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SUMMARY

A log-likelihood ratio (LLR) measures the reliability (and uncertainty) of a binary random variable being a
zero versus being a one. LLRs are used as input in many implementations of decoding algorithms which
also output LLRs. Mismatches in the outputs are, for example, generated by a decoder which is
implemented by using approximations during its computations e.g. the symbol-by-symbol max-log
a posteriori probability (APP) algorithm versus the correct forward-backward (log-APP) algorithm or
Hagenauer’s approximation of the box function. We propose post-processing of output LLRs to correct part
of the mismatches. This post-processing is a function of the statistics of the input LLRs. As examples, we
study the effect of incorrectly scaled inputs to the box function leading to mismatched outputs, Hagenauer’s
approximation to the box function, and the effect of compensating mismatches of LLRs on the performance

of iterative decoders. Copyright © 2003 AEL

1. INTRODUCTION

The log-likelihood ratio (LLR) of a binary random vari-
able has found widespread usage in the decoding of binary
codes [1]. A typical set-up is depicted in Figure 1.
Binary values by, by, ... are transmitted over a channel
and samples zj,2;,... are received. Symbols B; and R;
denote the random variables corresponding to bit b; and
received value z;. For each i, the LLR of B;, conditioned
on the knowledge of the received value R; is computed:

P(Bi=0|Ri = z)
P(B[:1|R,':Zl')

l; =log

The numbers /;,l,, .. .are fed to a decoder that computes
LLRs of (linear combinations of) the transmitted bits.
Throughout this paper log denotes the natural logarithm.
One of the aims of this paper is to study the distortion of
the output of the decoder if the inputs /1, 5, . . . are inaccu-

rate. This situation can occur if the channel statistics are
not precisely known. Another aim is to study the distortion
in the decoder’s output for several popular low-complexity
approximations to genuine LLR computations such as the
symbol-by-symbol max-log a posteriori probability (max-
log-APP) algorithm versus the correct forward-backward
(log-APP) algorithm or Hagenauer’s approximation of
the box function.

In Section 2 we define LLRs and we expand on the chan-
nel model given in Figure 1. In Section 3 we give a general
framework for studying the mismatches in output LLRs. We
define systematic mismatches, we prove that a certain post-
processing corrects this type of mismatch, and that other
kinds of mismatches cannot be corrected. This post-proces-
sing is used in Section 4 to analyse the distortion of the out-
put of the box function in two variables if the two inputs are
incorrectly scaled. In Section 5 we analyse Hagenauer’s
approximation of the box function and in Section 6 we
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Figure 1. A data path.

discuss a simple network of Hagenauer’s box functions.
With simulations we show in Section 7 the performance
gain that can be achieved in iterative decoders by compen-
sating mismatched LLRs. We conclude in Section 8.

2. LOG-LIKELIHOOD RATIOS

We introduce log-likelihood ratios (LLRs) and their pro-
perties by means of definitions and examples. This leads
to the problem of analysing mismatches in LLRs discussed
in this paper.

The LLR [2] of a binary random variable B conditioned
on the knowledge of an instance of some other correlated
random variable R = z is defined by

.., PB=0|R=2)
LB(R—Z)—logm

It represents soft information about B provided by our
knowledge of R = z and the statistics that relate B and R.
If the conditional transition probability densities

p(R=z|B=b)
and the source probabilities
P(B=1b)

are known, then by Bayes’ rule the LLR of B conditioned
on R = z can be computed as

L p(R=z|B=0)
Lg(R =2z) —1ogm

P(B =0)

+ log Pi(B 'y

()
Function p denotes the probability density and function P
denotes the probability.

2.1. LLRs are sufficient statistics

We have seen how probabilities P(B=1|R =z) and
P(B = 0|R = z) define Lg(R = z). An important property
of LLRs is that Lg(R = z) also defines the probabilities
P(B=1|R=7z) and P(B=0|R=7z). By definition,
P(B=1|R=7z)-e®"% = P(B=0|R =7z). From the
definition of probabilities we infer P(B=0|R =z)+
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P(B=1|R=7z) =1. By combining both relations we
obtain

1

P(BZb‘R:Z):m

(2)
where p(0) = —1 and u(1) = +1 [2]. This shows how to
compute the probability distribution P(B=5b|R = z)
from LLRs. In this sense LLRs are sufficient statistics.
We do not lose information by computing the LLR and dis-
carding the received value.

2.2. The box function

In the next example we introduce the box function. Here
the box function is used to compute, given input LLRs, a
new LLR. The input LLRs are based on received values. It
appears that the new LLR about a joint statistic of the
received values can be computed by the box function
transforming the input LLRs. Thus, the input LLRs are
sufficient statistics representing the received values.

Suppose that {B;}_, is a sequence of binary uniformly
distributed random variables representing a sequence of
transmitted bits. Let R = {R;}'_, be the sequence of ran-
dom variables representing the received values. Hence,
R; and B; depend statistically on one another, but they
are statistically independent of any of the other random
variables B; and R;, for 1<j # i<n. In this example we
are interested in the binary random value B = Y37 | B;
conditioned on the knowledge of the received sequence
R =z ={z}}_,. We want to compute the LLR

y=Ls(R=2)=Leggy 5)({Ri=z}i)
By using (2), it can be shown that

Lo p) (R =a)) = F(l, ... 1)

where
—bil:
) Z(b,,... b): YD bi=0 [Li<j<ne™
7ln) =log bl
Z(b],m,bn):Ele[:l ngig n€
(3)
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with I; = Lg,(R; = z;), 1 <i<n. Function F(.) is indepen-
dent of the channel statistics. The channel statistics are
contained in the LLRs /; (they are sufficient statistics).
Function F(.) is called the box function and is introduced
by Hagenauer et al. [2] in some elementary LLR calcula-
tions.

2.3. A log-APP decoder

The next example discusses a log-APP decoder which as in
Section 2.2 computes a new LLR based on input LLRs.

Let C be a binary linear code with code word length n.
Suppose that with uniform probability a code word in C is
selected and transmitted. Let the sequence B = {B;}}_,
correspond to the transmitted code word and let R =
{R;}"_, correspond to the sequence of received values.
We are interested in each of the binary random values B;
conditioned on the knowledge of the received sequence
R=z={z},, and conditioned on the knowledge
B = {B;};_, € C. We want to compute Lg (R = z,B € (),
for 1<i<n.

A symbol-by-symbol a posteriori probability (APP)
decoder is an optimal soft-input soft-output decoder [3].
Such a decoder can work both in the probability domain
(APP decoder) and in the LLR domain (log-APP decoder).
Working in the LLR domain, the soft inputs and soft out-
puts of an optimal decoder are expected to represent LLRs.
The log-APP decoder computes given the inputs

li=Lp(Ri =2z), 1<i<n
the outputs

yi:LBi(R:Z7B€C)7
P(Bl:0|R:Z7B€C)

I<i<n

=1lo
EPB. =1|R=2B¢C)
~ log 2 brbechi—o i <j<n el
b bmecii=t Li<j<n e bl

where the last equation follows from (2).

2.4. A complete data path

In Figure 1 a complete data path is depicted. We start trans-
mitting a sequence of bits over a noisy channel, for exam-
ple AWGN with BPSK transmission. The received values
are transformed into LLRs. As seen from (1), the channel
statistics are needed in these computations. A decoder uses
the computed LLRs as inputs to compute LLRs of (linear
combinations of ) the transmitted bits. Such a decoder may
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be a network of box functions, see Section 2.2, or a log-
APP decoder, see Section 2.3.

2.5. Mismatches

Consider an AWGN channel with BPSK transmission.
Suppose that we use an incorrect estimate of the amplitude
and/or variance with which we compute mismatched
(incorrectly scaled) LLRs /;’s. Then the box function
F(ly,...,1,) outputs a mismatched LLR. It will not com-
pute the desired y = Lg(R = z) but it computes

Lg(R=72) +¢(2)

where £(.) is the function representing the mismatch in the
output. This situation for the box function in two variables
is analysed in Section 4.

Mismatched inputs lead to mismatches in the output.
Correct inputs but incorrect computations lead to mis-
matches in the output as well. For example, Hagenauer
approximated the box function by replacing the sum
operation in (3) by the max operation [2]. This results in
the so-called Hagenauer’s box function. If we use the
resulting function (which is easier to implement) we do
not compute the desired y = Lg(R = z) but we compute
Lp(R = z) + (z), where ¢(.) is the function representing
the mismatch in the output in this situation. In Section 5
the mismatch due to use of Hagenauer’s box function is
analysed.

The forward backward algorithm [3] is an efficient
implementation of the optimal log-APP decoding algo-
rithm of convolutional codes. It can be approximated by
using the max operation over exponentials, instead of sum-
ming exponentials. This leads to the so called max-log-
APP algorithm or the modified soft-output Viterbi algo-
rithm (SOVA) [1]. The used approximation introduces
mismatches in the outputs.

In the iterative decoding of parallel concatenated codes,
see [4, 5], the outputs of a log-APP decoder are used as
inputs to a second log-APP decoder. If we use the max-
log-APP algorithm instead, then the second decoder does
not only use approximations leading to mismatches in the
output LLRs, but also mismatched inputs leading to
mismatches in the LLRs (in implementations we need
finite precision which lead to approximations as well).
Similarly, in a network of Hagenauer’s box functions appro-
ximations and mismatched inputs lead to mismatched out-
puts. In Section 6 a simple network is considered and in
Section 7 it is shown that scaling mismatched LLRs in
iterative decoders increase the performance and that the
scaling is related to the correction of mismatched LLRs.
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3. SYSTEMATIC MISMATCHES

Let us consider the general situation in which we want to

compute Lg(R = z), but we actually compute
a=Lg(R=12)+e(2)

we discard the received value z and keep the computed
value a. Value (z) represents the mismatch. Since we dis-
card z, our remaining knowledge about z is that it is an ele-
ment in R,, where

Ra=A{¢:a=Ls(R=()+e(Q)}
Define ¢(¢) = p(R = ¢)/p(R € R,) for { € R,. Let

E(a) = q(¢)e(Q)

(ERq

and

ola)= [> a(Q)(e(C) — E()’

(R

E(a) is the average mismatch over { € R,, and o(a) is the
standard deviation of the considered mismatches. The
value a does not contain any mismatch if both E(a) =0
and o(a) = 0. We say it contains a systematic mismatch
if E(a) # 0. Similarly, it contains random mismatches if
o(a) #0. In this concept E(a) measures the extent to
which value @ contains a systematic mismatch, and o(a)
measures the extent to which value a contains a random
mismatch.
In Appendix A we prove the following theorem.

Theorem 1. Let A be the random variable which
corresponds to a = Lg(R =7)+¢(z), and let L(a) =

ZCER[, q(¢)Ls(R = (). Note that o(a)< Z(GR“ q(¢)e(€)
—E(a)| < maxcer, |€(¢) — E(a)|. Then,

IL(A = a) — L(a)| < max [e(¢) — E(a) |

and the first few terms of a Taylor series expansion of
Lg(A = a) is given by
let@ —1

2
“yg@ 0@t

Lg(A=a)=L(a)
Suppose that the random mismatches are small, in the

sense that

max e(Q) — E(a)| <¢

If necessary we may replace the sum in the defini-
tions of L(a), E(a), and o(a) by integrals. We derive
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(Theorem 1 is used in the second inequality), for each
€ Ry,

|
<|Lg(A=a)—L(a)| + |
=|Lp(A =a) — L(a)| + |e(z) — E(a) |
<222ax |e(C) — E(a)|<2e

la—Lp(R=2)| = |e(2) |> | E(a) | — |e(z) — E(a) |
| E(a) | — max |&(C) — E(a) |

a

=

E(a)| -«

So, if | E(a) | > 3e then by computing Lg(A = a) we cor-
rect some of the unwanted systematic mismatches. The
Taylor series expansion of Lg(A = a) in Theorem 1 seems
to indicate this as well. The computation of Lg(A = a) is a
one-input one-output post-processing step in which the
real valued output a is transformed into an other real value,
a LLR.

If there are no mismatches at all we compute Lg(A = a),
where A is the random variable corresponding to
a = Lg(R = z). From the derivations in Appendix A it
follows that Lz(A = a) = a. In other words, the post-
processing function is equal to the identity function.

From equation (2) we deduce that by computing
Lp(A = a) and discarding a we do not lose our knowledge
about the statistics P(B = b|A = a). From an information-
theoretical point of view we do not lose any informa-
tion; the uncertainty of B given our knowledge of a is
equal to the uncertainty of B given our knowledge of
Lp(A = a). We conclude that systematic mismatches do
not introduce uncertainty since we are able to correct them
partly. This is in accordance with information theory: sys-
tematic errors simply do not introduce uncertainty while
random errors do introduce uncertainty.

A natural choice for a post-processing function f(.)
minimizes the average mismatch over { € R,, that is, it
minimizes

> alQ)|f(@) = Ls(R = Q)]

(ERy

Even though it minimizes the average mismatch and
reduces the systematic mismatch, we propose to use
the post-processing Lg(A = a) instead for the following
reason. Let us consider the log-APP decoder of
Section 2.3. If we use the LLRs Lp.(A; = a;) as inputs
then the log-APP decoder computes LLRs y; =

Euro. Trans. Telecomms. 2003; 14:227-244
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Lg,({Aj = a;}}_;, B € C). In other words, conditioned on
B € C and given the knowledge of values {q;}_; we com-
pute the probability 1/(1 + e ™) that bit B; = 0 (see (2)).
This is the most we can hope for. Our computations are
optimal in this sense. In Appendix B we consider an exam-
ple which demonstrates this advantage of using Lg(A = a)
instead of f(a).

The proposed post-processing requires the precise
knowledge of the channel statistics. In practice we do
not have this knowledge, because otherwise we would
avoid mismatches in the inputs and we would use better
approximations. However, a proper analysis of the pro-
posed post-processing does tell us the behaviour of sys-
tematic mismatches in the output (hopefully leading to
improved implementations; see the next paragraph). To
obtain some intuition about this behaviour we shall com-
pute the post-processing function for the box function with
incorrectly scaled inputs in Section 4 and we compute the
post-processing function for Hagenauer’s box function
with correct inputs in Section 5. (In both cases we found
exact expressions for very small a and for very large a.)

By means of simulations (of the whole data path from
random variable B to random variable A; see Figure 1
where A corresponds to the output LLRs which contain
mismatches) we estimate the probability density functions
p(A=a|B=0)and p(A = a|B = 1) with which we can
determine Lg(A = a) as a function of a. Note that it is only
feasible to obtain p(A = a|B=0) and p(A =a|B=1)
from simulations if these values are not too small. In prac-
tical implementations of decoding algorithms the output
LLRs are quantized and therefore have a finite number
of possible values. So post-processing can be implemented
by means of a look-up table. This look-up table depends on
the channel statistics. In practice, we are usually interested
in a certain critical range of statistics for which the decod-
ing should perform well. As far as statistics outside this
range are concerned, it will either be obvious that the per-
formance is excellent or we do not mind if the performance
is poor. So, the look-up table to be implemented must be
adjusted to the critical range of statistics.

4. THE BOX FUNCTION WITH INCORRECTLY
SCALED INPUTS

In this section we analyse the box function in two vari-
ables, which can be written as (see Section 2.2)

1 + ell+ll

F(l],lz) = log m
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We assume an AWGN channel with BPSK transmission
leading to

Rz -0 =
p Ri =2 Bi = =
V2no?

and
e—(z-Ht)z/%2

V2no?

Full knowledge of u and ¢ lead to full knowledge of
2u/0?, which is necessary for transforming the received
values into LLRs

pRi=z[Bi=1)=

2
Ly(Ri=2) =5z
(o
Having computed /y = Lg,(Ry=z;) and I, =Lg,(R> =22)
we use them as arguments of the box function and compute
Z = F(l], 12) = LB]@Bz(Rl = Z17R2 e 22).
We now want to study what happens when the decoder
has partial knowledge of the amplitude ¢ and/or variance
o? leading to a scaled transformation of the received

values. Let o be the scaling factor leading to mismatched
LLRs

N . 2u
; =2)= P

Let L; represent the corresponding random variables. We
use the mismatched LLRs as inputs to the box function.
This leads to a systematic mismatch at the output of
the box function. We want to compute the output
Lp,4,(R1 = z1,Ry = 22). So the post-processing of the
output suggested in the previous section is the function

p(Z=z|B®B,=0)
p(Z:Z|B1@BZZ 1)

L(z) =Lp,ep,(Z = z) = log
where Z = F(Ly, L,).
In order to analyse the post-processing function we

derive

] d .
p(Li=z|B; =0) Zd—ZP(Li<z|B,« —0)
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where ff =242/ (a0?). We observe that p(L; = z| Bi =
0) :p(L, = —Z‘Bi = 1) and

F(l, ) = —F(=li,1) = =F(lL, —h)
From these symmetry considerations we deduce

p(Z=2z|B=B,=0)
p(Z=—z|By =B, =0)

L(z) = log

So, without loss of generality we assume that B; = B, =0

and
1+6X+Y
Z =log ——
08X e

where X and Y are independent Gaussian variables with
mean f and variance 2f3/o such that

L(z) = log Ii(ZZ:—ZZ)) .

The next theorem gives an expression of p(Z = z); see
Appendix C for its proof.

Theorem 2. The probability density function of Z can be
determined as :

p(Z=2)=e Jm Ja(€)p(W = t)p(W =1t —z)dt,

—00
where
p(W=w)
07 W<O
— %002 (e” 4 e —
E'exp( 2ﬂlog (e + Ve 1)) .
np V1—e 2w ’
and

f(x) = cosh(x arccosh(x)), x>1

Function p(W = w) is the probability density function
of W =log (cosh(V)) with V a Gaussian distributed ran-
dom variable with mean 0 and variance f3/o. It can be read-
ily verified that:

af

IS

P2 =2 = [ LV = 0p(W =12

Hence, when o =1 so that f,(x) =x, we obtain that
p(Z=z)=ep(Z=—z) and L(z) = z. If & = 1 then the
input LLRs do not contain mismatches, and therefore no
post-processing is required as is expressed by the identity
function L(z) = z.

Copyright © 2003 AEI
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It should be noted that p(Z = z) has a logarithmic singu-
larity at z =0. Therefore, it is necessary to subject
p(Z = 7) to a mathematical analysis to obtain more insight
into the behaviour of p(Z = z), especially at z = 0.

In Appendices C.2 and C.3 we show that for «>1 and
y=1,

Vifa(x) < fulxy) < fu(X)fa(y), x=>1 (4)

while for o < 1 the inequality signs should be reversed.
Applying this inequality with f,(xy) = f,(e") = f,(e'%€?)
results for «>1 and z > 0 in the lower and upper bound

oz < L(z) < log f;(e9) (5)

For oo < 1 the inequality signs should be reversed. Both the
upper and the lower bound coincide for « =1 giving
L(z) = z. Furthermore, it should be noted that the above
inequality for L(z) is sharp in the sense that L(z) — oz
when « is kept fixed and f — oo while L(z) — logf;,(e?)
when « is kept fixed and f# | 0. Experiments have shown
that if § is not too small and « is fixed, the bound oz is close
to being attained.

Both the upper bound for «>1 and the lower bound for
o < 1 of L(z) exhibit linear behaviour for small z and for
large z. This linear behaviour of these bounds can be made
explicit by applying an upper bound on f,(y) for o> 1 and
y=1:

2

L)< { Y

2c<71yoc

For o < 1 the inequality signs should be reversed and we
then obtain a lower bound on f,(y). When we apply these
bounds with y = e* and > 1 we obtain

o’z

L(z) < logfy(ef) < { 0z + (o — 1) log?2

where the inequality signs should be reversed for o < 1. In
Appendices C.2 and C.3 we show that for fixed « it holds
that

li L(z) 2

m—-=aua
z—0 Z

and lim (L(z) —az) = (x — 1) log2

7—00

Hence, for large z the upper bound and the lower bound (5)
on L(z) have the same slope o and the bounds have a ver-
tical offset of (« — 1)log2.

The derived bounds of L(z) are illustrated for o = 1/2 in
Figure 2. The case o > 1 means that the inputs of the box
function do not match u?/20?, the signal-to-noise-ratio
(SNR) on the transmission channel, and that the true
SNR is higher than assumed. This underestimation leads

Euro. Trans. Telecomms. 2003; 14:227-244



CORRECTING SYSTEMATIC MISMATCHES IN COMPUTED LOG-LIKELIHOOD RATIOS

upper bound an L(z} —
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Figure 2. Bounds on the log-likelihood ratio of the box function
with incorrectly scaled inputs.

to outputs of the box function that are systematically too
small (a factor of o smaller for large z and a factor of o
for small z). Similarly, for o < 1 the outputs of the box
function are systematically too large.

In order to carry out the proposed post-processing we
need full knowledge of o, in other words, we need to know
2u/0?. If we would have known this ratio we would not
have supplied incorrectly scaled inputs in the first place.
The analysis shows how the linear behaviour of the sys-
tematic mismatch in the inputs propagates to the output.
The outputs themselves will be used as inputs in future
computations. The given analysis describes the systematic
mismatches affecting these new inputs, and can help us
understand the outputs of future computations.

5. HAGENAUER'’S BOX FUNCTION

In this section we shall analyse Hagenauer’s approxi-
mation

H(ly,... min |/ |

I1<j<n

) = H (sign ;) -

1<i<gn

to the box function F(Iy,...,1,) (See (3) in Section 2.2).

Let us consider a special case where [; = [ > 0 for all
1 <i<n. Then, Hagenauer’s approximation equals /. The
true box function equals

—bil

Z(bl,w,b,,);EL,b,:o Hl< j<n®©
Z(hl b)Y bi=1 Hl <j<n e !

1
~ log —; =1 —logn.
ne

log
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Hagenauer’s approximation thus produces a systematic
mismatch ~ —logn. That is, Hagenauer’s approximation
overestimates the output LLR (this corresponds to the
results in [6]).

The general setting in this section is as in Section 2.2;
{B;}._, is a sequence of binary uniformly distributed ran-
dom variables representing a sequence of transmitted bits
and R = {R;};_, represents the sequence of received
values z = {z;}_,. Random variables R; and B; depend
statistically on one another, but they are statistically inde-
pend of any of the other random variables B; and R,
for 1<j # i<n. In the sequel L; is the random variable
corresponding to Lg (R; =z;). Let H be the random
variable corresponding to H(Ly,...,L,) and let
B=>®" B;. We compute H(l,...,I,) instead of
F(ly,...,1,) = Lg(R = z). So, the post-processing of the
output suggested in Section 3 is the function Lg(H = z).
We redefine

L(z) =Lp(H = z)

The next theorem shows that the proposed post-proces-
sing of Section 3 corrects the mismatch shown in (6). Its
proof is given in Appendix D.

Theorem 3. Suppose that all transition probability den-
sities p(R; = r| B; = b) are identical (independent of i). In
addition we assume that these transition probability
densities are symmetric so that

p(Ri:r|B[:O):p(Ri:_r|Bi: 1)
forall 1 <i<n. Let
L=A{¢:p(Li=¢) #0}

(which is independent of i since all L;’s are identically dis-

tributed). Then, for z € L,

L(z) = z — (signz)log (1 + (n — 1)y(2))

n(n—1)(n - 2)y(z)°
3+3(n—1)y(2)

— (signz) |(n — 1)y(z) +
x e 217l +0(€74‘Z‘) (7)
where

B j‘oj‘ p(L, =X ‘ B, = O)e”‘dx

S S 0,1

" Jiz) p(Li = x| B; = 0)e || dx ©1
(which is independent of index i). Furthermore,
p(H=z|B=0)=pH=—z|B=1), L(—z)=—L(2),

Euro. Trans. Telecomms. 2003; 14:227-244



234
and L(z) is a strictly increasing function in z € L. In

particular,
_ (1 - V(O))"l
=0 1+ 7(0)

Let us proceed with a specific choice for the probability
densities p(R; = r| B; = b) mentioned in Theorem 3. Take

e—(e—n?/20°
p(Ri =z|B; =0) = i
and

e—(z+w)’ /20

V2no?

representing BPSK  transmission with additive white
Gaussian noise. Then,

p(Ri=z|Bi=1)=

2
Ly (Ri=2) =5z
(o
Hence,
e (=B /4p
Pl =z|Bi = 0) ==

where B =2u®/o? (see also the previous section). We
derive

o° —|z|
J e”p(Li =x[B; =0)dr = p(Li=x|B;=1)dx
|z oo
~(1z1+8)/v/2B o=/
= dx
—00 \Y% 271'
00 7)(2/2
frng € dx
(Iz|+B)/\/28 V2T
and
JOO 00 efxz/Z
P(LiZXIBiZO)dx:J 2 dx
1<l (lzl=p)/\/28 V21
Let
(2) T
Z = [
Q Jz vV 2
Then

o)~ QU=+ BV
e F1O((12] - H/VP)

To obtain the asymptotic behaviour of y(z) we use the
inequalities

—72/2 —72/2
(1-1/2)— < 0(z) < -
V2nz V2nz
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for z > 0 [7, pp. 31], leading to

|2l =B (zl +B) =28 _
2l +8 (2l +p7

7(2)

and

21— (lz] -
2l +8 (|2 -7 —28

for |z| > f. Hence (see also (6)),

7(2) <

)

lim (L(z) — z) = —logn
7—00

and

lim (L(z) — z) = logn
——00
For small z other terms in the expansion of L(z) become
more important. Theorem 3 states

. L(2) n—1
i~ (1 20(v77))"

In Figure 3 we have plotted L(z) forn =2and f = 1. A
consequence of the proof in Appendix D is that
L(z) =z —1log (1 +7(2)) +log (1 + e %y(z)) for n=2
and z >0, which is in agreement with (7). There is a verti-
cal offset of log 2 for large z, which can be corrected with-
out any knowledge of the amplitude and variance. For
decreasing z the offset decreases as a function of the
SNR. If the SNR is known then we can implement a table
which provides correction terms L(z) — z for various z, so
that we are able to reduce the systematic mismatch gener-
ated by Hagenauer’s box function.

Léz)
slops af L{z) in z=0 ----
45 L(z) for z->-infinity =

Lz)
N
o,

o

0 0.5 1 15 2 25 3 3.5 4 4.5 5
z

Figure 3. The log-likelihood ratio of Hagenauer’s box function.
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6. A NETWORK OF HAGENAUER’S BOX
FUNCTIONS

From the definition of the box function F(.) and from the
definition of Hagenauer’s box function H(.) it follows that

F(li, b, 13, 14) = F(F(l, 1), F(I3,14))
and

H(ly, b, 13, 14) = H(H(l1, 1), H(l3,14))
More generally, we can build a network using (Hagenauer’s)
box functions of two variables to implement a (Hagenauer’s)
box function in more than two variables. In this section
we continue the discussion of Section 5 for a simple
example of a network. We suppose that the assumptions
in Theorem 3 hold.

Suppose that we compute H(/y, 1, 13,14) by computing

H(H(ly,1,),H(l3,14)). In Section 3 we propose to use the
post-processing

L(z) = Lg,ep,eBson, (H (L1, Lo, L3, Ly) = 2).

An other possibility is to compute H(I,l,) and H(l3,14)
and not to postpone the post-processing but to apply the
post-processing suggested in Section 3 on these values.
This means that we twice use the post-processing function

L(z) = Lp,e,(H(L1,Lp) = 2)
= L33€BB4 (H(L37L4) = Z)

This results in the post-processed values L(H(I;,1,)) and
L(H(L,14)). Now we compute

H(L(H(l1, 1)), L(H (I3, 4)))
and we apply the final post-processing

L(Z) = L(Bl@Bz)@(B3@B4)(Z = Z)

where Z is the random variable

Z =H(L(H(Li,Ly)),L(H(L3, Ls)))

We will prove that if we postpone all the post-processing
we obtain the same final value, that is,

L(H(H(ll ) l2)7H(l3a l4)))
= LH(L(H(L, 1)), L(H (13, 14))))
According to Theorem 3 L(z) is a strictly increasing

function in z. Hence, from the definition of Hagenauer’s
approximation to the box function it follows that

H(L(H(l1, 1)), L(H (L3, 14)))
= L(H(H(li, ), H(l3,14))) (8)
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A second consequence is

L(H(H(I1, ), H(L3,14)))
= Ly, op,on,en, (H(H(L1, Ly), H(Ls, Ly))
=H(H(l\,h),H(l5,14)))

= Lp,on,a808, (L(H(H(L1,L2), H(L3, Ls)))
=L(H(H(l,,1,),H(I3,14))))

By using (8) we derive

Lp,e,a;08, (L(H(H(Ly, Ly), H(L3, Ls)))
=L(H(H (L, L), H(l3,14))))
= Lig,any)o(Bseons) (H(L(H(L1, L)), L(H (L3, L4)))
= H(L(H(I1, 1)), L(H(L3,14))))

L(H(L(H, (I}, 1)), L(H(I3,14)))

This proves that in this specific example without loss of
information we may postpone all the post-processing to
the end. It remains an open problem whether this is true
for more general networks of Hagenauer’s box functions.

I
h

7. SIMULATION RESULTS

In this section we present simulation results that show the
influence of compensating mismatched LLRs on the per-
formance of an iterative decoder [2, 4, 8]. In Figure 4 a
schematic diagram of an iterative decoder is shown. The
symbols x, y; and y, represent the intrinsic information
of, respectively, the information bits, the parity bits of
encoder 1 and the parity bits of encoder 2. Compared to
traditional iterative decoders, the one shown in Figure 4
is extended with multipliers that scale the extrinsic infor-
mation of the decoders 1 and 2 with o and o, respectively.
The use of scaling will be elucidated in the next section.

o] I(x)

N /L
) Decoder 1 j? () m ;%

e i
6; n - Decoder 2 ‘_|
y

X a)

Figure 4. Schematic diagram of iterative decoder for PCCC.
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Reasons for arising mismatches of LLRs in iterative
decoders maybe due to the fact that in the course of iter-
ating the correlation between a-priori information and
intrinsic information increases. Also the use of subopti-
mal component decoders like max-log-APP decoders
will lead to mismatches. In particular the produced
extrinsic information of max-log-APP decoders is an
overestimate of the true LLR [6, 9]. The mismatch due
to use of a max-log-APP decoder is quantified in the next
section.

7.1. Quantifying mismatch of max-log-APP decoders

We quantify the mismatch of the extrinsic information pro-
duced by a max-log-APP decoder compared to the true
LLR by determining the scaling factor that one has to
apply in order to correct the relation between extrinsic
information and LLR. For that purpose we do experiments
with an 8-state recursive convolutional code with genera-
tor polynomial G = (1,15/13). By doing simulations we
determined the distribution of the extrinsic information a
produced by a max-log-APP decoder. This distribution is
used to determine the LLR L(a) of the extrinsic informa-
tion a and can therefore be used for calculating the
required correction factor L(a)/a (see Section 3) of the
extrinsic information. The required correction factor is
shown in Figure 5 and turns out to be dependent on the
decoder output a. The correction values are smaller than
one and therefore validate the reported overestimation of
LLRs in [6, 9]. An approximation to the non-constant scal-
ing may be a constant correction factor.

1 r T
Es/NO=-3.0dB —
08
I s
R
I
SR
R
/"/
b————
5 06
g
8
c
i
3
g
3
G 04
02
0
0 05 1 15 2 25 3 35 4 45 5

Output of decoder

Figure 5. LLR correction of extrinsic information.
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7.2 Scaling in iterative decoders

In an iterative decoding scheme (see Figure 4), with com-
ponent decoders of the max-log-APP type, we investigate
experimentally whether compensation of mismatched
LLRs lead to better performances. The used code is a par-
allel concatenated convolutional code with two 8-state
recursive systematic component convolutional codes.
The generator polynomials of the component codes are
G = (1,15/13). The interleaver size is 150 and the two
component codes are terminated separately by zero-tail-
ing. The interleaver is a randomly chosen permutation.
To avoid decoding complexity, the mismatched LLRs at
the output of the component decoders are compensated
with a constant scaling factor instead of using a scaling
function like shown in Figure 5. For obtaining good
scaling factors we use an experimental and greedy
approach. We fix the SNR and start with one iteration
and observe the performance (Bit Error Rate) at the output
of decoder 2 while o is varied. The scaling factor is varied
in steps of 0.1 from 0.1 up to 1.0. The value of o, that gives
the lowest BER is used in further simulations (but only for
the first iteration). The same procedure is repeated for o,
while we observe the BER at the output of decoder 1 and
do 2 (actually 1.5) iterations. Then we vary o; again for the
second iteration, etc. In this way we obtain two profiles of
scaling factors for one SNR. For each SNR the procedure
has to be repeated. The resulting scaling factors are shown
in Table 1. We find that the scaling factor o, does not vary
much with the SNR, but for o; we see that a higher SNR
leads to higher values. Furthermore, the scaling factor
found for oy in the first iteration matches well with the
found scaling function shown in Figure 5.

7.3. Performance versus complexity

In Figure 6 the convergence behaviour of iterative decod-
ing with scaling is shown. The figure gives the BER as
function of the number of iterations. As a reference we also
give the performances of iterative decoding without scal-
ing for 5 and 10 iterations. The results show that in case
of iterative decoding with max-log-APP component
decoders, due to properly scaling the required number of
iterations can be halved for the same (or better) perfor-
mance. Moreover, the performance approaches the perfor-
mance of an iterative decoder with log-APP component
decoders.

Notice that in [6] a different scaling is proposed that
does not lead to significant performance improvements.
The reason for that may be that they assume Gaussian
distributed extrinsic information, while the non-constant
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Table 1. Scaling factors for iterative decoding with max-log-APP.
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E,/Ny o; Iteration number
1 2 3 4 5 6 7 8 9 10
—4.0 1 0.7 0.7 0.7 0.7 0.7 0.6 0.6 0.7 0.6 0.7
2 — 0.6 0.7 0.7 0.6 0.6 0.6 0.7 0.6 0.7
-3.0 1 0.8 0.7 0.8 0.8 0.8 0.8 0.8 0.7 0.8 0.7
2 — 0.7 0.7 0.7 0.7 0.6 0.7 0.6 0.7 0.7
-2.0 1 0.8 0.9 0.9 1.0 1.0 — — — — —
2 — 0.7 0.6 0.7 0.6 — — — — —

max-log-APP with scaling at Es/N0=-3.0 dB -~

BER

max-log-APP without scaling

0.001

1 2 3 4 5 8 7 8 8 10
Iterations

Figure 6 Convergence of iterative decoding with scaling at
E;/No = —3.0 dB.

correction factor shown in Figure 5 suggests a non-Gaus-
sian distribution.

8. CONCLUSIONS

In general, systematic mismatches can be studied by
means of a post-processing which corrects this type of
mismatches. We demonstrated that this post-processing
is generally not equivalent to minimizing the average
(systematic or non-systematic) mismatch.

For example, if we do not know the exact SNR we will
incorrectly scale the inputs of the box function with say a
factor o. This leads to a mismatched output of the box
function. We have given upper and lower bounds on the
output of the proposed post-processing as a function of
the mismatch. If we underestimate the SNR then the output
of the box function is smaller than what it should be (a pes-
simistic output). Overestimation of the SNR leads to opti-
mistic outputs of the box function. If the SNR is not too
small and « is fixed, the post-processing is approximately
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equivalent to multiplying with the factor o. So the beha-
viour of the systematic mismatch at the inputs transfers
to the output.

Hagenauer’s approximation to the box function was
considered as a second example. An expression of the
post-processing function L(z) has been derived. If z is
not too small, this expression equals approximately
7z — (signz)logn, where n is the number of inputs.
Hagenauer’s approximation leads to a slightly pessimistic
output. For a simple network of Hagenauer’s box func-
tions, we proved that without loss of information we
may postpone all the post-processing to the end.

Simulation results show that our theory explains the
influence of scaling on the performance of an iterative
decoder. By using scaling factors the performance can be
significantly improved.

APPENDIX A: PROPERTIES OF Lg(A =a)

In this appendix we present the proof of Theorem 1
concerning the post-processing Lg(A = a), where A is
the random variable corresponding to a = Lg(R = z)+
e(z). We define R,={(:a=Lg(R=¢)+e(()} and

q(¢) =p(R={)/p(R € R,) for ( € R,.
We derive
LB(A = a) = ]()g p(B = 07R S Ra)

p(B=1,ReR,)
> cer, 9(Q)P(B =0[R = ()
* T er, dOPB=1]R=0)

By using equation (2) we obtain

= log

=a)= ZCERH ‘1(()/(1 +e” )
Lg(A=a)=1 deRa Q(O/(l 4 etLs(R= ())
—1lo D cer, q(¢)/ (1 + e (@)

Z(ERH CI(C)/<1 + e+(a—5<§)))
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Let L(a) = Z(ena q(¢)Lg(R = (), and E(a) :quRa X
q(¢)e(¢). We notice that Lg(A = a) = log =%, with x =
> cer, 4(€)/(1 + el@==(0)), is a decreasing function in x.
Hence, a— maxcer,e(¢)<Lg(A =a)<a —minceg, X
e(¢), and we obtain

—max(e(¢) — E(a)) < Lp(A = a) — L(a)

and
Ls(A = a) = L(a)< — min(=(¢) — E(a))
€R,
from which the first part of the theorem follows.
The second part of the theorem can be derived by taking
partial derivatives of

=340 / (1 + e(L(a)—(s(f)—E(a»))

(E€Ra

which is a function of variables v, = €(¢) — E(a), { € R,.

APPENDIX B: Lg(A = a) VERSUS f(a)

Assume an AWGN channel with BPSK transmission. Let
i = 1and o = 2.296069 so that the SNR equals x> /20? =
—10.23 dB. Note that our example is not practical. If a zero
is transmitted we receive an instance of a Gaussian distri-
bution with mean u and standard deviation o. If a one is
transmitted we receive an instance of a Gaussian distribu-
tion with mean —u and standard deviation o. Let B be the
random variable corresponding to the transmitted bit.
Suppose that the received signal is quantized by 5 bits.
That is, there are 32 quantization intervals. For large
enough SNR the performance of a convolutional code is
given by the union bound. The intervals are chosen such
that the union bound is minimized, or equivalently such
that the minimum Bhattacharyya distance [7, pp. 311]
between the signal sequences corresponding to two differ-
ent code words is maximized. The quantization intervals
optimize the so-called cut-off rate [7, pp. 310-318].
Without much performance degradation we use the uni-
form spacing © = 0.180 - o, that is the 32 quantization
intervals are I_16 = (—o0,—151], I_15 = (=151, —141],

I 4= (—147,—137], ..., -y = (-1,0], [, = (0,1], ...,
I1s = (157, 00). The quantized received signal z is repre-
sented by the index (z € {—16,...,—1,+1,...,+16})

of the quantization interval containing the originally

received signal. Let R be the random variable correspond-

ing to z. Let

P(B=0|R =

LZ — log M
P(B=1|R=7)
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Table 2. The statistics describing 32 quantization intervals.

Z L, P,
1 0.07818243 0.06502740
2 0.2345484 0.06334471
3 0.3909203 0.06010470
4 0.5472841 0.05554249
5 0.7036525 0.04997747
6 0.8600187 0.04377633
7 1.016384 0.03731538
8 1.172751 0.03094384
9 1.329121 0.02495421
10 1.485495 0.01956311
11 1.641870 0.01490382
12 1.798244 0.01102980
13 1.954615 0.007926813
14 2.110979 0.005530324
15 2.267335 0.003744492
16 2.619154 0.006315138

be the LLR corresponding to the interval I, and let
P, = P(R = 7) be the probability that we receive a signal
in interval I,; see Table 2. We notice that L_, = —L, and
P_, =P,

Suppose that we want to represent R = z by means of 3
bits instead of 5 bits, which will lead to a mismatch. In this
case we should have quantized the originally received sig-
nal by 3 bits right away. This would lead to a uniform spa-
cing of T = 0.569 - o, which is about 3 times the uniform
spacing used for 32 quantization intervals. Therefore, in
order to represent R = z by means of 3 bits we map z € J;
={1,2,3} into a=1, we map z € J, = {4,5,6} into
a=2,wemapz € Jy;=1{7,8,9} into ¢ = 3 and we map
z€Jy=1{10,...,16} into a = 4. Similarly, —z is mapped
into —a. Let A be the random variable corresponding to a.

From Section 3, we propose the post-processing

P(A=a|B=0)
PA=alB=1)

> ces, PR=2|B=0)
> e, PR=2z|B=1)
>es, P/ (1 +e75)
Zzejﬂ Pz/(l + eL‘"‘)

see (2). In this appendix we compare this to a different
post-processing

Lg(A = a) = log

= log

= log

f(a) = ZPZLZ

2€J,

which minimizes the average mismatch. Table 3 lists both
function values.
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Table 3. Two kinds of post-processing.

a Lp(A =a) f(a) P(A=alB=0)
—4 —1.780219 —1.819411 0.01991400
-3 —1.147889 —1.152016 0.04490553
-2 —0.6886431 —0.6913283 0.09982994
-1 —0.2295319 —0.2304663 0.1669406
+1 0.2295319 0.2304663 0.2100131
+2 0.6886431 0.6913283 0.1987626
+3 1.147889 1.152016 0.1415213
+4 1.780219 1.819411 0.1181130

We make the example more explicit by supposing
that we puncture the parities at the even positions of a rate
172 systematic non-recursive convolutional code with
feedforward polynomial 1 4 D. The resulting punctured
convolutional code words are a repetition of code words
in the [3,2,2] parity check code. In Section 2.3 we
described a symbol-by-symbol log-APP decoder. Let
L,z € {—4,-3,-2,—1,4+1,42,+3, +4} be the three
inputs. Then the first output equals y; = [} + F(l, I3).
Based on y; we make a hard decision, if y; < 0 we decide
a 1 was transmitted as first bit of the parity check code
word and if y; > 0 we decide a 0 was transmitted as first
bit of the parity check code word. Without loss of general-
ity we assume the all-zero code word has been transmitted.
Except for the 4 cases listed in Table 4 the two kinds of
post-processing (PP) lead to the same hard decisions
(HD’s).

The bit error rate (BER) after taking the hard decisions
is equal to 0.3228271 in the case of the post-processing
Lp(A =a) and 0.3228486 in the case of the post-
processing f(a). Our proposed post-processing performs
slightly better. This confirms the conclusion that the
post-processing Lg(A = a) is optimal. We notice that if
we do not perform any decoding then the BER after taking
hard decisions is equal to 0.3315900. So, our example is
not practical but it does demonstrate the differences
between the two post-processings.

Table 4. Differences in the hard decisions (HD’s).

(i, 13) HD based on HD based on
y1 with the y1 with the
PP Ly(A = a) PP f(a)
(=3, —4, —4) 1 0
(=3, +4, +4) 1 0
(+3, —4, +4) 0 1
(+3, +4, —4) 0 1
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APPENDIX C: ANALYSIS OF RANDOM
VARIABLE Z

In this appendix we present the proofs of the results
given in Section 4 concerning the probability density func-
tion (pdf) p(Z=z) and LLR L(z)=log(p(Z=2z)/

p(Z = —z)) of
1 + eX+Y
Z=log |———~ 9
og Lx T 9)
where X, Y are independent Gaussian random variables
with mean p and variance o?. For this a careful analysis
of the functions

fu(x) = cosh(o arccosh(x)), x>1

(10)

where o = 241/0?, is required. We note that u and o play a
different role in Section 4. Yet, for a better understanding,
we shall use the same variables in the context of this
appendix. In Section 4, we apply the results of this appen-
dix for = B and 0% = 2 /0.

C.1. Explicit formula for p(Z = z) and some first
consequences

We shall show that for z € R

.“2

pZ=7)=ct r S (W = 1p(W =1~ 2) di

(11)
Here f, is given by (10) and
p(W=w)
07 w<0
=3 5 exp(—ﬁlogz(ew—l—\/em—l))
, w>0
o\/m VI—e 2w
(12)

is the pdf of W = log (cosh(V)) with V a Gaussian random
variable with mean O and variance %02.
Indeed, from (9) it follows that

[cosh% (X+7Y)
Z=log | —2 "<
coshi (X —Y)

= log (cosh(U)) — log (cosh(V))

(13)

where U =4 (X +Y) and V =1 (X — Y) are independent
Gaussian random variables with variance %02 and with
mean u and O, respectively. Write

T =log (cosh(U)), W =log(cosh(V))

Euro. Trans. Telecomms. 2003; 14:227-244



240

For the pdf of W we compute

2 v(w) )
P(W<w) J e/ dv, w>0

“oval

and P(W<w) = 0 for w < 0, where
v(w) = arccosh(e") = log (ew + Ve — 1), w>0
Thus

p(W =w) WV (), w >0

2
=——e¢
o\/m
and it follows that p(W = w) is given by (12).
For the pdf of T we compute

e =1’/ 4y

1 JV(I)
oV )

V(1)
_ _.‘42/‘72 _u2/02 h d
—a\/ﬁe L e cosh(ou) du

for ¢ > 0, and P(T<t) = 0 for t < 0. From this we easily
obtain

p(T=1)=e“/7f)p(W=1), t>0

with f; as given in (10). Then, from (13) and the statistical
independence of T and W, both

p(Zzz):Jp(T:t)p(W:t—z) dr, zeR

and (11) follow.

We give some consequences of (11-12). By taking r + z
as integration variable in the integral in (11) with z
replaced by —z we obtain

.“2

p(2=—2) = [ LW = p(W =1 -2) a

Hence, we obtain for the LLR

L(z) = log [Ii(ZZT:_Z)Z)]
~ log [ Jfu(e)p(W = )p(W =1 —2) dt
J1(e=)p(W = 0)p(W =1 — z) dt
z=0.

(14)

In particular, when o = 1, so that f,(x) = x, we find that
L(z) =z

We furthermore observe that, due to the factor (1—
exp(—2w))_l/ % in the second member of the right-hand
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side of (12) and f,(1) = 1,
pZ=z) 2

=0 |log | z| | T on

_HZ/UZ
Hence p(Z = z) has a logarithmic singularity at z = 0.

C.2. Properties of f,

To obtain inequalities for and insight into the behaviour of
L(z), we consider formula (14), in which we write

fa (etfzez)
fa (ez—z) -

We are therefore particularly interested in the lower and
upper bounds of f,(xy)/f,(x) as a function of x=
e"*>=1 for a given value of y =e*>1. These bounds
translate directly into bounds for L(z) through formula
(14).

fa(e7F), 12220

fa(et) =

Lemma 4

(i) Let y > 1 and o > 1. Then f,(xy)/fy(x) decreases
from f,(y) to y* when x increases from 1 to co.
(il) Let y > 1 and o < 1. Then f,(xy)/f,(x) increases
Sfrom f,(y) to y* when x increases from 1 to cc.
(iii) f1(x) = x x> 1; f,(1) = 1, £1(1) = &, & > 0.
@(v) Foro> 1, x> 1,y > 1 we have

v <J;°ﬁfécy)) <f,(y) <min (y©,27ly*)  (15)
(v) Fora <1, x> 1,y > 1 we have
o fd(xy) o2 Aa—1_ o
T >fo<(y)>maX(y ;2 y) (16)
(vi) For 0 < o < oo we have
o)y (1 0ltr= 0= ) + - 17))

(17)
forx=z1y=>=1

(vil) For 0 < o < oo we have

Ju(xy)
fa(x)
forx=1, y=1, where y = min(1, ).

(viil) fy(x) is strictly convex in x=1 when o > 1 and
strictly concave in x=1 when 0 < o < 1.

=2y (1+0[x- 1) +y7])  (18)
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(ix) logf,(exp(z)) is strictly concave in z=0 when We compute
o > 1 and strictly convex in =0 when 0 < o < 1.
Proof. dy | »* V- y2 —1
(i) We have x [tanh(a arccosh(y))
d fa(xy)] 1 , , — tanh( arccosh(y))]
5o = Yo\ XY )a\X) = Ja\ XY ) (X
5[] = s )~ 1)
d o o
for x,y > 1. Since . [f ()z)):| = Zocf ) (23)
. dy |y y/yr — 1
fix) = sinh(a z;rccosh(x)) x> 1 x [tanh(a arccosh(y))
-l — atanh(arccosh(y))]

we obtain after some computations . o ) .
From strict monotonicity and strict concavity of tanh

VA (xy) — fu(on)fL(x) = ffa () (x9) (1 (x9) — () on (0, 00) and the fact that o > 1 it then follows that
x the right-hand sides of (22) and (23) are positive and
for x,y > 1, where negative, respectively. Then (21) follows from
xtanh(a arccosh(x))
Pa(x) = : ;x> 1 (19) f(1) =1, tim 2 _ po1
x> —1 y—00 y“

Hence f, (xy) /f.(x) decreases in x > 1 if and only if (v) Along similar lines as the proof of (iv).

() decreases inx > 1. (vi) We first observe that f,(x) is a smooth function of
We now change variables in (19) according to x>1, and that
a = arccosh(x), so that a increases from 0 to co as ) 5
x increases from 1 to oo, and we shall show that (1) =1, fa(l) =a
tanh(oa) By the Taylor expansion of f,(xy) around y = 1 (with
¥(cosh(a)) = “tanh(a) x>1 fixed), we have for y>1
decreases in a > 0. We compute Ja(xy) = fu(x) +x(y — 1)f;(x) + O(()’ - 1)2>
/
d [tanh(oa) _ o sinh(2a) — sinh(20a) (20) =f,(x) {1 +xf1(x) 1)+ 0((y - 1)2)]
da | tanh(a) 2 cosh(oa)” sinh(a)? fal%)
=f@) [l +a2(y—1

Since « > 1 we have by strict convexity of sinh on % (x){ b-1)

(0,00) that the right-hand side of (20) is negative + O{(x D=1+ (- I)ZH'

for a > 0. Therefore, 1, (x) and f; (xy)/f,(x) decrease

inx> 1. The result then easily follows from

It is not hard to see that
2
) ) ¥ = exp(oflogy) = 1+ (v — 1) + O((y - 1)?)
: =fuy),  lim = =y .
falx) | =00 fy (y) (vii) There holds

and this completes the proof of (i). fulx) = 1 [(x Ve 1)“+(x Ve 1)—0(]
(i) Along similar lines as the proof of (i). 2 X ) 5
(iii) Trivial. =271+ O +x77%)
(iv) The first two inequalities in (iv) follow from (i), so we — o1, (1 + (’)(x_27')), x>1

only need to show that

P o] where y = min(1, o). Hence, for x,y> 1,
) <min(y*,27717), y>1 @)
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fulxy) = 2“’1y‘°‘x“<1 + 0((xy)727'))
A+ O~ 1))
x (14 0((w) ™))

and from this the result easily follows.
(viii) We compute for x > 1

flx) = % o tanh( arccosh(x))

— tanh(o arccosh(x))]
and the claims easily follow from strict concavity
of tanh on [0, c©).
(ix) Assume that oo > 1. From (i) we have that
y>1, 1<x <x :>fx(x1y) “(Xz)
> fa(2y)fa(x1)
Taking

v v+w

xp=¢e", xp=¢e"", y=¢€"

with v, w, z > 0 and letting g(z) = logf,(exp(z)),
we see that
vow,z2>0=glv+z)+g(v+w)
>g(v+w+z)+g(v)

This is equivalent to convexity of g on (0, 00).
The proof for the case that o <1 is simi-

lar. O

We conclude this subsection with some comments. In
terms of the hypergeometric functions F, see [10,
Ch. 15], in particular 15.1.17 on p. 556, we have for x> 1

11
(] —
a7a7272( x))

When o =0, 1, ..., we get, see [10, 22.5.47 on p.779 and
22.3.6 on p.775],

fo(x) = cosh(« arccosh(x)) = F<_

LA alamm= ),
fa(x):l“a(x)z—ocn;(—l) m(zx) )

the Chebyshev polynomial of the first kind of degree o.
Furthermore, the functions f, (x) map [1, co) onto [1, c0)
and they form a group in the sense that

fup(x) = f(fp(x)), 2, > 030> 1.

Interestingly, the functions y"‘2 and 2*~'y* that occur at the
right-hand sides of (15-16), considered as mappings of
[0, 00) onto [0, 00), form groups in the same sense as well.
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A similar comment applies to the functions y*, see left-
hand sides of (15-16).

C.3. Consequences for the log-likelihood ratio

The inequalities (4) and (5) in the main text follow
straightforwardly from (14) and the Lemma in C.2. For
instance, when o > 1, the first inequality in (4) follows
from the first inequality in (15) so that

fule) = fule"e%) > e fy(e"7), 122>0

We shall now sketch proofs of the fact that if o=
2u/o? > 0 and z > 0 are fixed we have

limL(:) = log [f,(¢7)),  lim L) =2z (24)

We shall also sketch proofs of the fact that if o > 0 and
o > 0 are fixed we have

L
1imﬁ= o2,

0z lim (L(z) — z) = (2 — 1)log?2

7—00

(25)

The proofs of these limit relations consist of a considera-

tion of the limiting behaviour of the pdf
p(W=1tp(W=1-72)

Loop(W =tp(W=t—z)dt’

1=z (26)
for each of the four cases in (24-25), together with an
appeal to the appropriate items in the Lemma in C.2.

As for the first limit in (24), we note that for fixed o > 0,
z > 0 the pdf in (26) concentrates all its mass at the point
t = zwhen o | 0, see (12). Hence, in the right-hand side of
(14) we can replace the f,(e') in the numerator by f,(e?)
and the f,(e'%) in the denominator by f,(1) = 1.

Similarly, for the second limit in (24), we note that for
fixed o > 0, z > 0 and any arbitrarily large T > 0 the pdf
in (26) concentrates all its mass in [T,00) as 0 — o0.
Since by (i) and (ii) of the Lemma in C.2 we have

. f%(xy)_ o
M Y

we can replace the f, (¢’) in the numerator of the right-hand
side of (14) effectively by

fa(ez—zez) — elXZfa(el—Z)

and this yields the second limit formula in (24).

As for the first limit in (25), we observe that for fixed
o > 0, o > 0 the pdf in (26) concentrates all its mass at
t =z when z | 0. This is because of the occurrence of
the factor (1 — exp(—2w))71/ % in the lower line of the
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expression (12) for p(W = w). Hence, by (17), we can
replace the f,(e’) in the numerator of the right-hand side
of (14) effectively by

fule ) = e ().

Finally, for the second limit in (25) we note that for fixed
o >0, z> 0 the pdf in (26) concentrates all its mass at
t = z when z — oo. This is because of the occurrence of
the log?(exp(w) + (exp(2w) — 1)"/?) in the exponent in
the lower line of the expression (12) for p(W = w). Hence,
by (18), we can replace the f,(e’) in the numerator of the
right-hand side of (14) effectively by

fu(ee)

This completes the sketches of the proofs of all four limit
relations in (24-25).

_ za—leaz

APPENDIX D. ANALYSIS OF HAGENAUER’S
BOX FUNCTION

In this appendix we prove Theorem 3 in which we analyse

L(z) =Lg(H =z). By using the assumptions in

Theorem 3, a straightforward case analysis proves
PH>z|B =0)

{ (Ax)+B(2)"+(B(z)—A(2))" 2>0

| - ACasBaY Ba-acal g

where A(z)

= | =P(L;<—z|B;=0) and
B(z) =P(Li=z|B; =0

1)
= P(L;< — z|B; = 1). Hence,

:—E{(A(IZI)+B(|Z|))"_1(A’(\ZI)+B’(|Z|))
~(B(lz]) = A(1z])" B (1z]) —A'(|z] )}

— (signz)
which equals

n
- Li: B,:O
“p(Li= |z| |B;=0)

[o.¢]

+ sign (2) “ (1—e"p(Li=x|B; = O)dx} "

[z]

(1 —ez)>
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By using similar arguments we find that p(H =
z|B=1)=p(H = —z|B=0). Since z € L if and only
if p(Li=|z| |Bi=0)#0 we infer from the derived
equations that z € £ if and only if p(H=z|B=0)#0
and if and only if p(H = z|B = 1) # 0. Hence, for z € L,

) + (sign 2)K(]z])
— (sign 2)K(|z])

le\ e )p(Li = x| B; = 0)dx
(Lz

NI'—‘
—~
—
_|_
('D

E
S~—
:
7N
S
|
—_
~
~
—
&\l
N2
|
<
o

with y(z) being defined in Theorem 3, and

(1—e'>§f(”f‘)«4ywa%fz

K(z) = >

l\)l~

This results in the following expression,

S (@2i(z) + axisi (2))e

—2i|z|

L(z) = z — (sign z)log =+ .
S (@21 (2) + axi(2))e 2
where
a-1(z) = ay(z) =0
and

for 0<i<n — 1. By using this expression and by noting
that log (1 + x) = x + O(x?), the first part of the theorem
follows. It remains to be proven that L(z) is strictly
increasing in z € L. This follows from the following obser-
vations. We note that for 0 < z € L,

d B D(z)K(z) d  K(z)
&M= T ke &% D)
D(z) > K(z) >0, and
K(2) J75 (0 =e™)p(Li = x| B; = 0) dx
2 b) (n = Dlog I3 (T e )p(Li = x| B = 0) dx
1 —e 2l
+ log o T

is strictly increasing in 0 < z € £. A similar argument
holds for 0 > z € £. We note that the derivative of L(z)
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