgroup of the form A x Z<, for some non-singular
d x d-matrix A) a commutative subalgebra of My(R?), denoted by (€'(A), |- [1):

Lemma 49.

€'(A) = {v = crdx (ca)rer € £ (M)}, (254)
AEA
with the natural norm (inherited from (My(R?), |- ||as,))
Illeray =D leal < oo. (255)
AEA
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Proposition 14. (£'(A), |- Hll(A)) is a commutative Banach algebra with respect to dis-

crete convolution. Given two measures

1 2
1/125 c\0n, V2:§ 50\

AEA AEA

the convolution product (inherited from M,(R?)) is the discrete measure of the form

vV = Z C,\5)\,

A€A

with (the Cauchy-product formula):

C)\ = E Ci/ . Ci//.

A=N N

For A = Z¢ the Cauchy product can be better described (and programmed) as

= Y= Y e, (256)

kezd kezd

Of course this expression can be described as a convolution product of the vectors (¢} )eza
and (c3);ez¢ using the scalar product

(X, y) =D Ty

kezd

C hProdl
by observing that (}‘Za5u6i can be recast into
cn = (2, T, (c*)),

i.e. into the formula already known from the beginning, now for the discrete group Z¢
(and in a similar way for general lattices A <t RY).

Remark 21. Of course this is remi '185(‘,:6%1(?01(1)\{/: 1the pointwise product of polynomials des-
cribed at the coefficient level (see (EZI ]

28 The classical setting

The classical setting starts from continuous, periodic functions. Let us consider the most
simple case, namely A = aZ? </R, the prototypical periodic function h on R, with period
a >0, ie. Tyh =h, for k € Z. If such a function h is continuous it is in fact uniformly
continuous (as the uniform compactness of h over the compact fundamental period, e.g.
0, a] or [—a/2,a/2]) implies that f € C,,(R?).

Such a function defines (like any h € Cy(R?)) an element in S;(R?) as usual, via

ou(f) = [ F(w) )
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with
lon(f)] < /Rd |h(@)] | f (@)|dz < [[h][co][ fllzr < (CllAlloc)|f ] 50,

hence

lonllsy < Cllhllee, € Cy(RY),

and consequently it has a Fourier transform.

By applying a dilation operator (or a matrix transformation in the multi-dimensional
case) we can relate the general question to the standard setting of o = 27 (traditional
normalization) or better (as we will do) to v = 1. We will come back to the question of
normalization (change of units on the time axis results in a change of the value alpha in
real world applications) later (hopefully!, as time permits).

As we will see the Fourier transform of such a periodic function is a weighted discrete
(potentially unbounded!) measure on Z, ycvl;‘gh %{%}P&iotudes which can be understood as
limits of the situation described in Lemma hﬁ‘mynomials with the pure frequencies
involved being all Z-periodic!).

If we start “from the other side” we consider £'(A) C M;(R?) as a subalgebra of
M,(RY) and thus the Fourier transform is well defined via fi(s) = u(x_s)-

Lemma 50. For v € £'(aZ?) the Fourier transform (in the sense of Sj(R?) resp.
M,(RY)) is a periodic function in Cu,(RY), with periodicity group 1/aZ?. Since the
Fourier transform is injective on M, (R?) we can define

72l g, = el -

Consequently the range of £'(Z%) can be viewed as a Banach algebra with respect to
pointwise multiplication, called (A(']I"d)7 Il - HA(W)) in the literature, the algebra of abso-
lutely convergent Fourier series over the d-dimensional torus T (by identifying periodic
functions with functions on the torus)*> with the norm

Z Ck Xk

kezd

= Z lex| < o0. (257)

A kezd

Proof. 1t is clear that any of the characters constituting 7 = >, ;4 ckX—ar show the
claimed invariance under translation by a~'j, for any j € Z? Hence the same is true
for v, the (uniform) limit of these trigonometric polynomials. H

Remark 22. We will discuss the computation of the Fourier coefficients ¢, for a given
periodic function later on in more detail. For the moment let us just recall that in a
“modern terminology” J.P. Fourier’s claim from 1822 was that “every periodic function
has a Fourier series representation” and that the Fourier transform is computed via
certain integrals®.

Z5This algebra (A(T), ||-||a) over the torus T (resp. U), i.e. for d = 1 is also often called Wiener’s
algebra of absolutely convergent Fourier series, we will try to avoid this terminology in these notes.

26Looking back, this was a very courageous claim at that time, and it took decades to find out what
the proper concept of a function, what kind of integral one should use (first Riemann, then Lebesgue
integral) and finally what kind of convergence is the correct one.
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Given all the trouble with the problem of pointwise convergence it was a decisive
step taken in the early 20th century (mostly by the Riesz brothers, also the time of
Hilbert) to recognize that one should look not at summable Fourier coefficients, but at
series of square summable sequences, because they form a Hilbert space, and the periodic
functions, endowed with a very natural scalar product are isometrically isomorphic to
the sequence space 32(Zd), with the scalar products

(X ¥)e =Y o, (258)

kezad

and (for the case of a = 1):

<h1,h2>L2 I:/ hl(t)hg(t)dt (259)
[0,1]¢
Our next key result, known in the literature, is the so-called Parseval’s Theorem.
The usual approach is based on the following result:

Theorem 10. The pure frequencies (X )rezd form an complete orthonormal basis for the
Hilbert space L*(TY), hence every element f € L*(T%) can be represented in a unique
way as (unconditionally, norm convergent) series of the form

F= {fxm)xn (260)

kezd

with the (Fourier coefficients) being given as

= o) = [ F)e e = / F(t)e 2t (261)

[0,1]¢ [-1/2,1/2]¢

satisfying the Parseval Identity

[flle2 = ll(cr)rezlle - (262)

Remark 23. The pure frequencies (xj)reze are on the one hand the characters of the
d-dimensional torus group T?. Hence the mapping

f= | fl)xe(wdu= [ flu)u'du
T4 Td

is just the abstract Fourier transform for T¢.

We will show that the Parseval identity, which results from its polarized version (by
choosing f! = f = f?), namely

(o= [ POPOE= () (263

We will derive this result from the (FRF), by making appropriate choices and taking
a limit (p — 0). For simplicity we work with d = 1.
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As in the classical case one verifies the validity of (E%%uenees in the dense
subspace £' C £° (resp. the corresponding functions in (A(T), ||-[la)) and then extends
the validity by taking limits on both sides keeping the abstract principle (for bounded
bilinear mappings) in mind.

Thus we are looking at the following situation. We start with two sequences (ct)rez
and (¢2)ez, in £'(Z), and would like to realize that left hand side as a limit of expression
of the form [, f*(x)g,(x)dx.

First we turn the sequence (c}) into a function in f € Cy(R) by putting

f=> T SINC = (Z c;5k> % SINC

kezZ keZ

with
[ flloe <

Z C]iék

keZ

ISINC]lc < (CIISINC o) [
M,

Since convolution on the time-side corresponds to a pointwise multiplication on
the Fourier side, we have for, observing that F{(SINC) = F *(SINC) = 1[_1/21/9 (by
Plancherel’s Theorem): F(f)(t) = h'(t) - 1{_1/2,1/2(t), for the periodic function h'(t) =
> ez Gexn(t) € A(T). We also set h(t) = >, o, cixn(t) € A(T).

Due to the fact that SINC(0) = 1 and SINC(k) = 0 for k € Z \ {0} it is clear that
the sampling values of f over Z satisfy: f(k) = ¢}, for k € Z.

In order to apply the scalar product of the form ((c}), (¢7)) ;2 we would like to apply

the bounded (discrete) measure v := >, %&C to this function f, because then one has:
v(f) = G0 =D qrk) = _ad = dew
k€L kEZ k€L

We can approximate the weighted sum of Dirac measures v by choosing Dirac se-
quences from Sy(R), via the family

g = _ (TS, SINC?),
kez
which is the Fourier transform of
9= Y _AMD,A € S(R).
kez

For fixed p > 0 this function belongs to Sp(RY) and hence the Fourier transform is well
defined. The family (g,) is bounded in (L'(R?), || -||1) and since we have F{SINC?)(0) =
A(0) =1 we have for each k € Z: lim, o T}St, SINC? = ¢, in the w* sense, i.e.

(f) = > fk)

kEZ

. _2 2
lim Lezz 2T,,St, SINC

for f € Cy(R), in particular for f as chosen above, hence the limit of the left hand side
in (FRF) is, as planned:

lim / FOG it =S Ef k) =Y b = (ch, D ey (264)

p—0
kEZ kEZ
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If one looks at the right hand side of (FRF) it is of the form

| Feads= [ 1) 1ma() - sio)ds
Since obviously (M;D,A)(s) — xi(s) for p — 0 we have the limit (uniformly over
compact sets)

liII(l) 9,(s) = h*(s), uniformly over compact sets!
p—

and thus

lim / " ()9 (s) = / B (s)72(s)ds. (265)
=0 ) [~1/2,1/2]

Combining the two limits, namely (E%%L)iand (E%%Bfiwe see that the (FRF) implies identity
formulated in the theorem.

PS: If there are convergence issues for a detailed study of the arguments used above
one even can reduce the discussion to the dense subspace of “finite sequences” ((c}) and

(k))-

29 Poisson’s Formula

The proof of Poisson’s Formula is one of the crucial steps for the further development,
including the proof of the Shannon Sampling Theorem. We write LLI = Y, _, 05 (also
known as Dirac comb). Let us first do a simple version for 4 = R:

Theorem 11. R
S f) =Y f), vres, (266)

keZ nez

with absolute convergence on both sides.
oissonShahR| Corollary 7. For o =L € Sj(R) one has: F(LL) = LLJ, or
2= 0
keZ nez
respectively in an engineering setting:

D e =N "5,(t).

keZ ne”L

All the expressions in the left and side a convergent in the w*-sense for Sj(R), i.e.

after application to any given f € Sy(R) one observes convergence?®’.

Remark 24. For the discrete setting we can observe by a simple MATLAB argument
that the FF'T of a sequence of unit vectors, given by the command

sha = zeros(1,n); sha(l:a:n) = 1; f2sp(sha);

27In fact, unconditional convergence, i.e. independent of the particular order in the summation process.
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shows that the FFT/DFT of such a Dirac comb is up to normalization just another
Dirac comb (at distance n/a) if and only if a|n, i.e. if a divides the signal length n,
and then n/a is again a natural number. The extreme cases are a = 1 (i.e. the constant
sequence), whose DFT is the unit vector neg (resp. ne; in MATLAB notation), or a = n
(corresponding to &y, with DFT= const. = n.

Let us give a proof of this theorem.

Proof. We start from the function f € Sy(R) and produce a Z-periodic version by
convolving f by the Dirac comb LLI = )", _, d, i.e. by forming

fper <Zék>*f(t):z:f(t_k

kEZ keZ

Since (So(R), || - |ls,) < (W(R), || - [lw) the infinite sum of translates is uniformly con-
vergent (even absolutely in (Cy(R?), |- [)) over any ball of radius R > 0! Hence fpe,

is a (uniformly) continuous and bounded function on R with || fper|lo < C| f]| B S Form
Chll fllsyw) - And of course we have Ty fper = fper, Vk € Z. The left hand side of (E663 1S

just the value f.,(0).
On the other hand we have to verify that

fper() Z cexr(t) = chemkt;

keZ keZ

where ¢, = f[—1 12.1/2] Jper(t)e™?™ktdt is the Fourier coefficient of f,.. But now we can
use the Z — periodicity of the pure frequencies xx, k € Z, in order to make the following
important observation: The Fourier coefficients of f., are just the sampling values of f
at k € Z. This is verified as follows: split the integral over (—oo, 00) into segments:

/ f 2mntdt

and observe that 2 (=% = 27t for any k € 7Z, so that

Z/ f(t)€27rintdt _ Z f(t o k’)@an(t_k)dt,
[k,k+1]

keZ kez ¥ [0.1]

fA(rL) = / Jper(t t)e*™ ™ dt = c,,.
[(-1/2,1/2]

Since f € Sy(R) implies f € Sy(RY) € W (R) and thus (cn)nez = (f(n))nez € £4(Z)
we find that f,, € A(T) and thus the Fourier series representation is valid in the

pointwise sense,
fper § Can
neL

because the series is uniformly convergent in (Cy(R?), |- || ). Specializing this Fourier
series representation of fue to the case y = 0 one obtains (since e = 1!)

Z f(k) = fper(0) = Z cnXn(0) = Z f(n).

keZ nez neZ
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The same argument can be applied for general lattices A <t R%. In this case the
so-called orthogonal lattice appears, i.e.

At = {y, € RL, y,(\) = 1 ¥\ € A}

The set At is always a group. For a lattice of the form A = A x Z? the orthogonal
lattice appears as At = (A")~! x Z. For A = oZ? this gives At = 1/aZ.
The general version of Poisson’s formula then reads.

Theorem 12. For any lattice A < R? there exists a constant Cy such that for any

f € Sy(R?) one has: ~
2 N =0n 3 F, (267)

AEA Aleat

with both sides absolutely convergent. Alternatively one has
.F(LUA) = C\LLJ AL-.

Remark 25. For A = aZ we have At = (1/a)Z and Cy = o™

Demonstration concerning Shah Distributions (Dirac Combs):
As an illustration of the one-dimensional situation let us look at the following plot:

~band101.pdf _ ' o .
four shifted copies plus resulting periodic function
T T T T T T T T

0.15

Abbildung 41: fperbandl01.pdf

And the same for a discrete, finite lattice with 9 points:
As an illustration of the one-dimensional situation let us look at the following plot:
And the same for a discrete, finite lattice with 9 points:

Remark 26. The a %?1%%% gonvergence of both sides in Poisson’s formula is not sufficient
for the validity of (%6'6 . But all the sufficient conditions so far imply that f € So(R) (see
gr96: [24]). All the counter examples rely on the possibility that a periodic function on
R may have a convergent Fourier series at a given point which does not represent the
function value at that point.

We will not give a detailed account for this general formula (which is of course spe-
cifically useful for any dimension and general lattices A), but in principle the arguments
for the general case are following the same path.
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Abbildung 42: periodFFT2a.jpg

. The Dirac-comb LLI, belongs to W (M,

£*)(R?) C SH(RY);

. Convolving f € Sy(R?) by LLI, gives a A-periodic version fp., = LLIx * f of f;

. The Fourier coefficients of f,., (viewed as a function on the fundamental domain

of R/AL) are just the samples (f()\J_))/\LEAL;

the general Poisson formula.
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. Because [ € Sy(R?) the sampling sequence (}.\()\L)))\LEAL belongs to £'(A*),

. Writing down the Fourier series expansion of f,., for ¢ = 0 implies the validity of



o
|
|

Abbildung 43: shahdem12.pdf:

For a lattice the values which appear, as the sampling values of the trigonometric poly-
nomials y_y = F(dy), A€A take the values #A (over At) and zero otherwise: The sum
over values which are unit roots of order k, for some &k > 1,k € N.

30 Wiener algebra and its dual

30.1 Important properties of W (R?) and its dual

The Wiener algebra W (Cj, £')(R?), which can be obtained using BUPUs as absolutely
convergent decompositions, or by the more general atomic representations (also absolu-
tely convergent in (Cy(R?), || - ||s)) has a number of important properties which we will
study next. In a second step we will list some important properties of the dual space.
Unfortunately either of them is not invariant under the Fourier transform, which can be
circumvented to some extent by looking at W (R?) N AW (R?)) (similar to the Fourier
invariant space (L' N FL')(R%)).

Compared to the space L' N Cy(R?) the Wiener algebra has the important property
that it allows sampling, i.e. for any lattice A = A * Z% (e.g. a hexagonal lattice in R?,
or simply aZ <1 R for some o > 0) one can find an £'-estimate for the “sequence” of
sampling values of f € W (RY).

Proposition 15. Given any lattice A A R? there exists a constant Cn > 0 such that

I(F O aealleay = D 1FN < Callfllwes ,  f € W(R?, (268)

A€A

Proof. Again the atomic characterization will be helpful, as it allows to reduce the
estimate for general elements in W (R?) to the uniform estimates with respect to the
position of the atoms. So let us assume that we have a function f € C.(R?) with
supp(f) C Bg(z) for some z € R? and || ]| = 1.
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Abbildung 45: periodFFT2a.jpg

For our intuition let us take again a look at figure coverballsl.jpg (maybe imagine
that some non-singular matrix A is applied to this situation, deforming the red balls
into red elllpses [MA L B experiment should be done to produce such a picture!]

The olglrllg e ( T%’68%%‘@1%)follows by simple summation over the atoms according

to Prop. O

Remark 27. The same argumentation is valid for any discrete set of points (typically a
countable set of points) X = (z;)2°, in R? which is separated i.e. with a positive minimal

distance:
oe— 2] > >0, fork#j (269)
If course one can take finite unions of such sets, which are called relatively separated.

They can be characterized by the property that for some r; > 0 one can control the
number of points in any ball B, (z) of radius rq, i.e.

sup #{k|z € B, ()} < 0. (270)

zeRd
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Wiener algebra and dual

Abbildung 46: WRWRDinSOP1.jpg

Since balls of any radius R > 0 can be covered by a fixed number of balls of radius
this condition is then valid for any R > 0.2

Remark 28. For any relatively separated set X the corresponding Dirac comb LLIx =
Zk 1 0z, Js In the Wiener amalgam space W (M, £°)(R?). In fact, the quantity expres-
sed by ( E?Ui 1S equlvalent (for any R > 0) to the norm of LLIx as given by any BUPU

(wz)zel
sup L x - il g, @)

i€l
Recalling that we have for any h € Cy(R?): 4, - h(f) := f(x)d,, because

(02 - D)(f) = do(hf) = h(2) f(x) = h(@)dx(f), [ € Co(RY),

we collect a few simple observations:

relseppropl| Lemma 51. Given a relatively separated set X = (x)32, one has:
1. For any h € Cy(R?) one has

h LWy = ih(xk)@vk € W(M, £*)(R),

with the estimate
17 W x lwae=ymay < ||Pllool | x |l (a1,0) () -
2. For f € W(R?) = W(Cy, £")(R?) one has

W x - fllag, < Cllfllwcy,eryma) - (272)

relsepdef
28Tt is not hard to show, but requires some work, to verify that any set satisfying (lZ?U) 1S the finite
union of sets which are separated.
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Wiener algebra, Fourier invariant spaces

Abbildung 47: WRWRDinSOPFT.jpg

3. For h € W(R?) = W(Cy, £")(RY) one has

> T f
k=1

It x * flloo =

o0

Proof. We leave the proof to the reader resp. will provide more detailed references later

on. The arguments are elementary, relying on geometrical arguments ggm %gdxcfgrllivd over
LCA groups. Let us just give the hint that the important equation (I‘Z?Ii;, can be eit-

her obtained using the atomic representation of functions in W (Cp, £')(R%) or by just
observing that one has

px fy) = pw(Tu(f), fe€WI(CyL)RY), ueW(M, L) (RY,

simply by the fact that W (M, £°)(R?) can be identified with the dual space of Wiener’s
algebra W (RY) = (W(Cg,ﬁl)(]Rd), |- [lw)- O

Since we have (Sy(RY), || |ls,) — (W(RY), ||-|lw) we note that we have for any
f S S()Z
Ly - f € Md(Rd) and Ly x f € Cub(Rd),

together with the corresponding norm inequalities.
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31 Cy(RY) in the dual of L'

Using measure theory - as we mentioned - the dual space to (Ll(Rd), |- Hl) is identified
with (L=(R?), | ||«), the space of essentially bounded measurable functions (in fact:
equivalence classes of such functions), with the essential supremum as norm. It is the
best upper bound for |h(z)|,z € RY, if one allows exceptions on sets of measure zero.
The identification is the "usual one”, namely via (identification with a so-called Radon
measure fip,):
b mf) = [ [F@hta)lde. f € LR

Of course, based on measure theory, one has to show that the pointwise product fh is
well defined (it is indeed a product of measurable functions, and thus itself a measurable
function) and it is integrable in the sense of Lebesgue.

There is no problem as long as h € C,(R?). In fact we have:

Lemma 52. The embedding of (Cy(R?), |- ||o) into ((L)*(R), || |1y ra)) via
h — up, 1s isometric, i.e. we have

hlloe = llpnll Lty ey, € G(RY). (274)

CbLiPisom

In this sense (Cy(RY), || - [|oo) is a closed subspace of ((L')*(R?), || - || p1y-a))» and (Co(R?), |- lloc)
can be viewed as the closure of C.(R?) (rather i, k € C.(R?)) inside of ((L")*(R?),]| - H(Ll)*(Rd)).

This space also coincides with the dual space to C.(R?), endowed with the | - ||1-norm
(using R-integrals).

Corollary 8. Due to the chain of dense, continuous embeddings:
(SoRN, [ ls) = (WRD), | llw) — (L' R, [I-lx)

CbLiPi .
the relationship (27217 also allows to view Cy(RY) as a subspace of W (RY)" or Sj(R?).

Note: While (Cy(R?), || - [|s) can be viewed as a closed subspace of ((L')*(R?), || - || z1)-

it is not closed in the larger spaces, but still w*-dense. This will be verified later on. In
fact, even Sp(R?) is w*-dense in S;(RY).

Proof. 1t will be enough to understand that any h € Cy(R?) defines a bounded linear
function p, on C.(RY), endowed with the L'-norm, but this follows easily from

()] = [ Hok)ds < [l [ KG@de = [k, e CRY, (27

ensuring that [|uall(g1)y < [|Afco-

In order to establish to equality of norms we have to show that the converse is
true in the following sense: For any ¢ > 0 there exists k € C.(R?) with ||k||.c = 1 but
\pin (k)| > ||h]|se —¢. This can be achieved easily by choosing a bump function k € C,.(R?)
which is concentrated near a point where h almost achieves its maximal value. Formally
it requires a little bit of analysis and text.
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First we can find (for the given h € Cy(RY) and € > 0) some zy such that h(xg) >
Ih]| —€/4. In fact, due to the continuity of h we can even ensure that there is a ball
Bg(z), with some positive radius s > 0 such that |h(x)| > ||h|l—¢/2 for all z € By(zo).

If we assume that h(z) > 0 it is easy to choose any nonzero k € C.(R?) with
supp(k) € Bs(zo), also non-negative, and normalized to have ||k||;1 = 1. The action of
1y, then satisfies

[ a@btids = [ bk > (bl -2/2) [ (ka)ids = Al 5. @76)
R4 Bs(zo) Bs(z0)

For the general case of real or complex-valued functions h one has to take phase factors
into account. First of all we may assume that h(xy) > 0, otherwise h has to be multiplied
by the complex number |h(xq)|/h(xo), which is of absolute value 1 and thus does not
change the sup-norm of h.

Secondly, we note that the phase h(z)/|h(x)| of a continuous function, which does
not vanish on Bg(zg) and takes the value 1 at xy will be very close to 1 in a sufficiently
small neighborhood of xg. Thus, if necessary, by replacing the given ball By(xy) by an
even smaller on (we denote the new ball again by Bg(zg)) we can assume that

max{[h(z) — [h(2)|], |z — wo| < s} < /2

so that we have

<e/2 |kl =¢/2

() = [ k)lho)lds

uhlowestl
Combining this last estimate with (B?Gi we achieve the promised lower estimate.
It is easier to understand the multiplication by a phase factor by a simple plot: [

real(xx): blue, imag(xx): red, abs(xx): black

0.1F

== O A

-0.05 I I I I I I I I ]
-200 -150 -100 -50 0 50 100 150 200
bounded continuous function after phase multipication

01 [ T T T T T T T T ]

0.05¢ 4¢=f’/’~\\x/£

O \

0.05 - - :

-200 -150 -100  -50 0 50 100 150 200

Abbildung 48: phasemultiplicationk.pdf:

Upper plot: real (blue) and imaginary (red) part of f, with | f| in black, taking maximum
in the left half. Lower plot: after multiplication with phase factor, |f| is unchanged, real
part takes the (real, positive) maximum there, imaginary part equals zero.

Testing bump-function in magenta positioned there, i.e. near —160.
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32 Preparing for the Shannon Sampling Theorem

piecewise linear interpolation at Nyquist rate
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Abbildung 49: pwlinIntO1bdl.eps.
blue: real part of band-limited function, green: piecewise linear interpolation, near Ny-
quist rate, i.e. a=8. Showing quite large deviations!

33 Uniqueness of the extended Fourier transform

Let us recall that (Cy(R?), |- ||) is a closed, proper subspace of (Cy(R?), || - ||ls). The
constant h(z) = 1 does not belong to Cy(R?), but there are bounded approximate units,
e.g. families of functions D,(h),p — 0 if dilated versions of any function h € Cp(R?)
with h(0) = 1. Since ||D,h||« = |||« boundedness is obvious.

In a similar way we can embed Sy(R?) into Sj(R?) via f — oy, but Sy(RY) is not
dense in S)(R?) with respect to the norm convergence (similar to the lack of density of
C.(RY) in (My(R?), ] - |lazg,)). However, we can work with w*-convergence to overcome
this problem.

Let us recall: A sequence (0,)22, is w*-convergent to oy if (and only if)

lim o,(f) = oo(f), Vf € So(R?). (277)
n—oo
We will write in this situation
oo = w*-limo,.
Lemma 53. The (extended) Fourier transform preserves w*-convergence, i.e.
oo =w*-limo, = Fog) = w*lim FHoy,).
Proof. In order to verify the claimed convergence we just have to observe that
Hon)(f) = on(F))) = 00(Ff)) = Foo)(f)
because F f) € Sp(R?) is just another element in Sy(IRY). O

Later on we will discuss that Sp(R?) (and hence L'(R?) or M;(R%)) are w*-dense
in S;(R?). Hence we can approximate the (well defined) generalized function (or mild

distribution) approximately by computing ordinary Fourier transforms of nice functions
in SO (Rd)
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Abbildung 50: pwlinlnt02bdl.pdf:

Recovery from dense sampling. Top: one out of three, or three copies of the spectrum:

periodicity N/3, Below: coarse sampling, repetitions of spectrum are at risk of aliasing

errors.

34  wst-convergence

We have seen that various sequences (or more generally nets) are w*-convergent, such
as
wlim Dygp — g in My(RY),

because
Dyp(f) = p(Spef) = u(f), Vf € Co(R).

Clearly this implies w*-convergence in S; (we will describe it S; — w*-convergence, or
(Sy, w*) in the future). In fact, if one observes convergence for any f € Co(R?) it will
be particularly true for f € Sy(R?) C Cy(RY).

In certain cases the converse is true as well:

Lemma 54. Assume that a net (or just a sequence) (fa)aer is bounded in (My(R?), || - |laz,),
and (only) w*-convergent in the sense of Sy(RY), then it is also w*-convergent in the sen-
se of (My(R?), |- |lag,)- In fact, convergence for any set of vectors in (Co(R?), |- [|s)
whose closed linear span is dense in (Co(Rd), |- ||oo) implies w*-convergence in My(R?).

Probably the proof has been reproduced in a very similar form earlier.

Proof. Since it is clear that convergence for functions f = ky,...,k; is valid one also
has convergence for their finite linear combinations. Hence we can assume that . (k) —
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Abbildung 51: Shannonrecovl.pdf

pio(k) for all k from some dense subspace of (Cy(R?), |- [|e) (just think of k € C.(R?),
to have something concrete).

Assuming that ||ga]|a, < C < oo for all @ and that for a given function f € Cy(RY)
and £ > 0 one has found & from the dense subspace such that ||f — k||« < /(3C) we
apply our usual approximation trick;

10 (f) = 1o(N)] < lpa(f = F) + [1a (k) = po(R)[ + [uo(k — f)I.

We just have to observe that also, by the density of the subspace

lollag, = sup — [uo(k)],
kECe(RY), oo <1

but
|10(K)| = Tim [ (R)| < O]l = C.

Using the fact that (also for a = 0)
ok = )] < llpallag [k = fllo < C-€/(3C),

one only has to put things together in order to achieve: for a suitable choice of ag (ng
for sequences), such that |, (k) — po(k)| < e/3 for a = o one gets:

lta(f) = po(f)] <€, for a = ap.
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Abbildung 52: aliasingerrl.pdf: R

Effect of violation of strict band-limitness condition: spectrum f has Gaussian decay,
but it taken as a band-limited function and reconstructed from regular samples. Re-
construction error has a high frequency concentration at the boundaries of the assumed
frequency spectrum.

34.1 Uniform convergence over compact subsets

We have observed earlier that for any sequence zp in R with z; > 0 and lim,, .oz =0
one has
dop =w* — lim d,, but |0y, — dollag, = 2.
n—oo

Clearly w*-convergence in M,(R) implies S; — wst-convergence, hence also their
Fourier transforms, i.e. the sequence x_,, has to converge to F(dp) = 1 in the w*-sense.

fcompSOPwst| Lemma 55. Given a bounded sequence (hy,)i2, in (Cy(R?), ||« ||lsc), such for any (com-

pact set, say) ball Br(0) one has uniform convergence, i.e.

sup |hg(x) — ho(z)| = 0 for k — oo,
CCEBR(O)

then (viewed as sequence in Sy(R?)) one has

ho = Sy —w* — lim h,,.
n—oo

Proof. Since boundedness of (hy,) in (Cy(R?), || - [|o) implies boundedness in (S5(R?), || - || 1)
it is enough to check the claimed convergence for compactly supported elements k €
S,(RY) N C,(RY) = FL' N C.(R%). But for k € C,(R?) with supp(k) C Bg(0) it is clear
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that

/R () (o) — ho(a)d

< / k(@) [hn(2) — ho(z)|dz < gkl 1,
Bgr(0)

for n > ng (depending on € > 0). O

35 Rules for the generalized Fourier Transform

We have DEFINED the Fourier transform for o € S by the formula g (f) = o(f),f €S
We have established that this definition is compatible (consistent) with the definition
given for C,(R?) (or subsequently L'(R?)) via integrals, thus it is justified to call it the
extended Fourier transform.

There are many different ways to verify that this extended Fourier transform shares
all the properties of the ordinary Fourier transform as found in the books?’.

Let us first demonstrate that this defines an invertible linear mapping from Sj(R?)
into itself, with the inverse mapping being given by the (expected) formula. In order to
avoid confusion of symbols let us write for a moment fg_l for the generalized inverse
defined in the following way:

Fo @) =a(FHF), [e€ S (278)

The verification is actually a trivial one-line argument:

Fy (Fo)() = [FoF () = o(AF () = a(f), V€S

Also the corresponding concatenation Fo ]—";1 = Id is valid, so that the two mappings,
both of which are obviously linear and bounded, are inverse to each other. This ju-
stifies to use the single symbol F~' from now on, for both the ordinary (defined on
(L' N FL")(R%)) and the generalized /extended inverse Fourier transform.

Later on we will use a norm with the extra property that the (ordinary) Fourier is
isometric, i.e. satisfying

1Flls = I flls:  Vf € Sp(RY). (279)

In this case also the extended Fourier (and inverse Fourier) transform are isometric. In
fact, we have

[olls; = sup a(f) = sup |o(f)l= sup [o(f)] = llols,
s <1 s <1 Il <1

because f — f is surjective and ||]?||S0 < 1if and only if || f|ls, < 1.
We can also extend the involutions, such as f — f¥ to all of Sj(R?) (since Sy(R?) is
flip-invariant), simply by defining (as we know it already for measures) by

o (f)=a(f"), [€S.

290n the other hand we will describe later, that it can be viewed as the restriction of the theory of
Fourier transforms for the space of tempered distributions S'(R?), introduced by Laurent Schwartz [40],
because his space S(R?) of rapidly decreasing functions on R? is a dense subspace of (Sy(R?), ||| s,)-
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Of course (exercise) also the extended (inverse) Fourier transform is compatible with the
flip-operator, i.e. we have:

Ho')=[Fo)]", o€ (280)
The same is true for the pair of dilation operators, namely St, and D,, given by

[St,(0)I(f) = o(D,f) and  [Dy(0)](f) = a(St,f), p#0. (281)

Of course these operators are the unique w*w™-continuous operators which extend
the corresponding operators on Sy(R?) or My(R?). Thus (see SCRIPT) on has

[5(3)](f) = 0:(Dpf) = (Dpf)(2) = f(px) = 0pa(f). (282)

Specifically we can apply these operators to the Dirac comb LLI. Since St,(d,) = 9,
(the mass preserving dilation operator for discrete measures) we get:

Sty(LL) = Llyga = 3 Gppe (283)

This family of functionals (let us keep p € [1,00)) is uniformly bounded on Sy(R?)
(as it is easily seen from the proof that LLI € W (M, £>)(R%)! resp. the fact that the
compression operator D, acts non-expansively on (So(R?), | -|ls ). Just think of the
atomic characterization (note: for p > 1 the support size shrinks!), and use the fact that

Do (D7 = IFSG N rzr = ISt f Iz = 1/l = IFllzzes [ € Sorp >0 (284)

Given the boundedness of the family {St,(LL), p € [1,00)} inside of (Sj(R?), | - [Ig) it is
enough to check the behavior for p — oo on k € C.(R?) C W (R%):

We may assume that supp(k) C Bg(0), hence for sufficiently large (e.g. p > R) the
only point within supp(k) is 0, since pZ? N Br(0) = {0}. This implies that

Sty LLI(k) = Y k(pk) = k(0) = do(k),

and consequently
w*lim ,,0St, = do.

Since the Fourier transform is w*w*continuous the Fourier transforms have to tend
to 1, also in the Sj—w*-sense. We thus have

D, (LL) = F(St,(LL) — Fdo) = 1,

in the w*-sense.
While the St,-operator is mass preserving, mapping 6, to d,, without changing the

amplitudes, the D ,-operator is preserving the density, i.e. the integral (at last approxi-
mately) of k € C.(R?), with

[Dy(02)](f) 1= 0a(Stp(@)) = p~" f(x/p) = [p™0./] (f)-
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If we apply these measures we find that the expression [D,(LL)|(k) corresponds to a
Riemannian sum applied to k € C.(R?), which is thus convergent®® to

/Rd k(x)dx = /Rd 1 k(x)de = o1 (k),

as predicted by the above argument.

36 The embedding of Sy(R?) into S)(RY)

Most of the Banach spaces we need for our discussion of the Fourier transform or of

questions of time-frequency and in particular Gabor Analysis are sandwiched between
So(R?) and S)(RY), i.e. satisfy

(SB[ Is) = B.l-lz) = (SR |- ]s). (285)

In fact, any non-trivial Banach space which is a double module, i.e. which allows
L'RY*BCB and FL'(RY)-BCB

contains Sp(R?), because it can be shown to be the smallest among all the Banach spaces
with this double module structure®®.

It is not difficult to show that Sy(RY) is not dense in Sj(R?). We may consider a
Dirac comb as element of Sj(R) which cannot be approximated (in the norm of Sj(R))
by elements of S;(IR%). Essentially one can use (to come) the characterization of the
norm closure of Sy(R?) within (Sj(R?), || - ||s;) as the set of all elements from Sj(R?)

with a STFT in Co(R¢ x R%). This will be discussed later on.
However we have a positive statement concerning the w*-density of Sp(R?) in Sj(R9).
This can be done using the (very useful) relationships:

(Sp(R) * So(RY)) - Sy(RY) € Sp(RY) and  (SH(R?) - Sy(R?)) * Sy(R7) € Sp(R),

which will be discussed later, but require a characterization of Sj(R?) as Wiener amalgam
space W (FL™,£>)(R%) and convolution relations between general Wiener amalgams.
Instead we do some thing more simple:

Lemma 56.
Si(RY) « So(RT) € Cwp(RY)  and o * flloo < llollg; I f]ls, - (286)

Proof. We just have to recall that (as for the pairing (Co(R?), My(R?))) the convo-
lution can be expressed in a pointwise sense and that translation is continuous in
(So(RY), || - ||s,)- In fact So(R?) * S5(R?) L' (R) x Sj(RY) € M,(R?) x Sj(R?) (together
with corresponding norm esimates) follows from the fact that M (R?)*Sy(R?) C Sy(R?),
using the adjointness argument.

30We use the symbol 1 for the constant function taking the value 1 for any z € R?.
31To be explained in the SCRIPT, we do not provide a proof here, this is just for the orientation of
the reader.
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That the abstract definition, defined via
pxo(f)=o(p’ xf), feES8y puec MR,
coincides with the direct, pointwise definition for p = ., k € Sp(R?), namely the equality
W * 0 =0y, With h =k x*p, 0

given in a pointwise sense as

k¥pwo(y) = o(T,k"), k € Sy(RY), 0 € S}, (287)
S0SQP
is established in analogy to the proof for Cy(RY) * My(R?). It is then clear from ("ZS?% :

that we have
|k tpw o ()] < lollslEls,
and consequently
b0 lloe < llollsllElls,, S € So,0 € 5,

and finally, using the fact that convolution commutes with translation:
‘|Ti(k*pw0)1_ k0 || oo < ||UHS(§HTzk —klls, =0
ALY
for z — 0 (see Prop. 11 il%ﬁrﬁssestablishing the (uniform) continuity of k0. O
Lemma 57. Given 0 € S, € >0 and f1,..., fr in So(R?) there exists py such that for
p € (0, po] one has (writing g, = St,go and g” = D,g):
[[([ox gpl - 97) % gpl (fx) —o(fu)l <&, fork=1,.. L. (283)
(Cup(RY) - SH(RY)) * Sp(RY) € W(R?) x Sp(R?Y) € L' (RY) x So(R?) C Sp(RY)  (289)
implies that So(R?) is w*-dense in Sy(R?).
Proof. We do not carry out all the details, but just recall that each of the functions
g, and g” is even, n and that the family g, = St,go is a bounded approximate unit in
(L' (R?), |- |l1), acting in the expected way on Sy(R?), and g” is a bounded approximate
unit in (FL'(R?), ||+ || zg1), for p — 0.
Further more we use the relations which hold for 7 € Sj(R?), f € Sy(R%):
(7% gpl(f) =7(gpx f), and [r-g"}(f)=7(9”"f).

So we can apply the Lemma on iterated approximations, i.e. Lemma 29 from the
SCRIPT (doublenet), using 7,,: f + f*g, and S, : f +— f-D,go (p.47).

Just to indicate the first iteration, the approximation of o(f) by functions of the
form [g” - (g, * 0)](f). Without loss of generality (by rescaling) we may assume that
lofls; = 1.

We have, by the usual splitting trick applied to any f = f:

lg” - (g * O(f) —a(f)l = lolg, = (9” - f) = [l < llolsllgp = (9” - ) = flls,,  (290)

but the last term can be estimated as

lgp* (9" ) = fllss < lgp* (9” - f = Fllso + llgo * f = flls

which in turn can be estimated by the following term, since ||g,||;: = 1:

1g” = Nllsy + llgp = f = flls < 2e,
for p € (0, po), for f = fx, k=1,..., L and py properly chosen. ]
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Remark 29. The first expression in (E%%%%%e interpreted in two ways. Formally it is
the application of a mild distributions on each f;, but the point of the argument is the
fact that this mild distribution can be represented by an element from Sy(R?) (even a
compactly supported one) namely h = ([0 * g,] - g°) x g, € Sp(R?), in the usual way, as

f — H’h fRd d'x
Lemma 58. The finite discrete measures are w*—dense in Sp(RY).

Proof. Given o € S)(RY), fi,..., fr. € Sp(R?) and £ > 0 one has to find some discrete,
finite measure v € My(R?) such that

lo(f;) —v(fi)l <e,

We know already that Sp(RY) C L'(RY) € M, (R?) is w*~dense in Sj(R?). Since the
compactly supported elements of So(R?) are dense in (Sy(R%),]|-||s) it is enough to
show that any k € C.(R?Y) (or C.(R%) N Sy(RY)) can be approximated in the w*—sense
by a finite discrete measure. But we know that the Dy-operator does exactly this (even
with respect to any f € Cy(R?), not only f € Sy(RY)).

A combination of these facts completes the argument. We plan to provide more
details sep teenlé/e?&t encourage the reader to fill in the details, starting from the proof
of Lemma %3 0111006

In fact, we have by formula (b%f)l)_oﬁserved that for any g € Sy(R?) with g(0) = 1
and g(0) = 1 one has

1,...L. (291)

lg”- (gp * fi = f)llsy <& 1., L,

for pE (O,PO]
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If we choose ¢ to have compact support the resulting function k = g”- (g, * o) belongs
to C.(R%). By using the properties of the Dy-operator we find that

|(Dw ) (fie) = pu(fi)] = 0, for diam(¥) — 0,

(which is essentially a statement that [, fi(2)k(x)dz can be approximated by finite
Riemannian sums).
Combining these facts we obtain

lo(fr) — Dupr(fi)| <3¢, 1,..., L,

which implies that the given mild distribution o € Sj can be approximated by the action
of some finite discrete measure, i.e. that finite discrete measures are w*—dense in S;(R?).
O

Remark 30. There is an abstract, functional analytic argument for this situation. Given
the dual space (B, || -||g’) of some Banach space, we have:

The w*-closed linear span (i.e. the w*-closure of the linear span, which is then the
smallest, w*-closed subspace) of a given set M C B’ is all of B’ (resp. the subspace of
all finite linear combinations of the form Zszl cxmy, is w*-dense in B') if (and only of)
o(f) =0 for any 0 € M implies already f =0

For our case the family M = {4,z € R?} can be used, for (B, ||-|8) = (So(R%), || - ||s,)-

Clearly 0,(f) = 0 for all x € R? implies of course that f = 0. However, this argument
is non-constructive, while our proof provides a specific recipe (even a linear mapping)
from S;(R?) to the required subset or subspace. For the case of the target space Sy(R?)
(our first statement) this is a procedure called reqularization.

We can even combine the last two observations and show that the discrete and

periodic measures (which belong to W* and hence to Sj(R?)) are w*—dense in S;(R?).

Lemma 59. Given o € S;(RY), a finite set fi,..., f1 in So(R?) and ¢ > 0, there exists
some discrete and periodic measure v such that

(o) —o(fi) <& 1,.., L. (292)

Proof. We just provide the key argument. By the boundedness of the approximation
procedure so far we can even verify the boundedness of the family LU, % Dy (), for
a > 1. Given this we observe that it is enough to give a detailed proof under the
additional assumption that fi,..., f; are all supported in Bg(0) for some R > 0. But
in this case (given the joint compactness of the supports of all the discrete measures
Dy (pux) for k € C.(R?), for |[¥| < 1) we can replicate (translates of)Dy(uy) outside of
Bgr(0) such that one has in fact:

(Lo * Dy (pe)](f5) = Dw(ue)(f5), 1,..., L.
L]

We have used the argument, that for any u € M,(R?) the family of periodic measures
is uniformly bounded in W*(R%)

{ Wo s pla=>1}
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is bounded in W*(R%). For the atoms u; € My(R?) this is easy to verify, because for
a large enough the ak-translates are living on disjoint cubes and therefore the action on
atoms for W (R?) is uniformly bounded (Details may be cumbersome).

Remark 31. Note that we did not say that the space of periodic and discrete measures is
w*—dense in S;. In fact, this is just a subset of Sj(IR?), but not a subspace, since clearly
the sum of two such measures, say L1l; and LLI 3, is a discrete measure on R?, in fact
an element of W*(R?), but not a periodic one.

37 Uniqueness of the extended Fourier transform

The fact, that Sy(RY) is w*—dense in S)(R%)can be used in order to demonstrate that

the extended Fourier transform, defined as a(f) = o(f), f € Sy is the unique extension
of the ordinary Fourier transform (defined on Sp(R?) via Riemann integrals:

Theorem 13. The definition of the extended Fourier transform, via the formula

-~

a(f)=0o(f).f €S

15 equivalent to the following description:
Given any sequence (f,)°2; in So(R?), such that

o =w"-lim,_,.0y,,

the sequence (ﬁl);";l is also w*—convergent and its limit equals 7 € SH(RY).
Thus the extended F'T is the unique w*w*-continuous extension of the ordinary Fou-
rier transform mapping So(R?) into itself.

There are now many other characterizations of the extended Fourier transform. We
know already, that it maps Dirac measures to pure frequencies and vice versa, since
F6,) = x_o and Fx,) = 0, for z,s € R%

Thus we have another uniqueness result:

Theorem 14. The extended Fourier transform F is the unique, w*w*-continuous linear
mapping Sy(R?) — S)(R?) which maps xs to &, respectively which maps 5, to X_.

Proof. We know that the extended Fourier transform has these mapping properties. It
is also w*w™continuous .

In order to verify the uniqueness under these circumstances it is enough to verify
that the discrete measures are w*—dense in Sj(RY). By the symmetry of the Fourier
(and inverse) FT this implies (and is equivalent) to the fact that the trigonometric

polynomials are also w*—dense in Sé(g&gginsop
above.

This has been observed in lemma O

Finally let us discuss the action of the extended Fourier transformh Sj(R?) — S;(R?)
by clarifying the role of discrete and periodic measures. To make sure what we mean:
these are measures obtained by periodization of discrete measures, linear functionals on

v € Sj(RY) with the property that (for any BUPU W) one has vy, € My(R?), for any
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i € I. Equivalently we can say: v¢ € My(R?), for any ¢ € C.(R?) (so locally it is just a
discrete measures).
Recall that o € Sj called A-periodic, if one has

Tho =0, ie o(T_\f)=o0c(f), YAEA f€ES.

38 Sampling and Periodization

The observation made by a simple MATLAB experiment that sampling of a signal
corresponds to periodization on the Fourier transform side (also easily explained by the
fact that a polymial of the form

p(z) = ay + apz® + aza® + aya’

3

can be of course described by a substitution y = z° as a cubic polynomial

q(y) =ay + a2y + a3y2 + a4y3.

For a signal length n which has 3 as a divisor, say n = 12, for simple explanation, one
has to evaluate that cubic polynomial at the unit roots of order 12, but taking the third
power, so we get three copies of Uy, and this explains the replication of the (short, length
4) spectrum (more explanations about the DFT and the evaluation of polynomials at
unit roots of order n to be given later on).

Let us state one of the important consequences of Poisson’s formula for the case
A <R (ie. for d =1):

Proposition 16. Given f € Sy(R?) we have v := f - LI =, , h(k)d, € My(R). It
has a Fourier transform is a Z-periodic function, which can be described as LLI* f. In

short R
F(f L) =f*L, feS.

In a similar way the periodized version of f is a periodic function whose Fourier
coefficients are just the samples of f, or in short

F(f+wy=f-11, fes,.

By combining this result, also with dilations, and choosing the sampling rate b > a
of the form b = a/n for some n € N we get:

Corollary 9. and putting c = 1/b,d = 1/a we have, up to the constant C == ?2?

o~

Al * (L - f)) = €'+ (LWg * (L - f)),  f € So. (293)

The resulting discrete measure/distribution on the time-side is a-periodic and supported
on bZ, while the Fourier transform in the sense of Sy(R%)(!) is d-periodic and supported
on dZ, i.e. the support of the FT is the orthogonal lattice of the sampling lattice bZ and
the periodicity on the F'T side is the orthogonal lattice to the sampling lattice bZ on the
time side (and vice versa).
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Remark 32. There is also a kind of converse of the last statement in the corollary. Any
such periodic discrete measure (either on the time side or on the frequency side) is
created in this way. We just have to start with a piecewise linear function taking the
correct values at the points 0,1/b,...(n — 1)/b (with n/b = a).
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39 The DFT derived from the FT for S)(R?)

Let us now show that the DFT (usually implemented as FFT) can be described as the
realization of the extended Fourier transform, applied to periodic and discrete signals,
i.e. series of Dirac measures with amplitudes (real or complex) repeated in a regular
manner, i.e. along a lattice. This argument can be applied for any two lattices in R,
with Ay being a fine lattice (carrying the discrete signal), which is periodic with respect
to some sublattice A <1 Ay.

Since any lattice Ag is of the form Ay = A * Z? < R? we can always assume that
Ay = Z% and thus A = B * Z¢, for some (other) non-singular matrix (for the general
case we assume that (A~ x B) * Z¢ < Z4).

We will explain the general idea by choosing Ag = Z and A = NZ<, for N € N.

An N-periodic signal (ay)gez has the property that ag,n = ay for all k € Z, and
hence it is enough to know the coefficients a = [ag, ay, ...an_1] € CN.

In fact, let us write LLIy for the Dirac Comb supported by NZ, resp. the sequence
which represents the unit vector ey € CV. Then we can write the given N-periodic
sequence as a finite linear combinations of shifted Dirac-Combs:

N—1

(ak)rez = Z a; T3LLN (294)

J=0

According to the general rules for the extended Fourier transform (as for the usual one)
a shift goes over to a modulation by a pure frequency, i.e.

HT3LN) = x—j - Fn) = x—j - (1/N)Llhyy = exp(=2mij /N)(1/N)LLyn.  (295)

By summation over j = 0,..., N — 1 we get, using x_;(k/N) = e~ 27k/N;
| Nl N-1
f((ck)kGZ) = N Z CLj@iQmj(k/N)(sk/N = Z blﬂ/NLu. (296)
j=0 =0

Clearly any of these expressions is Z-periodic (because the original measure was located
over integer points), and therefore a shift by N steps of size 1/N brings the Fourier
transform back to the original value. We thus only have to determine the first N co-
efficients which arise in the Fourier representation, and it turns out that these
coefficients, let us call the b = [by, b, ...,by_1] are exactly the DFT values of
the original sequence a € CV . It can also be interpreted as the values of the po-
lynomial with the coefficient sequence a (described in the monomial basis in increasing

order, i.e. 1,z,22,..2V71), evaluated over the unit roots of order NN, starting at 1 = w?,
in the clockwise sense:

N-1
bp = a;e N 1<kE<N-1 (297)
j=0

For the more general situation of a discrete signal supported on a lattice of the
form aZ?, but periodic with respect to a coarser lattice SZ? = aNZ?, one finds that
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the Fourier transform is supported by the lattice (1/58)Z? and periodic with respect to
(1/a)Z% = N(1/8)Z¢, the orthogonal lattices.

We suggest that the reader tries to do some MATLAB experiment in order to get a
more intuitive understanding of the situation.
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Abbildung 54: DiracCombs2.pdf

39.1 BUPUs and interpolators

We have used already many times regular BUPUs, i.e. (well localized) partitions of unity
consisting of translates of a given function ¢ € FL'(RY) N C.(R?). Again, let us just
discuss the case d = 1 and A = Z = A+ <R, using FLLJ) = LLI.

Lemma 60. Let 1) € Sy(R) be given, with compact support®. Then (Y)rez constitutes
a reqular BUPUSs if and only if 1 has the interpolatory property:

V(j) =dos, de: P(0) =1 and $(j) = 0 for j € Z)\ {0}. (298)

Proof. While the BUPU property is equivalent to the condition

Ly =Y T =1, (299)

keZ
it is also equivalent via the Fourier transform side to

do=F1) = F(Wxv) =0 =10 =Y (k)& € My(R).  (300)

kEZ

82This condition is the same as assuming: 1) € C,(R%) with ¢ € L*(R).
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Comparing coefficients of these two di%qﬁ;[}gog&?a%%%% O(gggp. writing dp = 1 - dg + 0) we
observe the equivalence of conditions (299) and (300). O

Remark 33. We have seen interesting examples already of this kind, i.e. ¢ = A, with
1) = SINC? (clearly interpolating). This property has been used in the proof of Poisson’s
formula.

FUTURE MATERIAL. HGFEI

The cubic-B-spline generate the space of cubic spline functions, but they are not
interpolating (only A has this property, but not any higher order B-spline). These func-
tions are cubic polynomials over the intervals [n,n+ 1],n € Z, are continuous, and have
continuous first and second order derivatives.

The idea of finding the (unique) interpolatory cubic spline is inspired by the idea of
turning, on the Fourier transform side, the non-perfect BUPU into perfect BUPU by
applying a division process:

Looking at the Fourier transform ... to be continued. (04.11).

39.2 PREVIEW: The Banach GELFAND TRIPLE

THE Banach Gelfand Triple

Abbildung 55: BanGelTrip.jpg:

The simple world of the BANACH GELFAND TRIPLE, just consisting of the Segal
algebra Sy(IR?) as a space of “nice test functions” and the dual space, as ambient vector
space of “mild distributions”, containing everything which is needed for a discussion of
digital signal processing, and finally, in the middle, sandwiched by the two, the most

beautiful Hilbert space (L*(R?), |- [|2).
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40 FFT for periodic discrete measures

There are many reasons, why w*-convergence is important and already implicitly used in
many contexts and heuristic derivations are turned into solid, mathematical statements.
Just to warm up let us consider a few concrete/easy examples, keeping in mind that

Sto(L) =W = Y b, (301)

kezd

is the “mass preserving” method of dilating functions resp. measures (point measures
stay point measures and just the underlying points are moved, here from k to ak). The ar-
gument is clear, once we know that the (pre-)ajoint operator on (W (Cp, £')(RY), || - [|w),
namely the operator D,, is uniformly bounded, hence the operators St,, a >D]a are Prgj—
formly bounded in the range of parameters a € [1,00) (compare Lemmaﬁm
arguments).

Thus it is enough to observe that LU, (f) = f(0) for all sufficiently large values of «,
if f e Sy(RY) N C.(RY), resp. f € FL'(R?) N C.(R?). Hence we have shown:

Lemma 61.
w™-lim ool Ly = g, (302)
or equivalently

lim Y f(ak) = f(0), for feW(Co€)(R?).

kezd

This statement is also interesting by comparison with the domain Cy(R?). Note
that for any a > 0 the discrete (translation-bounded) measure LLI, is unbounded on
(Co(RY), || - ||lsc) (obviously), hence it only makes sense to speak of w*-convergence wi-
thin the (W (Cy, £'), W (M, £>°))—duality.

dilateshahl

On the other hand the continuous embedding (Sy(R?), || - ||s,) = (W (Co, £")(R?), || - [ w)

implies that in particular the convergence takes place in Sj(R?), endowed with the
wst—topology (i.e. in the o(Sy, Sp)-topology).
Since the Fourier transform of a qistribution of the form St,o is just D,o we obtain
stretchshah
as a corollary to Lemma 61:

Lemma 62.
b-LLly, —1 in thew* — topology, for b— 0.

In fact, the result can be restated in the following sense. For f € W (Cp, £')(R?), i.e. a
continuous function which is absolutely R-integrable, the Riemannian sums are actually
convergent to the R-integral (or the Lebesgue integral) of the given test function f, as the

"step-width” of the R-sums tends to 0, so it is again in the (W (Cy, £'), W (M, £°))—duality

sense.
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41 Approximating different settings

w -dense subsets

Abbildung 56: SOPwst2.jpg:Different w*—dense subsets of Sj(R?).

We have now established that four quite different subsets of Sj(R9) are in fact w*-
dense in S)(R?). Each of these sets has a specific realization of the Fourier transform

1. For the “nice” subalgebra (So(IR?), | - ||s,) this is course the classical Fourier trans-

form (which can be written as integral expression, using Riemann integral, and
which also allows the pointwise recovery of f from f via the Fourier inversion
formula).

. For discrete, non-periodic measure we just have to apply Fourier synthesis, which

maps discrete measures into trigonometric polynomials, or £'(Z) into the space of
absolutely convergent Fourier series, which can be identified with Wiener’s algebra
(another Wiener algebra) (A(T), | -|/4), with the £'-norm.

. The Fourier image of discrete measures, say from £2(Z), we get L*(T), the classical

space of square-integrable aZ?-periodic functions. This is a Hilbert space with
respect to the norm obtained from the scalar product

(f,9)L2 = f(z)g(x)dz.

[0,a]¢

. For periodic and discrete measures we have the DFT/FFT algorithm in order to

determine the Fourier transform, which is then a discrete and periodic (which is
also periodic and discrete) measure on the Fourier domain. r
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First we claim that f € Sy(R?) can be “approximated by periodic versions”:
f=wtlimg o f* L, Vf € SyRY. (303)

and consequently the same is true the Fourier transform side, i.e. approximation of
f € So(R?) C M,(RY) by discrete measure concentrated on a lattice:

f=wtlimy,o (b-LU,- f), Vf € Sy(RY). (304)

The interpretation is the following. Choosing e.g. b = 27" for n — co one can consider
the values of the Fourier coefficients of the periodic functions f * LLls» (up to the nor-
malization factor) as the amplitudes of the sequence of d—distributions on the integer
lattice 27"Z.

In this sense the non-periodic case is the limit of the a-periodic cases, for a — oc.

On the other hand, we have seen how to approximate the continuous case by spline-
type approximations (o d Oc}iscrete measures). It is important to have the following
(non-trivial) result (see i /] ;

Lemma 63.
For any f € So(RY) : ||Spyf — flls, =0 for |¥|— 0.
By taking the adjoint operators on (Sj(R?), || - ||g;) on derives:

Lemma 64.
o =w*limg50Dyo ¥V o€ S,

‘pertononperl

‘pertononperlf

and consequently any o € S}, can be approzimated (in the w*-sense) by discrete (translation-

bounded) measures® of the form Dy () = >, cpa 0 (Vi) ok

There are also ways to “come back” from the discrete/periodized version of a test
function to the test function itself. So first it is enough to check that it is possible to
extract f € Sy(R?Y) from its a-periodized versions (for large a > 0). Since periodization
of a function f corresponds to sampling of f on its (inverse) Fourier transform side, it is
enough to show that a good approximate reconstruction can be obtain from a sufficiently
dense sampling sequence ( [17]):

Theorem 15. For f € Sy(R?) one has for b= 1/a,a — 0:
If = (Wa - f)* DyAllsy@) — 0.

Remark 34. An equivalent view on the above lemma (moving the normalization constant
between the factors appropriately, and writing St, as a='Dj, (?,check) describes the
situation by

(Db|_|_J' f) * StbA — (1 . f) * 50 = f IDSO(R)

The PROOF of the above is highly non-trivial (although the fact is very conveniently
used ), based on properties of Wiener amalgam spaces.

The (approximate) recovery of f € Sy(R?) from any periodized version, in fact from
f L}, for A = A% Z% A a dilation matrix, can be obtained by localization. The only
property needed required is that one multiplies with a function, which is a Lagrange

interpolator in Sp(R?), (h(0) = 1,h(N) =0 for X # 0).

33This family is bounded in the W (M, £>)-sense if and only if o € W (M, £°)(R?).
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Lemma 65. For any compact set M C R? (e.g. M = Bg(0)) the restriction of J{Sy(R?))
coincides with FL'(RY) resp. F{M,(R?)).

This results follows from the fact that M (R?) x Sy(R?) C Sp(R?) and the existence
of smooth plateau functions in Sy(R?) = F(Sy(R?)).
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42 The Hilbert space (LQ(Rd), - 12)

Let us now come to the introduction (“our own way”) of the Hilbert space (L*(R?), | -|J2),
which is a Banach space with respect to the scalar product

bz = [ F050, f.g € C(RY (305
R4
which turns C.(R?) into a normed space with respect to the associated norm

1fllz2 == V{f, Fh (306)

The Cauchy-Schwarz inequality

(£, ghszqan] < 1/ z2lgl (307)

implies that the triangle inequality is is valid:

If+ gl < fllg2 + lgllgz,  fr9 € C(RY). (308)

By a standard construction in functional analysis one can embed C.(R?) into a Ba-
nach space, in fact even a Hilbert space with the extended scalar product (by applying the
principle of bounded bilinear mappings) to a space which is denoted by (LZ(Rd), |- Hg)
(we write L*-FA version). This procedure is considering the vector space of equivalence
classes of Cauchy sequences [(fn)n>1] in C.(RY). Two Cauchy sequences (f,),>1 and
(gn)n>1 are called equivalent (w.r.t. the L*-norm) if they have almost in-distinguishable
tails (verbal description), or technically speaking, if

Ve >03dn, € N such that n,m >n, = ||fn — gmllz2 < e. (309)

We use square brackets to denote the equivalence classes, i.e. the elements of the com-
pletion of (C.(RY), || - ||2).
Endowed with the norm (shown to work well)

1zl o= Timm | o 2 (310)

it is a complete normed space (hence Banach space), with a norm derived from the (ex-

tended) scalar product, i.e. it is a Hilbert space (we do not give the axiomatic description
here).
It is an easy exercise to verify that one has, by the density of FL'NC,(R?) in C.(R?):

Lemma 66. L*-FA coincides with the completion of (FL' N C.(RY), | - ||2).

Proof. This is a well known fact from functional analysis, but can be explained in simple
words: Any equivalence class [(f,,)] has a representative (g, ) inside of the dense subspace
FL' N C.(RY). Just choose any g, in this subspace with ||g, — fu|/z2 < 1/n, n > 1 and
check for equivalence. O
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There is the alternative to describe (L*(R?), ||-||l2) as the space of (equivalence
classes) of measurable functions which are square integrable over R? with respect to
the Lebesgue measure. Here equivalence of to such measurable function refers to the to
condition

f(z) = g(x)a.e. (almost everywhere), (311)

ie.
{z| f(z) # g(x)} is a set of Lebesgue measure zero. (312)

To be on the save side: A set N C R?is a set of measure zero if for every ¢ > 0 there exists
a sequence of cubes (of different size and position) @y of total volume > 7, Vol(Qy) < ¢
such that N C [J.2, Q-

The Lebesgue approach to (L*(R?), ||-||2) is given as follows:

Definition 13.

1/2
DY Lebi= {f|Ifle = ( [ 1f@F) < oo} (313)

Using the arguments from measure theory one show that the measurable step functi-
ons and from there in fact the space of continuous functions with compact support form
a dense subspace of the Hilbert space (L*(R?), || -2). In this way the space is isometri-
cally isomorphic to the completion L? — F A described above, i.e. all the properties of
the corresponding Hilbert space are exactly the same, so that one can identify one with
the other, actually in the same way as the Lebesgue space L'(R?) can be viewed as a
closed subspace of My(R?) (by the usual identification g — p,), but now realized with
respect to the Lebesgue integral.

Just recall that we have (only measurable functions are considered): by the Lebesgue
approach to (Ll(Rd), |- H1) is given as follows:

Definition 14.
D)~ Leb = (£ 11l = ( [ 1£0)]) < o0 (314)

Within a distributional setting we have another (also equivalent) criterion (which is
easily verified in the context of a measure theory course, we just provide the statement
to proved some form of understanding for the logical connections):

Lemma 67. Assume that we have g,h € L'(R?) + L*(R?) (i.e. g = g1 + go, with
g1 € LY(RY) and g, € L*(RY), same for h) are given, such that the induced functionals
os and oy, coincide, i.e. with

» f(@)g(x)de = » f@)h(x)de, [ e S (315)

 vsigfh
if and only if g(x) = h(z) a.e.. In fact, it is enough to have (el?i%l?vsf;r any dense subspace
of (So(RY), |- ||s,), e-g. for f € C.(R?) N FL'(R?).
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43  L*(RY) as part of a Banach Gelfand Triple

The Cauchy-Schwarz inequality, formulated in the context of Lebesgue integration theo-
ry, tells us that we have

[ r@la@ide < [fllle .9 € PR, (316

This implies:
Proposition 17. We have a continuous chain of embeddings
(So(RY). [[ - ls) = L*— Leb = (SH(R), || - |sy): (317)

with density in the first place and w*-density for the second part of the continuous em-
bedding.

Proof. We know that (So(R?), || - | ) is continuously embedded into both (L*(R?), || - ||1)
and (W(R?), || [lw) < (Co(R?), ||||). Hence it is clear (using Riemann integrals)
that we have (in fact even for f € W (R?)):

(I1fllz2)* = /Rd F@)) < f il flle < CPllflls”, f € So(RY), (318)
for some positive constant C' > 0, so that we get the required estimate

Iflle> < Cllfllsy, S € So, (319)

providing the first part of the chain of continuous embeddings.
The igggr& Lone stems from the fact that we can employ the CS-inequality in the

form of ( in order to find that on has for g € L* — Leb
0Nl =| [ f@a@a] < [ 5@ lolds < Clalll s, £ S (320
and by consequence that we can estimate the norm of o, in (Sj(R?), || - |s;) by
logllsy < Cllgllgz, g € L*— Leb. (321)

]

For us this last chain of embeddings will be a motivation to introduce
L*(RY) as a subspace of S)(RY), in order to establish the Banach Gelfand
Triple (S;, L?, S;)(RY).
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43.1 L*(R?) as space of mild distributions

Motivated by the above results found in the literature we provide a new, but equivalent
definition of (L*(R?), ||-||2), as a subspace of Sj(R?):

Definition 15.

L*(RY) := {0 € S}(R?) | o = w*=1lim,, f, for some CS(f,)>2;in So(R?) w.r.t.| -2}
(322)
We will use the symbol L? — SOP(R?) for a while. As a natural norm we can take

lollzz = llollza—sop = Tm 72, [| full 22 (323)

In this way it is clear that we have a well defined subspace of mild distributions
L? — SOP which is however “the same space” that we have considered in the previous
proposition (where we see how to view L? — Leb as a subspace of Sj(R?)).

The advantage of our approach is that we avoid the discussion of equivalence classes,
but have right away explicit identification of the given element of L* with mild distribu-
tions, i.e. with elements of Sy(R%).

2 . . tSO0Pnorm
Theorem 16. The space L~ — SOP with the norm given by the norm (%237 15 a Hilbert
space, continuously embedded into (Sy(R?), || - |sy), which is isometrically isomorphic to
L?— Leb (and thus to L* — FA).

Proof. There are a couple of things to be done, mostly involving standard considerations
in the context of functional analysis. We are only giving some indications of what has
to be done.

First of all we observe that the CS-inequality implies that for each Cauchy-sequence
(fn)22; in Sp(R?) (with respect to || -||2!) the corresponding functionals o, produce
Cauchy-sequences in C for every f € Sy(R?), and thus o(f) := lim, 0.0y, (f) is a well
defined linear functional on (Sp(R%), || ||s,). Since any Cauchy sequence with respect to
the || - [[o-norm is of course bounded with respect to this norm and hence bounded in the
(So(R?), || - [Ig;)-sense one even finds an estimate, namely

(A < Cllflls, | € So(RY).
LtS0Pdef
Thus the definition It5 1S rﬁeaningful.

That the norm is well defined, because the Cauchy condition on the sequence (f,)
implies that (|| fn|lz2)5, is a Cauchy sequence in R (having a well defined limit in R):

I fallzz = [[fmllzel < W fn = frnllgz = 0 for n,m — oo, (324)
[l

The completeness is a bit more cumbersome but can be verified by elementary means,
namely by showing that absolutely convergent sums define an element in L*— SOP
together with the expected norm estimate, valid for and ¢ > 0:

o0
o]l 2—sop < Z low]lL2—sop + €
k=1
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Ltir?éhg continuous chain of inclusions is then shown in a similar way as in proposition
m slightly modified arguments.

That each L*-Cauchy sequence in Sy(R%) has a well defined limit in L*— Leb is
clear. Conversely, we can obtain for each f € L*— Leb some L? — Leb-Cauchy-sequence
in Sy(R?) by approximating f by an expression of the form (f - D,h) * St,g, for suita-
bly normalized functions h,g € C.(RY) N Sy(RY) with h(0) = 1 and §(0) = 1, and p
sufficiently small.

In fact, by the Cauchy Schwartz inequality we have f-D,) C L*— Leb-L?>— Leb C
L' — Leb, and thus (f - D,h) * g € L'(R?Y) x S5(R?) C Sy(R?).

The convergence (hence to possibility of producing a Cauchy sequence comes from
the fact that we have for f € L*— Leb:

\f —f-Dyh|lgz =0 for p—0,if h(0) =1, (325)
and the corresponding statement for convolutions
\f — f*Stygllpz—0 for p—0,if g(0) =1 (326)

: : d d 0
Thus.. by choosing any such pair g, h € ('Z’C.(R ) [ 3(RY) and any sequence (pn)n':l we
obtain a CS-sequence as required by definition [T, which then of course (in the setting of
L*— Leb s, ideptified with f € L? — Leb, while it is identified with o € S (according
to Prop. T7) otherwise.

The fac’F that this identiﬁ'ce‘xtion 'is an isometr't(;C S%ggeifs easily verified. Thus we can
continue with the new definition given in Def. 5. 1f 1s also true that the chain of
embeddings can be verified (more or less by the same arguments, just restricting the
estimates to the elements of the approximating Cauchy-sequences and then going to the
limit. Thus, also for the new (but equivalent) definition of L*(R?) we have

Lemma 68. We have the following chain of inclusion:

(So(RY), || [ls,) = (L% = SOP, ||+ [|p2-s0p) = (So(R), || - Il)-

DrhoLtLebl

DrhoLtLeb2

From now on we will again abolish the attached symbols, like SOP, FA, or Leb,

and just talk about (L*(RY), | -|2)
Based on this chain of inclusions we will introduce the following terminology:

Definition 16. The triple (Sy, L*, S})(RY) will be called THE Banach Celfand Triple
(based on (So(R%), || - [Is))-

It is THE BGTr which is relevant for Fourier Analysis. Clearly it is a triple of Banach
spaces forming a natural chain of inclusions, but there are many more such triples in
the literature, which motivates the following more general definition:
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44  Banach Gelfand Triples

The goal is to simplify the situation for a discussion of the Fourier transform.

THE Banach Gelfand Triple

Abbildung 58: BanGelTrip.jpg:

The simple world of the BANACH GELFAND TRIPLE, just consisting of the Segal
algebra Sy(IR?) as a space of “nice test functions” and the dual space, as ambient vector
space of “mild distributions”, containing everything which is needed for a discussion of
digital signal processing, and finally, in the middle, sandwiched by the two, the most
beautiful Hilbert space (L*(R), |- [|2)-

DEFINITION: Banach Gelfand Triple
There is quite a large number of talks by the author reporting on the idea of Banach
Gelfand Triples, see

www.nuhag.eu/talks

The access to the talks there is possible using the username “visitor” and the access code
“nuhagtalks”. Please contact the author if there is problem to access the talks there.

One can also load several “topical queries” e.g. about Banach Gelfand Triples, Con-
ceptual Harmonic Analysis or Banach Gelfand Triples.
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45 Discrete/continuous norms on Wiener amalgams

Let us try to give a short explanation for the various characterizations of Sy(R?) (in-
troduced as Wiener amalgam space (W (FL', £')(R%), || - lw (L1 e1y), via BUPUs). With
the help of the atomic characterization Ref. WAliatomicl we have seen that different
(regular, and in fact even non-regular) BUPUs (in FL'(R?)) define the same space with
equivalent norms.

The advantage of the atomic norm provided by Ref. atomicnorms is another equi-
valent norm with the advantage of providing a norm which is not only isometrically
inwvariant under modulations but also under translations,i.e. satisfying

HMsT;ffHatom = Hf”atoma f € ‘S’Oa ta s € ]Rd' (327)

We are going to discuss the more elegant and widely used alternative description
of alternative norms using a continuous control function using any non-zero function®?

¢ € FL'(R%) N C.(R%):
K(f)(2) = K(f, 6, FL)(2) == || - ool 1. (328)

We are going to prove the following lemma, already stated earlier without proof,
having A = FL' in mind:

Lemma 69. For each non-zero ¢ € AN C.(R?) the expression®

If W (A, L)

oot = [ w(F,0, A)(2)dz (329)
R

defines an equivalent norm on W (A, £)(R?), and f € A belongs to W (A, £)(R?) if

and only if this expression is finite.

Proof. First, &eo}%%éfeefto show that we can estimate the “continuous norm”, i.e. the

C
expression (}32923, for any f € W (A, £"), up to some constant.
We have assumed that K = supp(¢) is a compact set. Writing Q = [0, 1]¢ we can

split R? into a union of cubes of the form k + Q, k € Z¢. Hence one has for z € k + Q
supp(T,¢) = (2 + K) Ck+ (K + Q). (330)

If we take the partial sum of the BUPU }_, . 1y such that

O(x) = Z Tr(z) =1 overK + @Q,

kezd

and consequently one has

T.6 = (T1®) - (T.¢), keZ'zck+Q.

34Here we go back to the setting already discussed earlier in Lemma Ref. CCSnorm1.
35The integral appearing here applies to a non-negative, continuous functions, and can be understood
in the Riemannian sense!
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This implies that we have for any fixed k € Z%, z € k + Q, using || T.6||a = ||¢|| a:
| wtro )@z = [ I Tue- Tlads < Colldlallf - Tl
k+Q E+Q
This implies by summation over Z<:

JRIEEIESS

kezZd

/k RS9 A) e < Collolla 3115 Tidla.
.

kezd

But since ® is a finite sum over elements of the original BUPU ¥ we have of course

Colldlallf - Te®lla <Y If - Tu(Ty)]a,

jEF

or together

/Rd w(f, 0, A)(x)dz < Colldlla ) Y If - T(Ty)lla < (#(F)Colldlla) D IS - T)lla

JEF kezd lezd

or in other words, for some constant C' = C(¥, ¢) we have

[ w56, A)a)ds < Clflwiaess . f € S

For the converse we will use an argument which is a bit different from the original
argument given in [8], where Wiener’s inversion theorem has been applied.
CCSI?;OIII‘H (@fe converse let us assume that we have some f € A such that the expression
%ZQWQ for some non-zero ¢ € A N C.(R?). Let us first show that we may assume
without loss of generality that ¢(x) > 0 for all z € R%. In fact, we can replace ¢ by |¢]?,
because we have by the algebra structure of (A, ||-||a):

If - (T2 Dlla < I T20llallf - Tetlla = [0lallf - Teglla, = €RY

= [ K IoP Az < Bl [ k(7.0 A (331)

This we assume from now on that ¢(y) > 0 for y € R%. Next we use the shift invariance
of the A-norm in order to find that

K(f, Tey®, A) = Tooki(f, 6, A), (332)
and consequently we have for any fixed xy € |Rdst:
| o )@z = [ (Tt Ao (333)
R4 R4

Given now any non-negative function p € C.(R?) we know already that Dyp (more
correctly: Dy (p,) € My(R?)) is a finite discrete measures of the form Y, _.¢;0,, with

> leil < llipllag, = Ipl - (334)

el
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. . . . . kappaintl
This we can estimate the continuous norm using ¢ = Dyp, using (&33%; as

st At < Sl [ nlr.6. Ao < Wl [ wlr.0, Az (335)

i€l

We know that for (A, ||-||a) = (FL'(R?), || - || z1) one has convergence of (Dgp) * ¢ to
px ¢ € L'(RY) « FL'(R?) (or, due to joint compact supports, in L'(R?) * Sy(R?)) and
thus we obtain, by taking |¥| — 0, for the limit36

[0, A < bl | w70, 4) )i (336)

We can use this in order to replace the original assumption about the finiteness of
the integral over the CCF with respect to the given ¢ € A N C.(R?) by the finiteness of
the corresponding expressions with respect to o := px|¢|?, for any p € C,(R?). Thus we
can choose p in such a way that p(z) = 1 on any given compact set @1, say on Bg, (0).
Let us further assume that supp(¢) = supp(|phi|?) C Bg,(0) and (by rescaling) that

ol 2 =1 = lllof[| -
By the assumption R = Ry — Ry > 0 we obtain for every z € Br(0):

pelo’c) = [ Pwre vy = [ PG vy = [ el =1,

(337)
because |z| < R and |y| < Ry implies |z —y| < R+ Ry < Ry, hence p(z —y) = 1 for any
such y € Bg,(0).

With this possibility of using plateau-like test functions ¢ in the continuous norm it
is now easy to get the opposite estimate, by trying to estimate the term || f¢x|| 4 by the
corresponding part of the integral norm, i.e. by the integral over k + ). We only need
to ensure that T,y - ¥, = ¥ = T for z € k + () which boils done to the assumption:
T. re(x) =1 on supp(y), or varphi(z —y) = 1 for z € supp(¢)) and y € Q, or p(u) =1
on supp(¢) — Q C Bg(0) for R > 0 chosen properly. Using again the algebra properties
of (A, ||- l4) we get

[forlla = [1(fr) - (Tep)lla < [kllallf - Toolla, 2z €k+Q.

and thus adding over k in Z¢ we get altogether

S lrola< Y [ I Tellads = [ Tepladz, (338)

kezd kezd

R2(

thus completing the proof of equivalence of norms. n

Remark 35. The final result, but even better the proof of the result allows to understand
why different test functions ¢ € ANC,.(R?) define the same space and equivalent norms.

The proof even implies the following corollary:

36We could show, by reduction to elements with compact support, that we have for any sequence
én — ¢g In (So (R, || - H50> we have convergence of the corresponding integral version of the norm, for
n — oo
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Corollary 10. Any non-zero function g € W (A,£') defines an equivalent norm on
(So(R?), || - |1s) via the continuous control function k(f,g)(z) = ||f - Togl|z1. The most
interesting choice is given by g = go, the standard (Fourier invariant) Gaussian.

This characterization of (Sp(R?), || - ||s,) opens the connection to time-frequency ana-
lysis, as it allows is to show that one can define (So(R?), || - |5 ) also via the STFT (the
Short-Time Fourier transform) with respect to a window g. In fact, for (A, ||-||a) =

(FL'(R?), || - | zz1) we have

/ff(f,g,FLl)(ﬂdt:/ Hf(f~Tt9)HL1dt:/ A!ng(@s)!flsdt:/ Vo (2)]d(2),
R4 R4 RdxRd R2d
(339) |SOdefSTFT1

for the STFT of the signal f with respect to the window g being defined as

Vol£)(t:5) = (R - Tg)ls) = | Fla)ale =) (340)

Of course a short hand description of the norm obtained in such a way is

s, = [ VS G = 1Vl (341)

Usually the idea is to define the Fourier transform of the localized version of f by
choosing g centered around zero, maybe even and with non-negative values, but even if
the FT should be defined via integrals one can start with f,g € L*(R?), because then
by the Cauchy-Schwarz inequality one has

f-T.g € L*(RY) - L*(RY) ¢ L'(RY).

The last integral can also be written as a scalar product (in the sense of L*(R?))
between f and a time-frequency shifted version of g:

Vol () = {f, MTyg) 2y, f9 € L*(RY). (342)

With this tool it is possible to define (Sy(R?), || - ||s,) as a subspace of (L*(R?), || - ||2)
(defined via Lebesgue integration). This is the (elegant) path taken in the book of
K. Gochenig (gr01: [25]), see Chap.12 (in particular p.246, for detailed comments). In
this book (Sy(R?), || - ||s,) is introduced as modulation space (M'(R?), || - [|pn).
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45.1 S introduced as subspace of L?

For us the definition turns into a characterization (we provide a slightly more general
statement than the claims made above): For most mathematicians the assumption g €
S(R?) ( the Schwartz space or rapidely decreasing functions, which — as we will see later
on — is obviously a subspace Sy(IR?), even continuously embedded) will be most natural.
It allows in particular to choose the Gauss function go(t) = e,

Theorem 17. For any non-zero g € S(RY), or g € LiRd and bandlimited resp. g €
FL' N C.(R?) one has: The Segal algebra Sy(R?) coincides with the following subspace

of L*(R%):
Sver(RY) := {f € L*(RY) | V,(f) € L'(R* x RY)} (343)

i.e. So(R?) = Svys. Moreover, the quantity ||Vy(f)|| g1 gea) defines an equivalent norm on
(So(RY), || - ||s,) - For the choice of a Gaussian window g = go this implies immediately the
isometric Fourier invariance of (Sy(R%),|-||s,) (with the continuous, Gaussian norm)

due to the fact ( [25], p.53):

Voo (t:9)| = Voo f (s, )|, 1,5 € R (344)

Proof. The assumptions on the window g imply in each case that g € Sy(R?), and hence
the continuous norm using the window ¢ provides an alternative description of the space
So(R). STFgauFT

The formula (%ZM%T&n be derived from Plancherel’s Theorem and the properties of
the Fourier transform, combined with the Fourier invariance, and the commutation law
for TF-shift operators

T,M, = e 2™ M,T,, (t,s) € R?x R, (345)
since
[T(Mf))(2) = xs(@ = 1) f(2 — t) = xs(—t)[xs(2) f(t — 2)] = e [M(Tf)] (2).
STFgauFT
The chain of identities leading to (%Zﬂfi then goes as follows.
‘;1</)(t7 S) = <f: MsT;f.g> —Planch <]?7 T—th/g\> = 6_2ﬂi5t<ﬁ MtT—S/g\> - 6_27Ti8tvg}(_37 t)
O

The STFT has many good properties. First of all it is covariant with respect to
time-frequency shifts, which we will denote by 7(z) = M1}, for z = (t,s) = (21, 22),
resp. (t,s) € R? x RY.

Lemma 70. '
Vo(TMy) (. 0) = €Y, (& — w0 — 7). (310

In particular, the spectrogram of T,,M, f is a shifted version of the spectrogram of f:

Vo (TuMy) (@, 0) = Vil — o — )P (347)

Another consequence of Plancherel’s Theorem is the fact that f — V,( /) is isometric
from (L2(RY), || [12) to (LR x R, || | g ).

Theorem 18. For two windows g1, go in L*(R?) and two sigals fi, f» € L*(R?) one has
<‘/g1 f17 ‘/gz f2>L2(R2d) - <f17 f2>L2 (R) <gla 92>L2(Rd)' (348) ‘ orthogSTFT321
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46 From Fourier Series to the Fourier Transform

46.1 The Classical Approach

The classical approach to Fourier Analysis often takes that historical path, i.e. it start
with the theory of Fourier series expansions, explaining that the “correct setting” is that
of the Hilbert space (L*(T), ||+ ||2) (identified with L*([0,1]) in our case (by the choice
of characters y(z) = €2™** k € 7Z), which form a complete’™ orthogonal system, which
implies that every “function” in that space has a representation as infinite sum

f= Z J?(k?)Xk,

kEZ

with (unconditional) convergence taking place in the sense of the quadratic mean. This
means: Given f € L*(T) and & > 0 there exists a finite set [y C Z such that for any
other finite set F' O Fj, one has

1F =" Flk)xullpe <e,

keF

meaning that a certain quality of approximation can be guaranteed once all the (fini-
tely) many relevant coefficients are used (and potentially a few more). Also || f|l 2 =

-~

|(f(k))kezl|2, this is Parseval’s theorem, so one could take for v > 0 (and small)

~

Fo:={k e Z]|f(F)] =}

It was a sensation that Lennart Carleson was able to prove a long-standing co iegture
of Lusin (from 1922) that the Fourier series is almost everywhere convergent (see E, Acta
Mathematica), i.e. that one has indeed

K
f(z) = lim Z f(k)ezmkx almost everywhere. (349)
K—o00 P

This is a rather deep mathematical result, but I have not seen any strong impact on
applications, where it is fine to have the pointwise convergence under mild extra con-
ditions. So the strength of the theorem, that it is valid for any f € L*(T), does not
help much, because the exceptional set can even any countable set. Well, the situation
is much better than for the case of f € L'(T), where one may have pointwise divergence
everywhere! (not just on a sets of positive measure). But this essentially means that -
as far as applications is concerned - one should not bother too much about questions of
pointwise convergence of Fourier series.

Of course there is a huge body of papers concerning summability methods and either
norm convergence of almost everywhere convergence for particular summability methods
(comparable to the ideas needed in the proof of the Fourier inversion theorem), but this
leads as far away from the focus of this course.

3"Warning: Here the word complete is used in a different way compared to the completeness for
Banach spaces!
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46.2 Letting the period go to infinity

Very often the Fourier transform form k& € C.(R?) is introduced as the limit of period
versions of k, with the period tending to infinity.
We will describe the situation in the following way:

Proposition 18. The family St = LLl,, for a = 1/rho > 1, is uniformly bounded in
(Sé(]Rd), |- ”S(;), and satisfies

Sy —w* — limeg ool Ll = dg. (350)

Consequently LU, xk =Y, ;0 Tik € Cy(R?) is a bounded family in (Cy(R?), || - ||s),
hence also bounded in (Sy(R?), |- ||s;). In fact, one obtains f as a w*—limit:

S} -w* — limaooFg % f) = f, [ € Sp. (351)

Proof. Starting from the fact that L1 € S;(R%) and the observation that mass-preserving
dilation operators are uniformly bounded on (Sy(R?),|| - [|g) (see Lemma SOPdilatinv)
we obtain the boundedness of the a-periodized versions of £ by the simple observation
that we have for the case that supp(k) C Bg(0) that for a > 2R the translates of k
along aZ? are disjoint, thus ||LL, * k|l = [|¥]|co-

Since convolution by k preserves w*—convergence, due to the adjointness relation

oxk(f)=0c(k" *f), f € Sp(RY),k € LiRd,
and the (extended) Fourier transform is w*w*continuous , we conclude that
Sy W iMool Ly * k = Sg —w*lim g o0 Do LLI - k="F (352)
O

Sometimes a similar argument is used in order to derive the Fourier inversion formula,
but a mathematical justification of the manipulations required to actually show that
the intuition arising from such transitions (a — o0) can be justified is certainly more
cumbersome than directly verifying the validity that the forward and the inverse Fourier
transform (originally just NAMES like this) are in fact inverse mapping to each other
on proper domains, such as (L' N FL')(R?) (and thus Sy(R%)).

Remark 36. Compared to a simple computational verification of the statements above
the formulas above show much more: Given alpha, the Fourier transform of a o periodic
version of f € Sy(R?) N C.(RY) is obviously (write again p = 1/alpha < 1):

(Lo % f) = Da(LL) - f = p* > F(n)d € My(R),

kezd

is in fact a bounded and discrete measure (since ), ;4 \f(/{)] < oo for f € Sp(RY)),
supported on pZ<. In fact, these discrete measures, applied to ¢ € Sy(R?) represent
Riemannian sums to the integral

| eef(ss = gt
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47 Approximation by Sampling

The considerations above indicate that the periodized version of a function in Sy(R?)
approximate the original (non-periodic) version of f € Sy(R%). In fact, we have con-
vergence in the w*—sense on both the time and the frequency side. But now these two
views can be seen as equivalent. In other words, we could start to store more and more
information about f € Sy(RY) by sampling it on a grid which is more and more refined.

By the above considerations we should not multiply f by LLlg, letting 8 go to zero,
but rather multiply of by D,LLI = a?Ll, (for p = 1/a). Then we can expect (and
actually have the valid claim) that

ALl - Sy —w* = lim,_, ;0 0>~ h(ak)ar = h, (353)

kezd

! * :
SO W — hma—> infty

certainly for h € Cy(R?).
In fact, we have for any f € Sy(R?):

ot - h(F)] < [IRlloc DL Il fll sy < [lIRlloe - Clishahf ]l (1s, f),

and therefore we can verify w*—convergence by watching the action of these discrete
measures on k € C.(R?) N Sy(R?), but these are just Riemannian sums for the integral

Jga h(@)k(x)dx (see above).

47.1 Recovery from regular samples

The information contained in the samples of f € Sy(R?) is getting more and more. We
know, that for any f € (Cy(R?), || [l«) one has norm convergence of Spyf to f with
respect to the sup-norm, as |¥| — 0 (think of piecewise linear interpolation over R).

Since the sequence of compressed triangular functions St,A, p — 0 forms a Dirac
family one may expect that

St,A s [0 > fak)dar] = o (L f) = f. f€ S (354)

kezd

We have to make two observations: First of all this is in fact an alternative description
of piecewise linear interpolation, since D;, A is just a triangular function with basis
[—a, al.

St,A s [a? Y flak)dar] = Y flak)TarD,(A). (355)

kezd kezd

A highly relevant result (which however requires some work)concerning the quality
of the reconstruction. Instead of requiring a lot of smoothness and decay in order to
achieve e.g. uniform of L*-convergence we can apply the result to any f € Sy(R?) and
obtain as a result convergence in the sense of (So(R?), || - ||s,). Among others this implies
that one has convergence (at least for all f € Sy(R?)) in the uniform sense (easy), but
also in the sense of L' (in fact, in the sense of (‘/Yeg(@gg, | -[lw) and hence also in the
sense of (L*(R?), |- ||2). The details are found in h7_
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piecewise linear interpolation of a smooth, i.e. here band-limited signal (partial zoom in,
to show the lack of smoothness). The edges require some high frequency contributions.

Theorem 19. Assume that ¥ = (Tj))peze defines a BUPU in FL'(R?)* and write
D,V for the family D,(Tx) = (ToxDpA) ez, witha =1/p — 0. Then |D,¥| < ra — 0
fora — 0, and

If = a® > f(ok)TurStat)lls, = 0,  fora —0,Yf € S. (356)

kezd

This result was the cornerstone for the subsequent result published by Norbert Kaib-
linger, concerning the approximate computation of the Fourier transform of a “nice func-
tion” f € Sy(R?) via an FFT routine, applied to a sequence of samples of the original
function (more correctly: applied to a periodic and discrete sequence x of length N,
obtained by appropriate sampling (at rate ) and periodizing (at rate o« = NJ3)

SODeltaconv

g&ﬁgltacon
original function, and then applying the quasi-interpolation operator Spy as in Thm. k356 .

toy = fft(x) (associated to the corresponding lattice points in the frequen A main).
So let us describe mostly the procedure, justified by the main result of hm.2,
in particular).

38 As it is required for the definition of (So(R%), || -||s, ), for some v € FL'(R?) with supp(¢) C B,(0).
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47.2 Fourier transforms via FFT

As we have pointed out earlier the FFT algorithm (resp. the DFT) allows to compute
the extended Fourier transform to a discrete and periodic signal, by viewing it as an
element of S;(R?), as a finite linear combination of Dirac combs (this is possible even in
the multi-dimensional setting), because the coarse periodicity lattice A, is a sublattice
(hence of finite index) of the sampling lattice As.

For our discussion it is OK to think of the one-dimensional case, with Ay, = Z and
A, = aZ, for « = NB. For d > 2 one can reduce the discussion to the case Ay = Z% and
A, = A xZ% for some integer-valued d x d-ma I

The procedure suggested by Theorem 2 of B0 suggest the following:

1.

First one should produce a coarsely periodized version of the given function. If the
function has compact support one can choose A, wide enough to guarantee that the
shifted copies of f € C.(R?) do not overlap, meaning that there is no information
lost by the periodization. For the general case one keeps control over the error
obtained by overlapping tails of the well decaying functions. At least on can show
that the overall error is getting smaller and smaller (in the (Sy(R?), |- || )-sense)
as the periodization lattice A, is getting more and more coarse.

Then we go on the sample the periodized function sufficiently fine. Of course,
we would have perfect information if the function was band-limited, but there is
a small error (depending on the degree of smoothness of the sampled function,
understood for now in a naive way).

Since we assume that A, < A; we can also revert the order of sampling and peri-
odization, i.e. we will get the same result by first sampling and then periodization.
In terms of formulas we have

- (W% f) = LW+ (U, - f),  f € So. (357)

. An application of the quasi-interpolation result with the possibility of approximate

reconstruction of f € Sy(R?) from the coarsly periodized version allows to recover
f, up to some error, by a suitable (linear reconstruction principle, using BUPUs
etc.), we just write R, such that we have for a given f € Sy(R?) and € > 0:

if Ay is fine enough and A, is coarse enough then we can guarantee that

IR pltlds - (L * )] = fllsy < e (358)

. Finally we obtain the sampled an periodized version of fAby the DFT (the finite

version of the Fourier transform). Since we know that fe Sy(R?) as well we can
approximately recover ffrom its sampled and periodized version (the periodicity
lattice if AL and the sampling lattice is Aé, and of course these are coarse and fine
respectively of their partner lattices are fine and coarse).
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48 Discussion of various approaches

Let us give a short discussions of the many possible ways to introduce Sy(R?) and its
dual (S)(RY), | - 5,

The ETH course (autumn 2020) starts “from nothing”, i.e. assumes only the use of
the Riemann integral, concepts of linear algebra, and the willingness to of the reader to
learn fundamental principles of functional analysis, which are required in order to prove
identities using norm-convergence in complete normed vector spaces, i.e. Banach spaces,
and sometimes the alternative concept of strong operator convergence (for operators)
respectively of (the so-called) w*—convergence in dual Banach spaces.

The benefit is of course that it is not required to take first a course in measure theory
in order to understand the Lebesgue spaces (LP(R?), || - ||,) (specifically for p = 1,2, 00)
as vector spaces (of equivalence classes) of measurable functions which are Lebesgue in-
tegrable (L'(RY)), square integrable (the Hilbert space L?(R%)) or essentially bounded
respectively L=(R?)). We also do not work with topological vector spaces which are re-
quired in order to derive mathematically correct the basic facts about the Schwartz space
S(R?) of rapidely decreasing functions and its dual, the space of tempered distributions.

The goal of the course is to establish a way to understand the extended Fourier
transform which is well defined on (Sy(R?),]| - [|g), also called the space of mild distri-
butions, which is the dual of the Segal algebra (Sy(R?), || -||s,) (also called Feichtinger’s
algebra. 1t is not based on Lebesgue integration theory, but of course it still introduces
(L'(RY), || -1l1) (as a subspace of the bounded measures, using the Riemann integral
resp. the Haar measure for R?), and - in order to present Plancherel’s Theorem also
L*(RY), but as a subspace of (Sj(R%), || - |ls;) (which is defined first).

Technically speaking the setting is chosen in such a way that most of the issues can
be verified in the context of general LCA groups ¢, once the existence of the Haar
measure is established (here with the Riemann integral). The convolution of measures is
introduced by the identification of (M,(R?), |- |[az,) = (CH(R?), |- le;) with the space
Hpa(Cy(R?)) of all translation-invariant operators on (Cy(R?), || - ||s) (so called BIBO-
systems), which form a commutative Banach algebra with respect to composition.

Of course many things would like unnatural if one would try to completely avoid
specific tools available in the context of the Euclidean space ¢4 = R?, namely the use of
dilation (allowing the give a concrete description of Dirac sequences in (L'(RY), |- [|1)),
or dilation operators providing - in the spirit of summability kernels - approximate units
for the Fourier algebra (FL'(R?), || - |l z1) (with pointwise multiplication).

In addition, the Gauss-function plays an important role, mostly because of its Fourier
invariance and the fact that it is optimally concentrated in a time-frequency sense, which
makes it (according to D. Gabor, ga46: [22]) an ideal “window” for the STFT (short-
time Fourier transform).
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49 The Shannon Sampling Theorem
C:\NuHAGall\NuHAGTEX\Start20M.tex

One can say that in some sense the Shannon Sampling theorem is a consequence of
Plancherel’s Theorem (telling us that the Fourier transform is a unitary linear operator
on (L*(RY), || - ||l2)) and the fact that the pure frequencies define an orthonormal system
for the L*-space over the fundamental domain, e.g. the unit cube [~1/2,1/2]¢ within R?,
viewed as the subspace of L?(R?) which is obtained by multiplying (on the FT side) all
the L-functions with the indicator function (box function) of the fundamental domain.

In order to formulate it in a way that is compatible with the usual conventions let us
call A to be a lattice, i.e. a discrete subgroup of R, or more concretely A = A x (Z%) for
some non-singular d x d-matrix. Furthermore A+ is by definition the so-called orthogonal
lattice, which is the set of all pure frequencies y; such that ys(A) =1 for all A€A.

Theorem 20. Assume that Q C R? is a bounded subset with the property Q is disjoint
from all its (non-trivial) A*-translates, i.e. \* + QN Q =0 for all \* # 0, \* € AL,

Then every Q-band-limited function f € L*(R%)3, i.e. every f which can be written
as an inverse [Plancherel] Fourier transform of the form

f(t):/gh(s)e%is'tds (359)

can be completely be recovered from the samples (f(X)),ca by the following series expan-
sion (called the Shannon Sampling expansion): For a suitable chosen constant Cy > 0,
one has:

F(t) =Cn > FNTASINCq(t) = Ca Y | F(NSINCq(t — N), (360)

AEA AEA

where SINCq = IFFT(1g). The convergence takes place in the (L*(R?), | -||2)-sense,
but also uniformly.

Remark 37. For the standard choice, i.e. Q = [—1/2,1/2]? we simply have
SINCq(ty,--- ,tg) = SINC(ty)--- SINC(tq),

using the classical SINC-function, SINC' = IFFT(1;_1/21/9)-
Moreover we have A+ = Z? for A = Z¢, and A+ = 17 for A = a - Z°.

390r in a more practical description: if h = f is supported inside €2, resp. is zero outside of €2, except
possibly for a set of measure zero.
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Proof. We will give the proof (for convenience) for Q@ = [-1/2,1/2] C R.
First let us observe that (via Plancherel’s) Theorem we have

SINC % SINC = SINC, (361)

as a simple consequence of the pointwise relation

Tio1/21/9 - Li-1y2,1/2) = Lj—1/2,1/2) (362)

This implies among others, that we have ¢ := ]?E LQ(Q) the pointwise relationship
@ =@ 1_121/2, or on the other hand the convolution relation

=/ #sMNC), (363

or
f@) = | fu)SINC(z —y)dy. (364)

which by the Cauchy-Schwarz inequality implies

@) < ISINC £, (365)

and furthermore, due to the fact that L*(R%) x L*(R%) ¢ FL'(RY) c Cy(R?) (again
by Plancherel’s Theorem) and the continuous shift property in (L*(RY), | -]]2) ( ie.
lim, o | Tpf — f|lz2 = 0) we find that band-limited L*-functions also belong to Cy(R%)
and that || - ||2-convergence of a series in the space of Q-bandlimited functions also implies
uniform convergence!

The main part of the proof is then a combination of the Fourier series expansion of
¢ := f € L*(Q), combined with the observation (Plancherel’s Theorem) that

./—"71(1[_1/271/2] . Xk:) = ./—"71(1[_1/271/2]) * ]:71()(19) = SINC *5—k: = T_k SINC, for k € Zd.
Furthermore we have (again by Plancherel, for L*(R%)):
P(k) = (o, xx) = <]:_1 %07]:_1(1[71/2,1/2} xk)) = f(=k),

(in fact, this is valid after one shows that f is in fact continuous, which is OK). Thus we
obtain the following representation of f = F "¢ (with convergence in (L*(R?), ||-|2)
as well as in (Co(R?), || - [ls)), Thus

o => @k)(xr - 1j=121/2)

kezd

implies by applying F ' (which preserves convergence in (LQ(Rd), - 12)):

f=Fp) = <Z F=R) F (A2 'Xk)) = (Z F(=R)T SINC) ’

kezd keZd

which, upon substitution k — —k € Z% gives the required result. O]
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