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A NOTE ON HUDSON’S THEOREM ABOUT
FUNCTIONS WITH NONNEGATIVE WIGNER DISTRIBUTIONS*

A.J. E. M. JANSSEN'

Abstract. We show that a (generalized) function f has a nonnegative Wigner distribution W( f,f) if and
only if fis a Gauss function (possibly degenerate). We prove, more generally, that the convolution of W( f,f)
with certain Gauss functions is nonnegative if and only if f is of the special type mentioned. As a consequence
we have that the only (generalized) functions whose Wigner distributions are concentrated on a curve of a
particular type are delta functions or exponentials exp(—mat2+2aft+y) with a, B, y complex, Re a=0. The
main tool used is Moyal’s formula for the Wigner distribution together with Bargmann’s integral transform.

1. Introduction. For f€ L*(R), the Wigner distribution W( f,f) of fis defined as
(1.1) W(x,y;f,f)=foo e“z”iy’f(x+%t')f(x—lt)dt, (xER, yER).
w 2

It is known that W( f,f) is a continuous, bounded, real-valued function that may take
negative values. The Wigner distribution was introduced by Wigner [15] as a device that
allows one to express quantum mechanical expectation values in the same form as the
averages of classical statistical mechanics. By means of the Wigner distribution one can
describe Weyl’s correspondence [7], [14] in the following elegant form (see for this e.g.
[4]). If a: R2>R is an observable, then the expectation value of a in the state fis given
by

(12) [[aCGer)W(xy; £.f ) dxay,

i.e., instead of substituting a particular point (x,,y,) of the phase plane in a (as one
does in classical mechanics), one integrates a against the “density function” W( f,f).
More recently there has been considerable interest in the Wigner distribution as a tool
for signal analysts to describe a signal in time and frequency simultaneously (cf. [3],
[5]). In both quantum mechanics and signal analysis one likes to interpret W( f,f) as a
density function of two variables. Such an interpretation is awkward, since W( f,f)
may take negative values as already said. Nevertheless, there is a fairly extensive list of
positivity properties of the Wigner distribution (cf. [3], [11]). These properties express
that certain averages of the Wigner distribution are nonnegative. A typical example is:
for any f€ L*(R) (cf. [2]),

(1.3) f/exp(—21r6(x—a)2—2wy(y—b)2)W(x,y;f,f)dxdyZO,

for all >0, y>0,a€R, bER where dy=<1.

It is convenient to allow in this note certain generalized functions f which we shall
describe in §2. We shall show that if f# 0 has a Wigner distribution that is nonnegative
everywhere (in a generalized sense), then f is necessarily of the form

(1.4) f(t)=exp(—mat®+2apt—7y),
or
(1.5) f(1)=ds,(1),
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where a, 8, v, a, d are complex numbers with Rea=0. If we restrict to € L*(R), this is
known as Hudson’s theorem [8]. The f’s in (1.4) are what we call Gabor functions
(although this name is usually reserved for the case that « is real and positive). We have
for the fin (1.4), by calculation,

(1.6)
2\ 2 2
W(x,y;f,f)=(~}a) exp(—2~rrRey+2w(ReB) /Rea—27(x—ReB/Rea) Rea

—27(y+xIma—ImB)*/Rea),
if Rea>0, and
(1.7) W(x,y; f.f)=exp(—27Rey+4nxReB)8,(y—ImB+xIma),

if Rea=0. And for the fin (1.5), we have
(1.8) W(x,y;f,f)=|d|2exp(4wyIma)80(x——Rea).

We shall show more generally that if §y>1, and (1.3) is nonnegative for all a and b,
then f must be of the form (1.4) or (1.5). This result shows that Gabor functions and
delta functions are fairly isolated objects in this kind of time-frequency analysis. As an
application we show that if W( f,f) is concentrated on a curve of a certain type, then f
must be of the form (1.4) (with Rea=0) or (1.5).

The key argument, due to Hudson (cf. [8)), is the observation that for y=8=1, the
expression (1.3) can be written as exp(—7(a*+b?))|G(a—ib)?, where G is an entire
function of order 2 (Bargmann transform of f). Now, f€ L*(R), W( f,f)=0 everywhere
implies that G (a—ib)+#0 for all @ and b (unless f=0). And Hadamard’s theorem can
be used to show that G, and hence f, has a special form. Since we also want to discuss
f’s which are not necessarily square integrable, we consider in §2 the Bargmann
transform in some detail for f’s in a convenient set of generalized functions.

2. Preliminaries. A convenient theory of generalized functions for discussing the
Wigner distribution was elaborated by De Bruijn (cf. [4]); we describe it here briefly.
We don’t want to use Schwartz’ theory of tempered distributions since this theory has
the disadvantage that functions like f(¢)=exp(¢) and f(¢)=8§,(¢) cannot be considered.
Also, the theory used in this note arises naturally in the context of the Bargmann
transform which will be used later on. Our test function space S consists of all entire
functions f for which there are 4 >0, B>0 such that f(x +iy)= O(exp(—7Ax*+ 7By?)).
This space can be identified with the Gelfand-Shilov space S}/3 (cf. [6], [9]). We may
describe S as the set of all f€ L2(R) for which ( £,y,)= O(exp(—na)) for some a>0.
Here 4, are the Hermite functions, given by

(2.1)

t[/,,(x) = (— ])"21/4(477,)—n/2(n !)—l/ze,,xz( d

dx
we have Hy,=(n+3)y,, where H=(x>—1/4n*(d?/dx*))= is the Hermite operator.
We denote the dual of S by $*: an FES* is an antilinear continuous functional on S.

We have (F,y,)= O(exp(na)) for all >0, if FES*. Yet another way to describe S and
S* is by means of the Bargmann transform (cf. [2], [12]): for FES* we let

(22 (BF)(z)=e""/*(F,g;)  (z€C),

) e 2™ (x€R,n=0,1,---);
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where, for weC,
(2.3) g, (1)=2"%exp(—n(t—w)’)  (1€C).

We note that (By, )(z)=(z/7)"/Vn!. Now B maps S(S*) one-to-one onto the set of all
entire functions of order 2, type <w/2 (order 2, type <u/2). For details we refer to
[12].

It is important to note that

(2.4) (F,Gl(a,b))=exp(—%(a2+b2))(BF)(a—ib) (aER, bER),
where G,(a,b) denotes for y>0, a€ER, bER the Gabor function,

5\ 1/4 ,
(2.5) Gy(a,b)(t)z(;) exp(—my~(t—a)’+2mibt—miab)  (tER),

whose Wigner distribution is given by

(2.6) W(x,y; G(a,b), G(a,b)) =2exp(—2wy“'(x—a)2—27ry(y—-b)2)

(xER, yER).
We further have
2.7
(BF)(z)=2"*(1 +a)_1/2exp( -;— i—;—Zﬂzz+?ﬂTﬁz—w(y—Bz(l +a)‘l)) (zecC),
and
(2.8) (BF)(z)=2'/“dexp(—%722+27raz——7m2) (zec),

where F is the f of (1.4) and (1.5) respectively. We conclude that if P(z)=az>+bz+c
with |a|<7/2, bEC, cEC, then there is exactly one F of the form (1.4) or (1.5) such
that (BF)(z)=exp(P(z)).

We shall also need the operator e~ *¥, which can be defined on S and S$* for
Rea=0. We have

(2.9) B(e™*"F)(z)=e"*/*(BF)(ze™®)  (z€C),

for FES* (cf. [2], [12]). For a>0, e~*¥ is De Bruijn’s smoothing operator N, (cf. [4]);
the kernel K, of N, is given by

-

sinha

(2.10) Ka(z,t)——‘(sinha)—l/zexp( ((z2+1*)cosha—221))  (zER, (ER).

The Wigner distribution can also be defined for F &€ S*; it thus becomes a gener-
alized function of two variables. An important formula is due to Moyal (cf. [4]): if
FeS* feS, then

(2.11) (W(F,F), W(£.))=|(F.f)I’.
Note now that (1.3) follows from (2.6) and (2.11) in case §=v"".
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We shall also use the formula
(2.12)

W(x,y; N,,f,Naf)=(2sinha)_lexp(—27r(x2+y2)tanha)

'ffexp( —21rcotha((z—x/cosha)2+(w——y/cosha)z))
W(z,w; f,f)dzdw

for x ER, y €R; this is just another way to write [4, Thm. 16.1]. Here fE S, but it is
easy to extend (2.12) so that it holds for FES* (cf. [10], where things like these are
treated in detail).

3. The main result. In [9], a generalized function ® of 2 variables is called non-
negative (®=0), if (®,¢p)=0 for every nonnegative test function ¢ of two variables. It
can be shown from the Riesz representation theorem (also cf. [9, App. 4]) that for such
a ® there is a unique Borel measure pg on R2, such that

ffexp(—vre(xz+y2))duq,(x,y)<oo for all e>0,

and such that (®,9)=[[@(x,y)dpue(x,y) for all test functions @. This notion of
nonnegativity agrees with the familiar notion of nonnegativity, a.e., if ® is an ordinary
function.

THEOREM 1. Let FE S*, and assume that W(F,F)=0. Then F is of the form (1.4) or
(1.5).

Proof. Let ® := W(F, F), and assume that F50. This implies by (2.11) that ®+0,
whence p47#0. We conclude from (2.11) and (2.6) that

(3.1)  |(F.G\(a,b))| =(W(F,F), W(G\(a,b), G\(a,b)))

= [ [exp(~2m(x—a) ~20(y—b)") dso(x.y)>0.

for alla€R, bER. That is, (F, G,(a,b))#0 for all aER, b ER. We see from (2.4) that
(BF) (z)#0 for all z€C. Since BF is an entire function of order 2, type <= /2, we
conclude that BF is of the form (BF)(z)=exp(P(z)), where P(z)=az?+bz+c, with
la|=w /2. Hence, by (2.7) and (2.8), and injectivity of B, F is of the form (1.4) or (1.5).
This completes the proof. O

As an incidental note we remark that with a similar method one can show the
following . Assume that F € S* has a radially symmetric Wigner distribution. Then F is
a multiple of a Hermite function y,,. Here we call a generalized function ® of two
variables radially symmetric if (®,¢ o U;)=(®, ¢) for all test functions ¢ and all 0 ER,
where (¢ o U,)(x,y)=@(xcosf+ ysinf, —xsinf+ycosf) for (x,y) ER?. For the proof
one observes that, by radial symmetry of W(F, F) and W(G(0,0), G,(0,0)) and (3.1),
the expression |( F, G,(a,b))P only depends on a*+ b2. This implies that [ BF)(z)| only
depends on |z|, whence, by the maximum modules principle, (BF }(z)=cz" for some
c€C, n=0,1,---. Hence F=dy, for some dEC. Also see [11], [13], where it is proved
that

W (x5 ¥ot) =2(—1)"exp(—=27(x*+?)) L, (47 (x> +?)),

with L, the nth Laguerre polynomial.
It is fairly easy to generalize the previous theorem as follows.
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THEOREM 2. Let FES*, §>0, y>0, §y>1, and assume that F is not of the form
(1.4) or (1.5). Then the convolution of W(F,F) with exp(—2n8x?—2myy?) takes nega-
tive values.

Proof. We see from (2.9) that N, F is not of the form (1.4) or (1.5) if «>0. Hence,
by the previous theorem, W( N, F, N, F) takes negative values. Then (2.12) shows that
the convolution of W(F,F) and exp(— 27 cotha(x2+y?)) takes negative values. This
proves the theorem in case y =8 =cotha.

In general we can express, by a transformation of variables and (3.2) below, the
convolution of exp(—2m8x2—2xyy?) and W(F,F) at the point (a,b), as the inner
product of exp(—2mp((x—ae)?+(y—be ")?)) and W(Z,F,Z F). Here p=(8y)"/?,
e=(8/v)"/* and Z, is the operator defined by (Z,f)(t)=¢""/2f(¢"'t) for fES, and
extended in the obvious way (cf. [10, 1.15]) to S*. We use here that for fE€ S, x ER,
YER,

(3.2) W(e'x,ey; f,f)=W(x.y; Z,f,Z,.f),

a formula that can be generalized straightforwardly so as to hold for f&€ S* as well. It is
clear that if F is not of the form (1.4) or (1.5), then neither is Z,F. Since we can find an
a>0 such that p=cotha, we conclude from the special case already treated that the
proof is complete. O

4. An application. It is believed that the only curve a Wigner distribution can be
concentrated on is a straight line'; this is true only if certain restrictions on the curve
are imposed (cf. the examples at the end of this section). We shall give a proof for the
following simple case. Let C be a continuously differentiable curve in the plane with
parametrization y: R —R?, where we assume that [y’(¢)|>0 for all £. Assume that for
all 7, ER there is a straight line / passing through y(,), but not tangent to C, such that
there is €>0, §>0, with the property that the distance between y(s) and /=e, if
ly(s)—v(2o)|=9. This condition is satisfied, e.g., if C is the graph of a continuously
differentiable function defined on R. Now let FES* be a function whose Wigner
distribution is concentrated on C in the following sense: there is a continuous function
h: C-R, such that h(y(2))= O(exp(ely(¢))) for all ¢>0, and

(a1) W(EF).0)=[" h(x(O)e(()ly (1)las

for all test functions ¢ of two variables. We shall show that this implies that F is of the
form (1.4) (with Rea=0) or (1.5), so that, in particular, C is a straight line. To this end
let y(¢,)=(a,b) be a point on C and consider for Rea>0 the function g, , ,, given by

(4.2) Ze o s(1)=exp(—ma(t—a)’+2mibt—miab)  (1ER),
whose Wigner distribution W, , , is given by
(4.3)

W ao(X:y)= (-1{25)l/zexp(—~27r(x—a)2Rea—27r(y—b+(x—a)Ima)z/Rea).
We have by (2.11) and (4.1)
(4.4) 0<(W(F.F), Wy us)=[ h(r(e)Waus(r(0)ly'(0)lat.

''Cf. (1]. I thank Alan Weinstein for calling my attention to this paper.
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Now let / be the line through y(#,) whose existence is assured by our assumptions, and
take a such that {(x,y)|y=>b—(x—a)Ima} is the graph of /. (If / is parallel to the y-axis
we can use a similar argument with

2\ 172
(;) exp(—wy_'(t—a)2+27ribt—7riab)

instead of g, , ,, where we take y—0). If we let Rea— 0, the right-hand side of (4.4)
tends to Coh(y(2y)lY'(¢y)l, where C,>0 is a number that depends only on the angle
between / and the tangent line at C through y(7,). Hence A(y(z,))=0. We easily see
from our theorems and (1.6)—(1.8) that F is of the form (1.4) (with Rea=0) or (1.5).
Notes. The condition “h continuous” can be relaxed to “A measurable” at the
expense of elegance of the proof. It is furthermore likely that the conditions on the
curve C can be relaxed somewhat as well. On the other hand, consider the function
f=3,8,, whose Wigner distribution is given by 13, (— D8, ,®8, ,, where the
summations are over all integers (this follows from a straightforward calculation and
the Poisson summation formula, written in the form ¥,8,(x)=2,e 2""*), The points
of the lattice (%£,%) can be joined by a smooth curve C; such a C does not satisfy our
assumptions, of course. Another objection is that the function 4 cannot be continuous
in this case. This is not a serious point, however, as can be shown as follows. Let k:
R — R be continuous, and assume that k vanishes outside [—1¢,3]. The Wigner distri-
bution of k,*f (where f is as above and % denotes convolution) is obtained by
convolving W( f,f) and W(k,, k,) with respect to the first variable (cf. [5, 4.1]). We get

(45)  Wleyskoefikor)) =3 3 (=)W x=5 i korko ) ,2(7)

k.l
(this formula can also be derived by directly using the Poisson summation formula).
Since W(k,,k,) is concentrated in the strip [ —4, 4] X R, we see that W(ky*f,ky*f) is
concentrated in the set {(x+%,%)||x|<+%, kEZ, /€Z}. The components of this set can
be embedded in a smooth curve, and the function # now becomes continuous, since
Wk, k) is continuous.

A second example showing that one has to be careful with the statement, “W( f,f)
cannot be concentrated on a curve unless this curve is a straight line,” is the function
f(t)=cos2mt, whose Wigner distribution equals §(8,,(y)+6_,,(y)+28,(y)cosdmx).
Now W(f,f) is concentrated on the three lines y=0, y= =2, and these lines can be
embedded in a smooth curve.

REFERENCES

[1] N. L. BALAzs, Weyl’s association, Wigner’s function and affine geometry, Physica, 102A (1980), pp.
236-254.

[2] V. BARGMANN, On a Hilbert space of analytic functions and an associated integral transform, part 1,
Comm. Pure Appl. Math,, 14 (1961), pp. 187-214.

[3] N. G. pE BRUNN, Uncertainty principles in Fourier analysis, in Inequalities, O. Shisha, ed., Academic
Press, New York, 1967, pp. 57-71.

, A theory of generalized functions, with applications to Wigner distribution and Weyl correspon-
dence, Nieuw Archief voor Wiskunde, 21 (1973), pp. 205-280.

[5] T. A. C. M. CLAASEN AND W. F. G. MECKLENBRAUKER, The Wigner distribution—A tool for time-frequency
signal analysis, Parts 1, I and 111, Philips J. Res., 35 (1980), pp. 217-250, 276-300, 372-389.

[6] 1. M. GELFAND AND G. E. SHILOV, Generalized Functions, Vol. 2, Academic Press, New York, 1969.

[7] A. GROSSMAN, G. Loupias AND E. M. STEIN, An algebra of pseudo-differential operators and quantum
mechanics in phase space, Ann. Inst. Fourier, 18 (1969), pp. 343-368.

(4]



176 A.J. E. M. JANSSEN

[8] R. L. HUDSON, When is the Wigner quasi-probability density non-negative, Rep. Math. Phys., 6 (1974), pp.
249-252.

[9] A. J. E. M. JANSSEN, Application of the Wigner distribution to harmonic analysis of generalized stochastic
processes, MC-tract 114, Mathematisch Centrum, Amsterdam, 1979.

, Convolution theory in a space of generalized functions, Proc. KN.AW., Ser. A, 82 (1979), pp.

283-305.

[ , Positivity of weighted Wigner distributions, this Journal, 12 (1981), pp. 752-758.

[12] , Bargmann transform, Zak transform and coherent states, J. Math. Phys., 23 (1982), pp. 720-731.

[13] J. PEETRE, The Weyl transform and Laguerre polynomials, Matematiche (Catania), 27 (1972), pp. 301-323.

[14] H. WEYL, Theory of Groups and Quantum Mechanics, Dover, New York, 1950.

[15] E. WIGNER, On the quantum correction for thermodynamic equilibrium, Phys. Rev., 40 (1932), pp.
749-759.

(10]




