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In their famous monograph on generalized functions Gelfand and Shilov intro-
duce the function spaces W,,, W%, and W% These spaces consist of C*-functions
and holomorphic functions, respectively, with growth behaviour specified by
suitable convex functions M and £. In this paper we study the spaces W4, , where
M?* denotes Young's dual function corresponding to M. We characterize the
Hermite expansion coefficients of the functions in W™ their Fourier transforms,
Wigner distributions, and Bargmann transforms. In particular, we prove that
:\H. . vw\.._m N vﬁ:ﬂ.,. © 1990 Academic Press, Inc.

0. PRELIMINARIES AND SUMMARY OF RESULTS

Let M denote a two times differentiable function on R with derivative
m=M' We assume that m(0)=M(0)=0, lim,_._ m(x)=oc and

m'(x)>0 for all x>0; ie, M is a convex function with monotonously
increasing derivative m. We set

rxX

(0.1) Exgi m(t) dt.

0

Then we have Young's inequality

(0.2) xp<M(x)+M*(y), x,v=0,

with equality if and only if ¥ = m(x). We observe that M = M * *.
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FUNCTION SPACES 369

According to Gelfand and Shilov [11] the space W consists of all
entire functions ¢ for which there are positive constants a, 5. and C such
that

(03)  |o(x+iy) < Cexp[—Ml(a |x

)+ M>(b|y])], x+iveC.

In fact, in [11] the wider class of spaces W%, is introduced where in (0.3)
M ™ is replaced by a function 2 with the same properties as M. It is proved
in [11] that the Fourier transformation is a bijection from W<, into W .
So spaces of type W4, are Fourier invariant.

For M(x)=oax"* 3<a<1, we have M*(y)=(1—a)y""'~* and Wi~
equals the space S* as introduced in [10]. This paper contains four charac-
terizations of the spaces W4, . Each characterization yields an extension of
a known characterization for one (or all) of the spaces S*. We list these

characterizations here.

1. Characterization Based on Hermite Coefficients

For n=0, 1, 2, ..., the nth Hermite function is defined as

; . d\" N
Dh x)= 1 urz ! —-1/2 n1/2x° _2
04 Walx) = {="“2"n) (=1)% A&Hv [e™™].

The normalization constant is taken such that {y,|neNuU {0}} con-
stitutes an orthonormal basis in the Hilbert spaces L,(R). The Hermite
functions are eigenfunctions of the differential operator —d?/dx* + x%; we
have

(0.5) TE.L?L U, =Cn+ 1)y,

The space S%, 2> 1, admits the following characterization:
(0.6) ¢@esS* ifand onlyif 3,.,: (0. ¥,), = 0Oexp(—in'?*)).

For a proof of this result we refer to [14, 8]. In this paper we prove the
following extension:

(0.7) e Wi ifand onlyif 3;.,: (@, ¥,).,= O(exp(— M(in'?))).

ii. Characterization Based on the Fourier Transform

Schwartz’s space . of rapidly decreasing C*-functions may be charac-
terized as follows:

(0.8) @e& if and only if ¢ is square integrable on R with
o(x)=0(]x] %) and (Fe)x)=C(]x] %) as |x| —» oo for all
kelN,
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Here F denotes the Fourier transform on L,(R). For a proof we refer to
[12]. This characterization of % inspired Bjorck, cf. [3]. to introduce the
spaces %, which consist of C*-functions ¢ with the property that ¢(x) and
(Fe)(x) admit the growth order C(exp(—Aw(|x|))) for all 4i>0. Bjorck
uses functions  satisfving w(x)>alog x + b for some a >0, b > 0. Partly,
the results in this paper also apply to these Bjorck spaces.

Indeed, we show that under mild conditions on M we have the following

characterization of W™ :

(09) @e W3 if and only if ¢ is a square integrable function with
@(x)=0(exp(—M(4 |x]))) and (Fo)(x) = O(exp(—M(4 [x])))
for some 4> 0.

On the basis of (0.9) it follows easily that W4 = W, ~ W* . Here the
space W,, consists of all C*-functions ¢ with the property that

3,50V enIms0: 19V(x) < Bjexp(—M(a |x])), xeR

Moreover, W™ consists of all holomorphic functions ¢ with the property
that

Ty oVienTamo: (X + i) o(x+iv)| < A, exp(—M*(b | y]),
x+iyveC.

The corresponding result, viz. S =S, n S* follows from [18], where it is
proved that S7=5§,n S%.

iti. Characterization Based on the Wigner Distribution

The Wigner distribution plays a role in signal analysis as a tool for
describing signals in time and frequency simultaneously; it is closely related
to the radar ambiguity function. Also, it is closely related to harmonic
analysis for the Heisenberg group. In this connection we mention [4-7, 16,
207.

The Wigner distribution W(/f) of a square integrable function f is
defined by

(0.10) W(x, y: /)= H] _w e~ Mf d./.+w Hv.w ﬁw\\wav dr, x, yeR.

./\..,NHH O \ =

It can easily be checked that W(f) belongs to L,(R*)n L, (R?).

In [4], De Bruijn studies the Wigner distribution in connection with the
space SV3. The Wigner distribution extends to the generalized function
space corresponding to the test function space S| 2. In particular, the
Wigner distribution of any tempered distribution can be defined. Here we
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analyse the Wigner distribution W(¢) of the functions ¢ in W4 . We
prove the characterization

(0.11)
pe Wy ifandonlyif 3,.,:W(x, 1 0)=0(exp(—M(A(x2+ 1?2)"2))).

-~

iv. Characterization Based on the Bargmann Transform

The Bargmann-Segal-Fock space # consists of all entire functions #
with

(0.12) 1A% = | _lh(x +iv)|* exp(— (x> + 3*)) dx dy < 0

v g2

The Bargmann transform Af of fe L,(R) is defined by

n o0

(0.13) AP\:&HAL.; exp(—1/2(z* HJ.*./..\M‘.HTli&H, zeC.

—ao

Thus we obtain a unitary operator A from L,(R) onto #. In particular, we
have

-n

(AY,)z)=—=, a=0,1,.. (0.14)
/\.1___

For generalities we refer to [1] where the Bargmann transform is exten-
sively discussed, we refer to [2] where the Bargmann transform is
emploved for describing certain spaces of test functions and of generalized
functions, and we refer to [17] and references therein, where the Bargmann
transform serves as a tool for studying completeness properties of coherent
states.

In [2] Bargmann characterizes the space A(¥)={A¢|pe S} in terms
of holomorphic functions with specific growth behaviour. Furthermore, in
[9, 177 it is shown that

(0.15) ¢@eSV3 if and only if [(Ae)(z)| < Cexp[d|z|*], zeC, for
suitable constants C>0 and d, 0 <d < L.

Here we prove the corresponding characterization

pe WM if and only if for some C>0, i>0,

(0.16) .
[(A@)(z)l < Cexp(3 |z|* — M(4 |z])), zeC.

Throughout this paper we deal with the following class # of convex
functions.
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(0.17) DermNiTION.  The class # consists of two times differentiable
functions M,

AX

M(x)=| m(t)dr, x=0.
Y0
Here m denotes a nondecreasing concave continuously differentiable
function which satisfies the following conditions:

(p;) m(0)=0 and m(zr) —» oc as 1 — oC,
(p.) m(t)/t decreases strictly to zero as 1 — 0.

For all M e we have
(0.18) P M(x) < M(ax) < oaM(x), 2e[0,1], x=0.

Remark. Assumption (p,) is not very restrictive, since otherwise we end
up with the space S!2 or with a trivial space W}, (ie., W consists of
the null function os:; Cf. [10, p. 227 ff].

Not all conditions on m are required in all statements of this paper. For
reasons of transparent presentation we do not aim at the utmost generality
of our results; in most cases one can find more general formulations of our
theorems oneself.

The plan of the paper is as follows. Let ¢ be a square integrable function
for which there exists a constant 4> 0 such that

(a) o@(x)=0(exp(—M(4|x|))) and (Fe)(x)= O(exp(— M(4
We show that the Wigner distribution W(¢) satisfies

X

(b) Wi(x, y: @)= O(exp(— M(u(x*+y?)"?))) for some p>0 depen-
dent on 4.

Next, starting from square integrable functions ¢ with Wigner distribution
W(gp) satisfying the growth order (b), we characterize their Hermite coef-
ficients (¢, ¥,).,» n=0, 1,2, ... It turns out that

(©) (@.¥,),=Clexp(—M(vn'?))) for some v>0 dependent on ¢.

Finally, we show that a square integrable function with Hermite coef-
ficients ( % Y,)z,, satisfying the growth order (c), belongs to the function
space W4

Since :\2 "= W, is a Fourier invariant space. each ¢ WA satisfies
(a). Thus 2.6 equivalences in parts i, ii, and iii follow. The equivalence in
iv is shown by straightforward estimation.

We conclude this introduction by mentioning some functional analytic
consequences.

For a self-adjoint operator ./ in a Hilbert space X, the analyticity
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domain D“(s/) consists of all ve () _, D(.&/") with the property that

|.«/"v| y < ab"n! for certain constants a>0, b >0, dependent on v. For a
positive self-adjoint operator &/ we have

D(el)= | e~ (X);
>0

see [9].

Now, let 2 denote the self-adjoint operator of multiplication by x in
L,(R) and let # = F*2F, viz. Z = i(d/dx). Then according to (0.5) and (0.7)
we have

(0.19) Wi =De(M((2%+ 27)'?)).

Further, as a consequence of Theorem 1.5 we can replace equivalence (0.9)
by

(0.9") @e Wil" if and only if there exists £ >0 such that

|7 exp(2iM(1x1)) ()| dx < o

and

~ 00

| exp(22M(Ix])) [(Fo)(x)|? dx < oo.

So in terms of analyticity domains we have

(0.20) D(M((2* + 2%)'72)) = D(M(|P])) n D*(M(|2])).

1. CHARACTERIZATION BASED ON THE WIGNER DISTRIBUTION
For convenience we introduce some notation.

(1.1) DeFINITION.  Let M € " and let 42> 0. The collection %), ; consists
of all square integrable functions ¢ for which

p(x)=Clexp[ —M(4|x|)])
and
(Fo)(x)=Cexp[ — M(4

x[)71).
We set
mm_xﬂ C ﬁo\..:.\...

~2>0
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The conditions on M imply that for each ¢ € %,, the functions x — x*¢(x)
and x+ x*(F@)(x) are bounded on R for each ke N. So we have €,, = .%.
The next theorem deals with the growth behaviour of the Wigner
distribution of functions in %,, ;.
(1.2) THEOREM. Let @ €%y, ;. Then for all 7 <14
W(x, y; @)= O(exp[ —2M(Z(x* + y*)'?)])
and
W(x, y; Fo)=0(exp[ —2M(A(x*+ y*)V?)]).

Proof. The conditions on M imply that for each p, O<p<A, the
function

(%) x> exp[M(u |x])]o(x)

is square integrable. For all p, ¢ >0 we have
(#+) M(3(p+q) < HM(p) + M(q)).

Now we proceed as follows: Let 0 < u < 4 Then we have

sup exp[2M(u |x)] |W(x, v; @)l
(x,y)e R
I e 1 1
< sup == exp| M| p|x+-t| |+ M{ujx—=t
(x,¥)eR? /\\NN.IH 2 2

dt

o229

mmﬂ exp [2M(u [)] lo(1)|? di < o0,

where we have used the Cauchy-Schwarz inequality.
Because of the relation

(%xx) W(x, y; 0)=W(—y, x; Fo),

cf. [4, Sect. 127, and the conditions on F¢ we similarly get

sup exp[2M(u [y])] IW(x, y; @) <.

(x,v)e =2
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Now let Z< 14 Then we have

+1¥1))] 1W(x, y; @)

sup exp [2M(Z(|x

(x,)eR?

<! sup Aexp[2M (2% |x])] +exp[2M (27 | y])]} IW(x, y; 0)] < oz,

(x,y)e R

because x> exp[2M(Zx)], x>0, is a convex function.
The assertions now follow from the inequality

MI(x*+ 1)) < M(%(

x|+ |y

)

and relation (x*x). |

Conversely, starting from growth conditions on the Wigner distribu-
tion W(x, y; @) we can derive growth conditions on @ and Fe. To this end,
consider the following lemma.

(1.3) LEMMA. Let ¢ be a square integrable function for which there exist
positive constants K >0, 4 >0 such that

IW(x, y; @)l < Kexp[ —2M(4 |x|)]

and
IW(x, y; )l <Kexp[ —2M (4 |y])].
Then
Qe D Ensire
D<r<l

Proof. Let 0<r<1. Since the function x> exp[2M(ir [x])], x=0, is
convex we have

exp[2M(Ar |x| +A(1—r) |¥])]
<rexp[2M(4 [x[)]+ (1 —r)exp[2M(/ |y

..d\.

)].

Hence

IWi(x, ;@) < Kexp[ —2M(r/ |x

+(I=r)ijy)].
Further, since M(a+b)= M(a)+ M(b), a, b= 0, it follows that

(W(x, y; @)l < Kexp[ —2M(ri |x

)1 exp[—2M((1—r)i|y[)].
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According to [4, Sect. 127,

@(x)*= | W(x. ¥ ) dy.
Hence
lo(x)|* < 2K exp[ —2M(rk |x|)] *,H exp[ —2M((1 —r)i|y|)] dy
Y0
2K ) oo .
=3 p exp[ —2M(r/ |x|)] exp[—2M (4 |y)]dy. §
S 0

(1.4) THEOREM. Let ¢ be a square integrable function for which there
exist constants K> 0, >0 such that

IW(x, y; @) < Kexp[ —2M(A(x* +y*)"?)].

Then

Qe D Etir-

O<r<l

Proof. The assertion is an immediate consequence of the preceding
lemma because of the inequality M(4 |x|)< M(A(x*+y*)'?), x, yeR. |

On the basis of Lemma (1.3) we have the following side result.

(1.5) THEOREM. Let the function ¢ satisfy

[ exp[2M(4 [x])] lo(x)]? dx < %
‘R
and
| exp[2M (2 |¥)] I(Fo)(»)|* dy < c.
Then
obm D ﬁG\..:.\...‘.
O<r<l
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Proof. For x, ve R we have

[W(x, v: @) exp[2M (A

x|)]|

1 ¢ | 1 N7 7 13|
<——| ex EA\. uﬁvl@% h.a.+;~vw
v~ % 2 /11°\F 27
1

o w3 o4

%X
<= ] expl2M(i )] o) dr < K <oz,
R
and similarly, since W(x, y; ¢)=W(—1y, x; Fo),

IW(x, v; @) exp[2M (4

1< K< .

Now the assertion follows from Lemma 1.3. §

2. CHARACTERIZATION BASED ON HERMITE COEFFICIENTS

Let L, denote the nth Laguerre polynomial

: E AlHVth
h:?&ﬂ m v| x“o,m.w,:
»Mo k k!

The corresponding generating function is given by

3 n,ﬁ_ﬁiuclu-éuﬁ o g

n=0 h —=Z
We mention the relation (cf. [13, 16, or 197])
W(x, ys9,) =2(—1)"exp[ — (x* + y*) 1L, (2(x* + »?)),

where v, denotes the nth Hermite function introduced in (0.4). For square
integrable functions f and g we have Moyal's formula (see [4, Sect. 147),

~

~ Wix, 3 /)W(x, v g) dx dy;

v

I(fs )l =

in particular,

m”Nal_.w:

(),

CW(x, i f)expl—(x* +3?)]L,(2(x* + p?)) dx dy.

‘R
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Thus we have established a relation between the Hermite coefficients
(foir,),. of fand its Wigner distribution W(f).

(2.1) THEOREM. Let ¢ be a square integrable function with the property
that for some >0

sup exp[2M(A(x? + y*)'?)] |W(x; y; )| < oc.

(x, v)e R?

Then there exist >0, C>0 such that

(@, ¥,) 1, < Cexp[—M(2n"?)].

Proof. The series

[oe}

Muﬁnv” M H:_HGJ %:iu, TH_AHU

n=20
represents an analytic function. Consider the following computation:
oo

Y e, ¥)l*

n=0

iix Wir, 0:0)| 3 (=122 | r dr ab
0 0 n=0

F(z)

p2n

I

H m qu.1H
!, (ﬁo efﬁmwg 7 +n.nﬁu _HH.-M.TMH_‘\&.%.

Now we have

2 ,z—1 T+~
—_— P = -
H+nm§u z+1 2

—1 1/2(z—1)
o 2 _trelz—=1)
(2 :v P ﬁ O > __ET_&

So we derive the formula

o

FOU—)=Y nn—1)---(n—k+1) (e, ¥,),

n==k

2

i

Azﬁ,»_ (17 Wi, 6: 0) Ly(r?) r dr .

Y0 *0



FUNCTION SPACES 379

Clearly, for 0<k <

i+1)

(@, I'n+1)
Ii—k+1)'

M In—k+1)

(=)

;e, %:th u.

We arrive at the following estimation

1 1%
g min Tk ol =
(@: W) ﬁﬁ.rzomwmﬁ e+ 1)1 >+:A Nv

2n acc
(%) ._‘ _. W(r, 8: @)L (r*)r dr db.
0

0
By assumption there exists €, >0 such that

(W(r, 0; @) < Coexp[ —2M(ir)].

Further, we have the following crude estimate
" x \av r¥
Lolro)| < V==
\Li(r7)] Wo m\ 7
So for 0<pu< 4, 6 =4i—u, we obtain
1
(%) Afv % % W(r, 0; ) Ly(r?)r dr d6

1\ & k) 1 o
MMnQoArv Y ; Lﬂ_ exp[ —2M(ir)] r¥ 1 dr
o

2} =

1 k k \ﬂ H 43
< 2nC, Amv max ﬁ S m v - exp[ INEAEZEW

r=0 S PVER

X .ﬁa rexpl—2M(or)] ar.
0

Combining (=) and (*#), we see that there is a constant C, >0 such that

(k%)
C N & /kN I
F . k+ W I(I—k = p;
@, ¥p)l* < ﬁ:+:ow=b_m\: + 1)1 +:ﬁ v \Wom\.v\__iﬁ,
where

p;(1)=max r¥ exp[ —2M(ur)] = max exp[ — 2M( (ur)+2jlog r].

r=0 r=0
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We set
Ay (r, yy=—M(ur)+ylogr, r=z0, y=0.

The function r+ 4,(r, y) assumes its unique maximum at the point r,(»)
determined by

() wr (yymipr, (y)) =

(recall that m=M’). The function y— ry), y=0, is increasing.
Moreover, since m(t) < Kt, 1= 0, for some K>0 and m(z) — oo as t — 00,
we see that

(1) rdy) = (y/Ku?)'2

Differentiating (f) with respect to y we get for y>0

OIA.,H..N.A.«_V” 1 |12.__thﬁ.e_vs_atwn:_:M 1 :
pm(pr, (1)) m(pr,(y)) pm(ur ()
so that by ()
(T77) r(y)—-0 as y— .

Now we assert that there are >0, 4 >0 such that

Qk

k
M A v Nwhmtv mhnﬂﬂty \m”Ou #.Nw....
Indeed we have

- 1 J+1 pialu)
— == 24 SR
\._EE eﬁﬁ wlrlih N1 < SORG+

So by () we derive

! Prea(p)
—p(p) < 2K 2 el
\.TSCQ # (j+1)

Thus the claim follows (the term with j=0 is easily taken care of). There-
fore, by (#=x), for some constant C,

s:, q a mw kw:»H
(@, Y1), :I:OLP Nav & Lipa)

C,
et ri—k
T+ 1) olin, TU—k+1)pi(ws),

where u, =2u/a.
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Using that for some D >0

PPe?<I(p+1)<DpP*'Re~?,  p>0
we get
I{i—k+1) I(i—k+1)
ey Pl =—mm— (r (K 2M( k
T 2w ==y (k) expl—2M(u,r, (k)]

MDSSU_HANI_HI.WV log{i/l—k)—(I—Fk)—1llog!

+ 1+ 2k log r, (k) — 2M(p, :::,.L

‘ it -
<DI'?exp | klog Aﬂw{v —2M(uyry, (k)

And hence, for some constant C,

E. Q&v — 2M(u, 1, (K))

=k

[(@, ¥)),I* < C5I"? min exp »_Omﬁ

O<k<i
For k; the largest integer between 0 and / such that
I—k,zer FQm ),

we obtain
(0. %)), * < C3 ' exp[ —2M (p, 7, (k)]
To estimate k; we consider the equation
;+m$._ﬁr$ I eR, 0<é<

This equation has a unique solution £,, because r, is an increasing

function; see (7). Hence k, <, <k, + 1. Further, by (77)
=&+ &.N_RLMAhﬁ]ﬂ:m:_:qiv

so that
ra(E) = (/e + Kui))'?

By the mean value theorem, for some 6, R, k,<60,< &, we have
:_n VI:_A!LL_l:f_ ML..._M:AQL

So by (+ft) there exists a constant »>0 such that r, (k)= b/"? for all
leN. |}

L
co
(3]
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3. CHARACTERIZATION BASED ON SPACES OF TYPE W

Let (a,),_, be a sequence of complex numbers with the following
growth behaviour:

a,=0(exp[ — M(n'?)]).

In this section we show that the series Y *  a,¥,(z) represents a
holomorphic function, which satisfies

| oo

Y @, (x+iv)| < Cexp[—Ma |x|)+ M*(b|y)]
n=0
for some positive constants a, b, and C.
Since M(x)/x— o0 as x — oo, the growth conditions on the sequence
(a,),_, and the elementary estimate

Wa(2)] <exp[n'?|z] +1121°], n=0,1,2,..

imply that the series 37, a,,(z) converges uniformly on compacta in C.
So it represents a :o_oEoGEo function ¢.

It remains to determine the growth behaviour of ¢. We employ Mehler’s
formula in a form as suggested by Hille in [15],

s o}

s . t t
Y oe" ulx+iy)P=n"P1—e )2 exp _H!HM tanh M+u\.N coth mg

n=

This formula yields the convenient separation of the variables x and y.
In order to apply Mehler’'s formula we need a relation between
exp[—M(n'?)] and exp[—in], t>0. This relation is given in the
following lemma.

(3.1) LEMMA.  There exists a function ¥, which possesses the following
properties:
(@) Vgso0:5uUp,cro1yexpl—1g° — ¥, (1)] =exp[ — M(q)].
(b) FxsoVymo:exp[—M(q) 1< K(1 +¢%) [ exp[ —tq> — ¥, (1)] dt.
() Vy0:8UP,cro11€Xp[p?/t— ¥ ()] =exp[M*(2p)].
Here M™ denotes Young's dual function of M.

Proof. First we construct the function ¥,,. We choose ¥,, such that
for each ¢ > 0 the function 7+ tg”> + ¥,,(1) has M(q) as its minimum value.
If this minimum is attained at r=1(g) we have the relations

g+ Piu(t(g))=0, ¢>0,
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and

’t1(g)+ ¥ult(g))=M(g), g>0.

A straightforward analysis vields

q>0,

Since t: g+ m(qg)/2q is strictly decreasing, the function 7 can be inverted.
We set {=1", so that

Thus we obtain

¥a(r) = M(E(2)) — 3E(1)m(E(2)).

We observe that the function g+ M(q)—3gm(g) is monotonously
increasing. The functions ¢ and t decrease and &(7) — oc as ¢ 0. We shall
now directly verify that ¥,, possesses the desired properties. We put

1 1

n(p,q)=q’t(p)+ EQTME_AE =-3 T {QIL pmip)+M(p).

p

Differentiating » with respect to p and setting the derivative equal to zero,
we get
1 q

w0 0)=3 (1) tntp)—pr'p) =0

(a) Since m is strictly concave, we have m(p)>pm'(p). So the
function p n,(p, g) attains a minimum at p =g. We get

sup exp[—1g” — ¥, (1)]

te[0.1]
= sup exp[—1g”>— M(&(1))+ $&(1)m(&(1))]

te[0.1]

sup  exp[—¢’t(p)— M(p)+ spm(p)]=exp[ —Mi(q)].

pel[&(l),x)

I
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(b) Since m is concave, the function p— m(p)— pm’'(p) is increasing.
Now let us consider (1)< ¢—1<p<g. Then we have

Ap

| n,(8, q) ds <

q

<

<

LT T |ﬁv ()= s (s Sde
24, §”

1 /g

5 (m(q)—gm'(q)) _Qmelul v%
2 dy \s

m(q) —qgm'(q)
2(g—1)

Since (m(q)—gm’'(q))/2g — 0 as g — oo there exists a constant K, > 0 such

that for all g > &(1), (m(q)

~

0

—qm'(g))/2(g—1)< —log K,. So we derive

1
| exp[ —1q” + ¥, (1)] dr

—exp[~M(9)] | iézil ["nats, a& dp

£(1) P

>KoexpL-M(@)] | —=<(p)dp.

Now for p= &(1) we have

—7'(p)

m(p)—pm'(p) _1 _
== g 2k

where K, =m(&(1))— E(L)m'(£(1)). Tt follows that

| =dpydpzo=, g=i1)+1,

whence

~

bt ¢

1
exp[ —1g” + ¥y (1)] di 2 3K K1 g% exp[ — M(q)].

(c) We introduce the function

=]

4
©(q)

z(p,q)=

1
= M@)+3amia)  <(q)="2L.
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Differentiating with respect to ¢ yields

xLal TTNhJJ miq)—gm’'(q))
1P q)= i) % (mlq)—gm'(q)).

So z,(p.q)=0if and only if m(g)=2p. Since m(q) increases, the function
g (g, p) reaches its maximum at ¢ =m~(2p). We thus have

sup  exp _Hﬂ = @\.2:@

re[0.1]

& 1
sup esTAJSMEIM%?Ei

re[0.1]

u w
!f1|.§+l = M*>(2p)].
emﬁmwwmﬁimxv _Hﬂ?\: @) NQESVQ el e

(We recall that y(p, m™(2p))=2pm~(2p) — M(m~(2p))= M *(2p).) |

We arrive at the main theorem of this section.

(3.2) THEOREM. Let M e X" and let +>0. Consider a sequence (a,)_,
with the property that for some C >0,

la,| < Cexp[ —M(in'*)], n=0,1,2, ...

Then the series ¢ =3._,a,W, represents an element of W™ with growth
behaviour

)+ M>(b|y)], x, yeR,

x

[p(x+iv)| <A, exp[ — M(a

where a= 1 z\w vi.b=a""', and A,>0 a suitable constant.

Proof. We set M;:x+— M(/ix). Then M, belongs to the class ). In the
beginning of this section we already observe that ¢ is a holomorphic
function. With the Holder inequality we get

2

) . =* 5 m 1/2 oc 1 , \ i son 1
oGt <( T e (($ o lan e+ 017

n=0

o 1/2
Mm._A (m*+1)""exp[ = M(in" )] | (x +ip) uv ,
n=0
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where

o 1/2
q_HQAM AM‘HMITHV_Q.MLV B

n=0

The remaining estimations are based on Lemma(3.1).
There exists a constant K, >0 such that for all x, yeR

W (n*+1) "' exp[ = M(in'?)] |, (x + iv)|?

n=0

2K, w QJ%TE;%@:: m@ W, (x + iy)|2

Y0

I3 h 4
”q_..lw.u.wﬂ.\..‘_. A~ |mINJIrw
0
x exp[ —x* tanh 17+ y* coth 31— ¥, (1)] dt.
The latter integral is estimated by
~l
T (1—e=2)-12 &* { sup exp[—x*tanh 3r—1¥,.(1)]}
0 te[0,1]

-{ sup exp[y?cothir—1%, (1)}

te[0,1]

Finally, since tanh 17> 7 with y? =tanh 1, we get

1
() loermi<d, swp e 3 (~ilox 2P - Pyin)]

1€ [0,1]
171 /y./2\?
. sup exp _thldv z\lv IGFA:VQ.
re[0,1] 255 Y i
By Lemma (3.1a) we have

sup exp[3(—1(yx \/2)* — ¥,,(1))] = exp[ — s M(yA

te[0,1]

x| /21

and by Lemma (3.1c) we have

sup exp _Hm AW hv. By Mv-[ @\K\‘?QH—
re[0.1] 2\t 7 ‘

wen s (2 -cn[ - (23]

2 2 Ay
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4. CHARACTERIZATION BASED ON THE BARGMANN TRANSFORM
In this section we prove the following theorem.

(4.1) TueorREM. Let M e X" Then the Bargmann transform Ao of a
square integrable fuction @ satisfies

Ieso0dp=0: [(Ap)(z)l < Cexpl3 1zl — M(p |2])]

if and only if its Hermite coefficients (¢, ,),, satisfy

wUVow»Vo : :G_ %.Lhu_ MUOMHU_HIEA\CiwwH_

The proof of Theorem (4.1) is based on the series representation

=

APGU N = M e m_p_\ w...l.. |_u
— Jn!

cf. (0.14), and the following two lemmas.

(4.2) LemMA. Let (a,);_, be a sequence with |a,| < C exp[ — M(4in'?)]
for some C>0, A>0. Then there are p >0, D >0 such that the holomorphic
Jfunction

EHVHW a, —=— zeC,

satisfies
[h(z)] < D expl3 |21 — Mlp |z])].

Proof. Let 0<i, <4 and let zeC with |z|>1. A straightforward
estimation yields

z o A 5
y @, IWMQ\; sup mmv_wlit._:“;+m; log |z|*
= b nely

H H m
+M:IM3 om:¢

where

C,,=C Y exp[—M((A—7i)n'?)].

n=20
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We set r=|z| and
0(q, r)= —M(i,q)+ 1q* log r* + 1q° — 1q” logq>

Then we have

< C;, exp[sup {6(q,7)}].

g=1

0 :.N’

Differentiation with respect to ¢ yields

Eaiuq T\“ ?.m.__aiom w.-Loma g

Since m(4,q)/q — 0 as ¢ — oo, the zeros of 6, lie in the interval [ér, r] for
some 6 >0. So 6(q, r) attains its maximum inside this interval. It is clear
that

uQ _HHOWH. |HOWQH_+NQ W ’ Qm"”%ﬁ,__.u_“
and also that

M(A,q)= M(64,r), ge[dr, r].

Thus it follows that

1
<G, mx@_HM_N_MIEQ\,; _NCH_. i

(4.3) LemMA. Let g be a holomorphic function with the property that

lg(z)l <D exp[3|z|* — M(p |z])]

Sfor certain positive constants D >0, p>0. Then g(z) can be written as a
series

nm.ﬁh.u = Q: 1U|| s
W_Mo .(\\wﬂ
where

_QL < qu@ﬁlgﬁmﬁf,uwu

Sfor some C>0, 1>0.
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Proof. By Cauchy’s formula 14. GONG-ZHING ZHANG, Theory of distributions of S-type and pansions, Chinese J. Math.(2)
4 (1963), 211-221.
la,| 1 glz) o 1 = 15. E. HiLLe. Contributions to the theory of Hermitian series, Trans. Amer. Math. Soc. 47
—== ﬂﬁﬁ\ w1 dz| SDr7"exp | 57— M(pr) (1940), 80-94.
A - fg)mr & = 16. A.J. E. M. Janssen, Positivity of weighted Wigner distributions, SIAM J. Math. Anal. 12

(1981), 752-758.
17. A. J. E. M. JanssEn, Bargmann transform, Zak transform and coherent states, J. Math.
Phys. 23 (1982), 720-731.

forall ¥ =1, n=0, 1, 2, ... In particular, for r =n'? we get

|a,| —(1/2)m 01/ /2 18. A. L. KasHpirovskn, Equality of the spaces S¥ and S, S¥, Functional Anal. Appl. 14
2 < Dn :.I-:m:.utnﬂ —M :_ 1. - VN ., Bq Y P % & B pp
At xpl—M(pn™")] (1980), 129.
N 19. E. NELSON, Analytic vectors, Ann. of Math. (2) 70 (1959).
Because of the inequality n! < In" Y277 it follows that 20. J. PeeTre, The Weyl transform and Laguerre polynomials, Mathematiche (Catania) 27
(1972), 301-323.
la,| <D /\w ni/4 nxb_ulggz_hﬁ_. 21. W. Scuempp, Radar ambiguity functions, the Heisenberg group and holomorphic theta

series, Proc. Amer. Math. Soc. 92 (1984), 103-110.
Consequently, for all 4, 0 < A < p, there exists C > 0 such that

la,| < Cexp[ —M(in'?)]. §
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