Proof of a conjecture on the supports of Wigner distributions

A.J.E.M. Janssen Philips Research Laboratories 5656 AA Eindhoven The Netherlands

Abstract.

In this note we prove that the Wigner distribution of an f ∈ L^2(R^n ) cannot be supported by a set of finite measure in R^{2n} unless f = 0. We prove a corresponding statement for crossambiguity functions. As a strengthening of the conjecture we show that for an f ∈ L^2(R^n ) its Wigner distribution has a support of measure 0 or ∞ in any half-space of R^{2n} .

Math Subject Classifications: 42B10, 94A12.

Keywords and Phrases: uncertainty principle, Wigner distribution, ambiguity function.

1. Introduction

Benedicks [1] has shown that when f ∈ L^1(R^n ) satisfies (1) |Σ(f)| |Σ(f̂)| < ∞ , then f = 0. Here Σ(f) is the set {x | f(x) ≠ 0}, Σ(f̂) is the set {y | f̂(y) ≠ 0} with

(2) f̂(y) = (Ff)(y) = ∫ e^{−2πix·y} f(x) dx , y ∈ R^n , the Fourier transform of f, and | | denotes Lebesgue measure. We refer to [2], Section 7, for historical notes and further comments on this theorem.

It is conjectured in [2], Section 7, that when f ∈ L^2(R^n ) and |Σ (W (f, f))| < ∞, then f = 0. Here (3) Σ (W (f, f)) = {(t, ν) ∈ R^{2n} | W (f, f)(t, ν) ≠ 0} , and W (f, f) is the Wigner distribution of f. When f, g ∈ L^2(R^n ), we define the Wigner transform of f and g as

(4) W (f, g)(t, ν) = ∫ e^{−2πiν·x} f(t +^1_2 x) g^∗(t −^1_2 x) dx , t, ν ∈ R^n , and when f = g in (4), we speak of the Wigner distribution of f. We refer to [2], Section 6, and [3], Ch. 1, Secs. 4, 8, for more information on Wigner distributions, and to [2], Sec. 7, for some partial results regarding the conjecture. The author was kindly informed by G.B. Folland that the conjecture occurred during discussions between D. Mustard and A. Sitaram who noticed, for instance, that one must have | ∑ (W (f, f))| = ∞ when f ∈ L^2(R^n ) is even or odd.

It was furthermore observed by Mustard, see [2], Sec. 7, that (as W (f, f) ∈ L^1(R^{2n} ) when f ∈ L^2(R^n ) and |Σ (W (f, f))| < ∞) one could use Benedicks’ theorem with f ∈ L^1(R^n ) replaced by W (f, f) ∈ L^1(R^{2n} ) once one would know that |Σ (F (W (f, f)))| < ∞ as well.

2. Proof of the conjecture

We shall now present a proof of the conjecture. It is based on the following formula, (5) ∫ ∫ W (f_1, f_2)(t, ν) W^∗(g_1, g_2)(s − t, μ − ν) e^{−2πia·t+2πib·ν} dt dν = = 1 4^n e^{−πia·s+πib·μ} W (f_1, g_1)(^1_2 s +^1_4 b,^1_2 μ +^1_4 a) W^∗(f_2, g_2)(^1_2 s −^1_4 b,^1_2 μ −^1_4 a) ,

valid for f_1, f_2, g_1, g_2 ∈ L^2(R^n ) and s, μ, a, b ∈ R^n . This formula, see Sec. 3, is a straightforward consequence of Moyal’s formula, see [3], Ch. 1, Sec. 8, (1.93), and a special case, viz. where f_1 = f_2 = g_1 = g_2 and a = b = 0, has been used already in [4], Sec. 6, (75), to study the interference phenomena present in Wigner distributions. Also, formula (5) can be regarded as a generalization of Siebert’s self-transform property [5] for ambiguity functions, see (8) and (9) below, for which the choice f_1 = g_2 = f, f_2 = g_1 = f̃, s = μ = 0 must be made. Formula (5) was found by F. Hlawatsch in 1986, see [6], [7], formula (7.77–78) and also [8], and, independently, by A.H. Nuttall in 1989 (private communication to the author, [9]).

To prove the conjecture, we let s, μ ∈ R^n be fixed, and we choose f_1 = f_2 = g_1 = g_2 = f ∈ L^2(R^n ) in (5), so that (6) ∫ ∫ W (f, f)(t, ν) W^∗(f, f)(s − t, μ − ν) e^{−2πia·t+2πib·ν} dt dν = = 1 4^n e^{−πia·s+πib·μ} W (f, f)(^1_2 s +^1_4 b,^1_2 μ +^1_4 a) W^∗(f, f)(^1_2 s −^1_4 b,^1_2 μ −^1_4 a)

for all a, b ∈ R^n . The function (7) χ(t, ν) = W (f, f)(t, ν) W^∗(f, f)(s − t, μ − ν) , t, ν ∈ R^n , which is in L^1(R^{2n} ) since W (f, f) ∈ L^2(R^{2n} ), has a support of finite measure when |Σ (W (f, f))| < ∞, and so has its Fourier transform as we see from (6). Hence Benedicks’ theorem yields that χ = 0. Since s, μ ∈ R^n are arbitrary, it follows easily that W (f, f) = 0, i.e. f = 0.

When we take f, g ∈ L^2(R^n ), and we define the cross-ambiguity function A(f, g) of f and g by (8) A(f, g)(p, q) = ∫ e^{2πiq·y} f(y +^1_2 p) g^∗(y −^1_2 p) dy , p, q ∈ R^n ,

then it follows in a similar fashion that f = 0 or g = 0 whenever |Σ (A(f, g))| < ∞. For this we use the fact (9) W (f, g̃)(u, v) = 2^n A(f, g)(2u, 2v) = W^∗(g̃, f)(u, v) , valid for all u, v ∈ R^n , where we have set g̃(x) = g(−x), x ∈ R^n , together with formula (5) in which f_1 = g_2 = f, f_2 = g_1 = g̃ is taken, to conclude that A(f, g) = 0 whenever |Σ (A(f, g))| < ∞. Since A(f, g) = 0 if and only if f = 0 or g = 0 we get the result. Obviously, we now also have that f ∈ L^2(R) is the null function whenever its short-time Fourier transform S_g f = |A(f, g)|^2, using a window 0 ≠ g ∈ L^2(R), vanishes outside a set of finite measure.

The argument used to prove the conjecture gives somewhat more. The extension of the conjecture given below is significant since it shows, for instance, that supporting sets of Wigner distributions cannot have finite-measure protrusions.

Corollary. Assume that f ∈ L^2(R^n ), and let H be any half-space in R^{2n} . Then (10) |{(t, ν) ∈ H | W (f, f)(t, ν) ≠ 0}| = 0 or ∞ . Proof. We start by noting that we can write (6) as

(11) (F_t F_ν χ)(a, −b) = 1 4^n e^{−πia·s+πib·μ} χ(^1_2 s +^1_4 b,^1_2 μ +^1_4 a)

with χ given for s, μ ∈ R^n by (7) and F_t, F_ν denoting Fourier transforms with respect to the respective variables.

By using symplectic transformations, see [3], Ch. 4, Sec. 2, we can assume that H is given by (12) H = {(t, ν) | t = (t_1, ..., t_n) ∈ R^n , t_1 < 0, ν ∈ R^n } . Suppose that the set in (10) with H in (12) has finite measure; we must show that it has measure 0. For any s = (s_1, ..., s_n) ∈ R^n , s_1 < 0, μ ∈ R^n we have that χ of (7) has support of finite measure since at least one of t_1 and s_1 −t_1 is negative when t_1 ∈ R. Hence (11) and Benedicks’ theorem yields that (13) W (f, f)(t, ν) W^∗(f, f)(s − t, μ − ν) = 0 , t, ν ∈ R^n , with arbitrary s = (s_1, ..., s_n) ∈ R^n , s_1 < 0, μ ∈ R^n . Now when (t, ν) ∈ H, we use (13) with s = 2t, μ = 2ν to conclude that W (f, f)(t, ν) = 0. Hence W (f, f) vanishes on H, as required.

We finally note that the Corollary remains valid, with essentially the same proof using (9), when we replace W (f, f) by A(f, g) in (10) with g ∈ L^2(R^n ).

3. Proof of formula (5)

For f ∈ L^2(R^n ), x ∈ R^n , y ∈ R^n we let (14) f_{x,y}(t) = e^{2πiy·t} f(t − x) , t ∈ R^n . Now when s, t, μ, ν, a, b ∈ R^n and g_1, g_2 ∈ L^2(R^n ), we have (15) W (g_1, g_2)(s − t, μ − ν) e^{2πia·t−2πib·ν} = W (h_1, h_2)(t, ν) , where (16) h_1 = ((g̃_1)_{s,μ}) 1_{2 b,} 1_{2 a} , h_2 = ((g̃_2)_{s,μ})_− 1_{2 b,−} 1_{2 a} . Hence, Moyal’s formula, see [3], Ch. 1, Sec. 8, (1.93), (17) ∫ ∫ W (f_1, f_2)(t, ν) W^∗(h_1, h_2)(t, ν) dt dν = = ( ∫ f_1(x) h^∗_1(x) dx ) ( ∫ f_2(y) h^∗_2(y) dy )_∗ , yields formula (5) on using (18) ∫ f_1(x) h^∗_1(x) dx = = (^1_2 )^n e^12^{πiμ·b−πiμ·s− 1}4^{πia·b− 1}2^{πia·s} W (f_1, g_1)(^1_2 s +^1_4 b,^1_2 μ +^1_4 a) and a similar formula for the second factor at the right-hand side of (17).

References

[1] M. Benedicks, On Fourier transforms of functions supported on sets of finite Lebesgue measure, J. Math. Anal. Appl. 106 (1985), pp. 180–183.

[2] G.B. Folland and A. Sitaran, The uncertainty principle: a mathematical survey, J. Fourier Anal. Appl. 3 (1997), pp. 207–238.

[3] G.B. Folland, “Harmonic Analysis in Phase Space”, Princeton University Press, Princeton, N.J., 1989.

[4] A.J.E.M. Janssen, On the locus and spread of pseudo-density functions in the time-frequency plane, Philips J. Res. 37 (1982), pp. 79–110.

[5] W.M. Siebert, Studies of Woodward’s uncertainty function, Quarterly Progress Rept., Electronics Research Lab., M.I.T., Cambridge, Mass., April 15, pp. 90–94, 1958.

[6] F. Hlawatsch, “Notes on bilinear time-frequency signal representations”, Technical Report, Institut für Nachrichtentechnik und Hochfrequenztechnik, TU Wien, Vienna, Austria, December 1986.

[7] F. Hlawatsch, “A study of bilinear time-frequency signal representations, with applications to time-frequency signal synthesis”, Ph.D. thesis, TU Wien, Vienna, Austria, May 1988.

[8] F. Hlawatsch, Regularity and unitarity of bilinear time-frequency signal representations, IEEE Trans. Inform. Theory 38 (1992), pp. 82–94.

[8] A.H. Nuttall, “Two-dimensional convolutions, correlations, and Fourier transforms of combinations of Wigner distribution functions and complex ambiguity functions”, NUSC Technical Report 8759, 1990.