CLASSIFYING TIGHT WEYL-HEISENBERG FRAMES

Peter G. Casazza, Ole Christensen and A.J.E.M. Janssen

Abstract. A Weyl-Heisenberg frame for L^2(R) is a frame consisting of translates and modulates of a fixed function in L^2(R), i.e. (E_{mb}T_{na}g)_{m,n∈Z} , with a, b > 0, and g ∈ L^2(R). A central question is to write down exact conditions on g, a, b so that (E_{mb}T_{na}g)_{m,n∈Z} forms a frame. In this paper we will give necessary and sufficient conditions for this family to form a tight WH-frame. This allows us to write down explicitly all functions g ∈ L^2(R) for which the corresponding WH-frame is an orthonormal basis for L^2(R). We also give a classification for alternate dual frames to Weyl-Heisenberg frames. Although many of these results have appeared before, our proofs are new and follow directly from the definition. Also, by integrating the material into the existing literature, we hope this will also provide a good survey of the subject.

1. Introduction

In 1946 D. Gabor [9] introduced a technique for signal processing which soon became a paradigm for the spectral analysis associated with time-frequency methods. His introduction of the short-time (windowed) Fourier Transform led eventually to Wavelet theory. Gabor received the Nobel prize in 1971 for his fundamental work in signal analysis. In 1952, Duffin and Schaeffer [6] introduced frame theory which put Gabor’s technique into the framework of a larger model - that of a frame for a Hilbert space.

A sequence (f_i)_{i∈I} of elements of a Hilbert space H is called a frame for H if there are constants A, B > 0 so that

(1.1) A‖f‖^2 ≤ ∑ i∈I | < f, f_i > |^2 ≤ B‖f‖^2, for all f ∈ H. The numbers A, B are called the lower and upper frame bounds. The frame is a tight frame if A = B and a normalized tight frame if A = B = 1. Two frames

The first author was supported by NSF DMS 970618. The second author was supported by the Danish Research Council and would also like to thank the University of Missouri for their hospitality.

Typeset by AMS-TEX 1

(or just sequences) (f_i), (g_i) are said to be equivalent if the map T f_i = g_i extends to a well-defined bounded linear invertible operator. A bounded unconditional basis for a Hilbert space H is called a Riesz basis. A frame is said to be exact if it ceases to be a frame when any one of its elements is removed. It is known that a frame is exact if and only if it is a Riesz basis for H. A non-exact frame is called overcomplete in that at least one vector can be removed from the frame and the remaining set of vectors will still form a frame for H. For the basic results on frames we refer to [4,7,10,11,19]. The Introduction of [7] provides a good historical development of the ideas in this paper.

Gabor’s work gave rise to Gabor frames (with Gaussian frame generator g), also called Weyl-Heisenberg frames. We fix a, b ∈ R and a function g ∈ L^2(R). If the family (E_{mb}T_{na}g)_{m,n∈Z} is a frame for L^2(R)(see Section 2 for notation) we call this frame a Weyl-Heisenberg frame or a WH-frame. A central question is to give a concrete representation of the (g, a, b) which yield WH-frames. In this paper we will give a complete classification of the normalized tight WH-frames. The general conditions required for (g, a, b) to give a normalized tight WH-frame are given in Theorem 3.2. In Section 4, we will give a concrete representation of the functions satisfying these conditions for a few cases. In Section 5 we will give similar conditions which characterize all alternate dual WH-frames for a given WHframe. Parts of this were done earlier by Ron and Shen [18] and Janssen [12]. Also, Gabardo and Han [8] have already generalized some of the results of this paper to the setting of invariant subspaces for Weyl-Heisenberg unitary systems.

2. Preliminaries

If we replace f in (1.1) by f_j , we see that

‖f_j ‖^4 + ∑ i∈I−{j} | < f_j , f_i > |^2 ≤ B‖f_j‖^2.

This yields immediately the following well-known remark:

Remark 2.1. For all j ∈ Z, ‖f_j ‖^2 ≤ B and ‖f_j‖^2 = B implies f_j ⊥ span_{i≠j} f_i. In particular, if (f_i)_{i∈I} is a normalized tight frame, then ‖f_j ‖ ≤ 1 and ‖f_j‖ = 1 if and only if f_j ⊥ span_{i≠j} f_i.

If (e_i)_{i∈I} is an orthonormal basis for H and (f_i)_{i∈I} is a sequence of vectors in H, we will call the operator T : ℓ_2 → H given by: T (e_i) = f_i the pre-frame operator 2

associated with (f_i)_{i∈I} . A direct calculation shows that

T^∗f = ∑ i∈I < f, f_i > e_i, for all f ∈ H.

It follows that the pre-frame operator is bounded if and only if there is a constant B > 0 satisfying: ∑ i∈I | < f, f_i > |^2 ≤ B‖f‖^2, for all f ∈ H.

In that case (f_i)_{i∈I} is called a Bessel sequence. Moreover, (f_i)_{i∈I} is a frame if and only if the pre-frame operator is a bounded, linear, onto map. The dimension of the kernel of T is called the excess of the frame. It follows that S = T T^∗ is an invertible operator on H, called the frame operator, which has the form:

(2.2) Sf = ∑ i∈I < f, f_i > f_i, for all f ∈ H.

Now, for all f ∈ H we have, (2.3) < Sf, f >= ∑ i∈I | < f, f_i > |^2.

So, the frame operator is a positive, self-adjoint invertible operator on H. One can check that (f_i)_{i∈I} is a normalized tight frame if and only if S = I. It is a straightforward calculation that for all f ∈ H,

(2.4) f = ∑ i∈I < S^{−1}f, f_i > f_i = ∑ i∈I < f, S^{−1/2}f_i > S^{−1/2}f_i.

One interpretation of (2.4) is that (S^{−1/2}f_i)_{i∈I} is a normalized tight frame for H which is equivalent to the frame (f_i)_{i∈I} .

The particular frames of interest to us will be the Weyl-Heisenberg frames. To define these frames, let a, b ∈ R and define the operators of modulation E_b, and translation T_a for functions f ∈ L^2(R) by: E_bf(x) = e^{2πibx}f(x), and T_af(x) = f(x − a). 3

Given g ∈ L^2(R), and a, b > 0, we say that (g, a, b) generates a WH-frame for L^2(R) if (E_{mb}T_{na}g)_{m,n∈Z} is a frame for L^2(R). The function g is referred to as the window function while in other areas it is also called the mother wavelet. The numbers a, b are the frame parameters, with a being the shift parameter and b the modulation parameter.

The Zak Transform has been a major tool in this area. For a good survey of the properties of the Zak Transform, we refer the reader to [15]. Most of the time a,b will be arbitrary real numbers, while examples etc. with the Zak Transform will be done for a = b = 1. So we will give a special form of the Zak Transform for this case.

Definition 2.2. The Zak Transform of a function f ∈ L^2(R) is

(2.5) (Zf)(t, ν) = ∑ k∈Z f(t − k)e^{2πikν} , a.e. t, ν ∈ R.

Zf satisfies the quasi-periodicity relations for a.e. t, ν ∈ R and all k, ℓ ∈ Z (2.6) (Zf)(t + k, ν) = e^{2πikν} and (2.7) (Zf)(t, ν + ℓ) = (Zf)(t, ν). So the values of Zf are completely determined by its values on the unit square [0, 1] × [0, 1], and in fact, the Zak Transform is a unitary map of L^2(R) onto L^2([0, 1]^2). Consequently, if F ∈ L^2_{loc}(R^2) satisfies (2.8) F (t + k, ν) = e^{2πikν} F (t, ν) and F (t, ν + ℓ) = F (t, ν), for a.e. t, ν ∈ R and k, ℓ ∈ Z, then there is a unique f ∈ L^2(R) such that F = Zf. Moreover, a function can be recovered from its Zak Transform by the formula

(2.9) f(t) =

∫_1 0 (Zf)(t, ν) dν. Also, since we are working with the case a = b = 1 we have for all m, n ∈ Z (2.10) Z(E_mT_ng)(t, ν) = e^{−2πinν+2πimt}(Zg)(t, ν) a.e. t, ν, 4

and (2.11) ∑ m,n∈Z | < f, E_mT_ng > |^2 = ∫_1 0 ∫_1 0 |(Zf)(t, ν)|^2|(Zg)(t, ν)|^2 dt dν.

For well-behaved g, we have that

(2.12) |(Zg)(t, ν)|^2 = ∑ k ( ∑ n g(t − n)g(t − n − k) ) e^{−2πikν} .

Finally, we see from (2.11) and the fact that the Zak Transform is an isometry, that (E_mT_ng) has a finite upper frame bound if and only if Zg is essentially bounded, the upper frame bound being given by B = ess sup_{t,ν∈[0,1]}|(Zg)(t, ν)|^2. The class of functions we will be working with are those g ∈ L^2(R) for which (g, a, b) has a finite upper frame bound. We call these functions the pre-frame functions and denote this class of functions by PF.

It is known [11] that if g ∈ PF, then g is bounded. The class PF has not been identified yet but our earlier discussion on frame properties yields:

Proposition 2.3. The following are equivalent:

(1) g ∈ PF.

(2) The pre-frame operator T : ℓ_2 → L^2(R) given by: T (e_{m,n}) = E_{mb}T_{na}g is a bounded linear operator, where (e_{m,n})_{m,n∈Z} is any orthonormal basis for ℓ_2.

(3) There is a constant B > 0 satisfying for all f ∈ L^2(R): ∑ m,n | < f, E_{mb}T_{na}g > |^2 ≤ B‖f‖^2.

Moreover, if a = b = 1, (1)-(3) are equivalent to (4) Zg is essentially bounded.

Theorem 2.1 of Casazza and Christensen [1] yields a sufficient condition for g ∈ PF: Proposition (Casazza/Christensen [1]). If g ∈ L^2(R), a, b ∈ R and

(2.13) ∑ k∈Z | ∑ n∈Z g(x − na)g(x − na − k/b)| ≤ B a.e., 5

then f ∈ PF.

Condition (2.13) is usually easy to check by hand. Furthermore it is automatically satisfied for all functions g belonging to the Wiener Amalgam space

W (L^∞, ℓ_1) := {g ∈ L^2(R) | ∑ m∈Z ||g · 1_{[m,m+1[}||_∞ < ∞}. For a proof we refer to [11], Theorem 4.1.8. It can be shown that W (L^∞, ℓ_1) is contained in the Feichtinger algebra S_0, which is a dense subspace of L^2(R). For more information about W (L^∞, ℓ_1), S_0 and related spaces we refer to Chapter 3 in the research monograph [7].

It can be shown that a variation of (2.13) produces a necessary condition for f ∈ PF. That is, if f ∈ PF then, ∑ k∈Z | ∑ n∈Z g(x − na)g(x − na − k/b)|^2 ≤ B a.e. We will not show that this condition is necessary since it is clearly not strong enough to classify PF. Also, the sufficient condition for g ∈ PF given in (2.13) is not necessary as we show next. This condition and its relationship to the Walnut representation of the frame operator for general a, b ∈ R are examined in detail by Casazza, Christensen, and Janssen [2].

Proposition 2.4. There is a function g ∈ PF which fails to satisfy condition (2.13).

Proof. Condition (2.13) and the properties of the Zak Transform indicate we should be looking for a Zg (whence a g) so that Zg is essentially bounded but (Zg)(t, ·) is not continuous a.e. t. So let

F (t, ν) = 1 : 0 ≤ t ≤ 1, 0 ≤ ν ≤ 1 2 1 2 : 0 ≤ t < 1, 1 2 < ν < 1 and extend F quasi-periodically according to (2.6) and (2.7). Then F = Zg for some unique g ∈ L^2(R), and by Proposition 2.3, g ∈ PF. We can explicitly compute the function g. For 0 ≤ t < 1, k ∈ Z we have that (Zg)(t + k, ν) = e^{2πikν} (Zg)(t, ν), 0 ≤ ν < 1. Thus, g(t + k) =

∫_1 0 (Zg)(t + k, ν) dν = ∫_1 0 e^{2πikν} F (t, ν) dν 6

= ∫_{1/2} 0 e^{2πikν} dν + 1 2 ∫_1 1/2 e^{2πikν} dν

= 3 4 : k = 0 1 4πik ((−1)^k − 1) : 0 ≠ k ∈ Z.

Now, for k ∈ Z and t ∈ [0, 1] we have

(2.14) ∑ n∈Z g(t − n)g(t − n − k) =

3((−1)^k − 1) 8πik + 1 + (−1)^k

8π^2 ∑ n odd; n≠0,−k 1 n(n + k) .

If k ∈ Z is odd, then 1 + (−1)^k = 0, so the series on the right hand side of (2.14) only needs to be considered for k even. In this case, ∑ n odd; n≠0,−k 1 n(n + k) = ∑ n odd; n≠0,−k 1 k ( 1 n − 1 n + k ) = 0 if k ≠ 0, and ∑ n odd 1 n^2 = 2 ∞∑ ℓ=0 1 (2ℓ + 1)^2 = π^2 4 . Thus, for all t ∈ [0, 1) we get, ∑ n∈Z g(t − n)g(t − n − k) = ( 3 4 )^2 + 1 4π^2 ∑ n odd 1 n^2 = 5 8 : k = 0

3((−1)^k − 1) 8πik : k ≠ 0. This yields immediately that ∑ k∈Z | ∑ n∈Z g(t − n)g(t − n − k)| = ∞, which completes the proof of Proposition 2.4.

Throughout the paper, we will be working with infinite sums of the form: ∑ n∈Z g(x − na)g(x − na − k/b). So let us discuss the question of convergence here, and ignore it for the rest of the paper. 7

Proposition 2.5. If g ∈ L^2(R) then for all k ∈ Z the series ∑ n∈Z g(x − na)g(x − na − k/b)

converges absolutely a.e. x ∈ R.

Proof. Since g, T_{k/b}g ∈ L^2(R) we have that gT_{k/b}g ∈ L^1(R). Also, ‖gT_{k/b}g‖_L1 = ∫ R |g(x)T_{k/b}(x)| dx = ∫_a 0 ∑ n∈Z |g(x − na)g(x − na − k/b)| dx < ∞.

It follows that ∑ n∈Z |g(x − na)g(x − na − k/b)| < ∞ a.e.

The main result we need throughout the paper is a basic calculation due to Daubechies [3] (see also [11]). Careful examination of the proof of this result in [11], Theorem 4.1.5, shows that we do not need the assumption of g ∈ PF used there. By checking functions which are bounded and supported just on an interval of length 1/b, one can see that the proof goes through without change for any g ∈ L^2(R) with the property that ∑ n |g(x−na)|^2 ≤ B a.e. It is this stronger result we now state.

WH-Frame Identity. Let g ∈ L^2(R) and assume there is a constant B > 0 such that ∑ n |g(x − na)|^2 ≤ B a.e. If f ∈ L^2(R) is bounded and compactly supported, then

(2.15) ∑ n∈Z ∑ m∈Z | < f, E_{mb}T_{na}g > |^2 = F_1(f) + F_2(f)

where

(2.16) F_1(f) = b^{−1} ∫ R |f(x)|^2 ∑ n |g(x − na)|^2 dx,

(2.17) F_2(f) = b^{−1} ∑ k≠0 ∫ R f(x)f(x − k/b) ∑ n g(x − na)g(x − na − k/b) dx =

b^{−1} ∑ k≥1 2Re ∫ R f(x)f(x − k/b) ∑ n g(x − na)g(x − na − k/b) dx. 8

To simplify the notation a little we introduce the following auxiliary functions:

(2.18) G(x) = ∑ n∈Z |g(x − na)|^2,

and for all 0 ≠ k ∈ Z,

(2.19) G_k(x) = ∑ n∈Z g(x − na)g(x − na − k/b),

It follows that G_0 = G, and G_k are periodic functions on R of period a.

We mention one interesting consequence of the WH-frame Identity.

Theorem 2.6. If g ∈ L^2(R) and G_k(x) = 0 a.e. for all k ≠ 0, then the following are equivalent:

(1) (E_{mb}T_{na}g)_{m,n∈Z} is a Weyl-Heisenberg frame with frame bounds A, B. (2) We have A ≤ G_0(x) ≤ B, a.e.

Proof. Our hypotheses and the WH-frame Identity imply that for all bounded, compactly supported f ∈ L^2(R) we have ∑ m,n∈Z | < f, E_{mb}T_{na}g > |^2 = b^{−1} ∫ R |f(x)|^2G_o(x) dx.

The theorem is now obvious.

3. Classifying Tight WH-Frames

Now we will classify the tight WH-frames both abstractly in terms of the behavior of related families of vectors and concretely in terms of the behavior of the functions G_k(x). In the next section we will write down explicitly the functions which satisfy the conditions of our theorem for some cases. We start with a basic fact which will simplify parts of the theorem and will be used in Section 5 to classify the alternate dual frames for a WH-frame. The proof consists of standard arguments.

Proposition 3.1. Let g, h ∈ L^2(R) and a, b ∈ R.

(1) h ⊥ E_{mb}g, for all m ≠ 0 if and only if there is a constant C so that ∑ n∈Z h(x − n/b)g(x − n/b) = C, a.e. 9

(2) If n ≠ 0, then h ⊥ E_{mb}T_{na}g for all m ∈ Z if and only if ∑ k h(x − k/b)g(x − k/b − na) = 0, a.e.

Proof. (2): We just calculate: < h, E_{mb}T_{na}g >= ∫ R h(x)E_{mb}g(x − na) dx = ∫ R h(x)g(x − na)e^{−2πimbx} dx = ∫_{1/b} 0 ∑ k∈Z h(x − k/b)g(x − k/b − na)e^{−2πimbx} dx. (2) follows immediately from here and (1) is just the case of n=0 in (2).

We are now ready to prove the classification theorem for tight WH-frames. The equivalence of (1) and (2) below can be found in [18], Corollary 2.19, while it also follows from the developments in [12], Subsection 1.3, and the equivalence of (1) and (3) can be deduced from [18], Corollary 6.8 or from [12], Theorem 1.4.1. Theorem 3.2. Let g ∈ L^2(R) and a, b ∈ R. The following are equivalent:

(1) (E_{mb}T_{na}g)_{n,m∈Z} is a normalized tight Weyl-Heisenberg frame for L^2(R). (2) We have:

(a) G(x) = ∑ n∈Z |g(x − na)|^2 = b a.e., (b) G_k(x) = ∑ n∈Z g(x − na)g(x − na − k/b) = 0 a.e. for all k ≠ 0. (3) We have, g ⊥ E_{n/a}T_{m/b}g, for all (n, m) ≠ (0, 0), and ‖g‖^2 = ab. (4) (E_{n/a}T_{m/b}g)_{n,m∈Z} is an orthogonal sequence in L^2(R) and ‖g‖^2 = ab. (5) (E_{mb}T_{na}g)_{n,m∈Z} is a Weyl-Heisenberg frame for L^2(R) with frame operator S and Sg = g.

Moreover, when at least one of (1)-(5) holds, (E_{mb}T_{na}g)_{m,n∈Z} is an orthonormal basis for L^2(R) if and only if ‖g‖ = 1.

Proof. (1) ⇒ (2): Assume (E_{mb}T_{na}g)_{n,m∈Z} is a normalized tight frame for L^2(R). For any function f ∈ L^2(R) which is supported on an interval of length < 1/b we have for all x ∈ R and all 0 ≠ k ∈ Z that f(x)f(x − k/b) = 0. That is, F_2(f) = 0 in the WH-frame identity. Now, again by the WH-frame Identity, we have ‖f‖^2 = ∫ R |f(x)|^2 dx = ∑ n ∑ m | < f, E_{mb}T_{na}g > |^2 = F_1(f) + F_2(f) 10

= b^{−1} ∫ R |f(x)|^2 ∑ n |g(x − na)|^2 dx = b^{−1} ∫ R |f(x)|^2G(x) dx. Since this equality holds for all f ∈ L^2(I), for any interval I of length < 1/b, it follows easily that G(x) = b, a.e. Hence, for all f ∈ L^2(R), F_1(f) = ‖f‖^2. But now, again by the WH-frame Identity, we have for all bounded, compactly supported f ∈ L^2(R),

‖f‖^2 = F_1(f) + F_2(f) = ‖f‖^2 + F_2(f).

That is, F_2(f) = 0, for all bounded compactly supported f ∈ L^2(R). Now fix k_0 ≥ 1 and let I be any interval in R of length ≤ 1/b. Define a function f ∈ L^2(R) by: f(x) = e^{iargGk0 (x)}, for all x ∈ I,

and f(x − k_0/b) = 1 for all x ∈ I and f(x) = 0, otherwise. Then, by the WH-frame Identity,

0 = F_2(f) = b^{−1} ∑ k≥1 2Re ∫ R f(x)f(x − k/b) ∑ n g(x − na)g(x − na − k/b) dx =

b^{−1}2Re ∫ R f(x)f(x − k_0/b)G_{k0} (x) dx = b^{−1}2 ∫ I |G_{k0} (x)| dx. It follows that G_{k0} (x) = 0, a.e. on I. Since k_0 and I were arbitrary, we have (2b).

(2) ⇒ (1): By assumption (2b) and the WH-frame Identity, we have F_2(f) = 0 for all bounded, compactly supported f ∈ L^2(R). Hence, applying assumption (2a) and the WH-frame Identity: ∑ n ∑ m | < f, E_{mb}T_{na}g > |^2 = F_1(f) = b^{−1} ∫ R |f(x)|^2 ∑ n |g(x − na)|^2 dx = ∫ R |f(x)|^2 dx = ‖f‖^2. Since this equality holds on a dense subset of L^2(R), it holds for all f ∈ L^2(R). So (E_{mb}T_{na}g)_{n,m∈Z} is a normalized tight frame for L^2(R).

(2) ⇔ (3): By (2) of Proposition 3.1, (2b) is equivalent to g ⊥ E_{n/a}T_{m/b}g, for all m ≠ 0. Also, we have,

‖g‖^2 = ∫ R |g(x)|^2 dx = ∫_a 0 ∑ n∈Z |g(x − na)|^2 dx = ∫_a 0 G(x) dx. 11

So the rest of the equivalence follows from (1) of Proposition 3.1.

(3) ⇔ (4): This is immediate from the observation that for all m, n, ℓ, k ∈ Z we have: < E_{n/a}T_{m/b}g, E_{k/a}T_{ℓ/b}g >= e^{2πi n−ka mb} < g, E k−n_a T ℓ−m_b g > . (1) ⇔ (5): Since S commutes with E_{mb}T_{na}, we have that S = I if and only if Sg = g. For the moreover part of the theorem, we just observe that for all m, n ∈ Z, ‖g‖ = ‖E_{mb}T_{na}g‖. Hence, if ‖g‖ = 1, then our tight frame consists of norm 1 elements which now form an orthonormal basis by Remark 2.1.

Now we can give one simple class of non-compactly supported functions which produce normalized tight WH-frames.

Corollary 3.3. Let a, b ∈ R, and assume that g is supported on an interval I with |I| ≤^1_a . If ∑ m∈Z |g(x − mb)|^2 = a a.e.

then (E_{mb}T_{na}ĝ) is a normalized tight WH-frame consisting of non-compactly supported functions.

Proof. By Theorem 3.2, the conditions stated in Corollary 3.3 guarantee that (E_{na}T_{mb}g) is a normalized tight WH-frame for L^2(R). Taking the Fourier Transform of this yields that (E_{mb}T_{na}ĝ) is a normalized tight WH-frame. Evidently, ĝ is not compactly supported.

Since ab ≤ 1 for a WH-frame (see below), it follows that b ≤ 1/a. So it is easy to produce functions satisfying the conditions in Corollary 3.3.

With the characterization in Theorem 3.2, we can now recover easily and directly from the definition the basic properties of WH-frames which formerly required some more work [3,4,11]. Recently, Janssen [13,14] has derived some of these results also in an easier fashion. Our proof however, is simple and follows directly from the definitions. For any WH-frame (E_{mb}T_{na}g)_{m,n∈Z} with frame operator S, a direct computation shows that S(E_{mb}T_{na}g) = E_{mb}T_{na}Sg, for all m, n ∈ Z. It follows that S^{−1/2} also commutes with E_{mb}T_{na} and so (E_{mb}T_{na}S^{−1/2}g)_{m,n∈Z} is a normalized tight WH-frame which is equivalent to (E_{mb}T_{na}g)_{m,n∈Z} and hence 12

must satisfy the conditions of Theorem 3.2. In particular, for all (m, n) ≠ (0, 0) we have: < S^{−1}g, E_{n/a}T_{m/b}g >=< S^{−1/2}g, E_{n/a}T_{m/b}S^{−1/2}g >= 0. This leads to:

Corollary 3.4. Let (E_{mb}T_{na}g)_{m,n∈Z} be a WH-frame for L^2(R).

(1) S^{−1}g ⊥ E_{n/a}T_{m/b}g, for all (m, n) ≠ (0, 0) and < S^{−1}g, g >=< S^{−1/2}g, S^{−1/2}g >= ‖S^{−1/2}g‖^2 = ab ≤ 1. (2) If ab < 1 then the WH-frame is overcomplete. (3) If ab = 1 then the WH-frame is a Riesz basis.

Proof. (1): All of this was observed before we stated the theorem except the last inequality ab ≤ 1 which follows immediately from Remark 2.1.

(2): If our WH-frame is exact then (E_{mb}T_{na}S^{−1/2}g) is an orthonormal basis. Hence, 1 = ‖S^{−1/2}g‖^2 = ab. (3): If ab = 1 then (E_{mb}T_{na}S^{−1/2}g) is a tight WH-frame and hence (E_{n/a}T_{m/b}S^{−1/2}g) is an orthogonal sequence by Theorem 3.2 (4). But, ab = 1 implies that n/a = nb and m/b = ma, so (E_{nb}T_{ma}S^{−1/2}g) is an orthogonal basis for L^2(R). Since S^{−1/2} is an invertible operator on L^2(R), it follows that (E_{mb}T_{na}g) is a Riesz basis for L^2(R).

Actually, there is a stronger statement than (1) of Corollary 3.4. That is, if ab > 1 then for any g ∈ L^2(R) there is an f ∈ L^2(R) with f ⊥ span_{m,n∈Z} (E_{mb}T_{na}g). See Daubechies [3], page 978 for a discussion of this result.

Finally, we point out what appears to be a surprising consequence of Theorem 3.2 (which can also be gleaned out of sections 1.2-1.4 of [12]) which indicate a relationship between the values of a function and its Fourier Transform. Corollary 3.5. If g ∈ P F and ab ≤ 1, the following are equivalent:

(1) The function g satisfies: ∑ n g(x − na)g(x − na − k/b) = 0 a.e. for all k ≠ 0 and ∑ n |g(x − na)|^2 = b a.e. 13

(2) The Fourier Transform of the function g satisfies: ∑ n ĝ(x − nb)ĝ(x − nb − k/a) = 0 a.e. for all k ≠ 0

and ∑ n |ĝ(x − nb)|^2 = a a.e.

Proof. Corollary 3.5 comes from Theorem 3.2 applied to the families (E_{mb}T_{na}g) and (E_{ma}T_{nb}ĝ) which are normalized tight WH-frames together.

4. The Functions g Giving Tight WH-Frames

In this section we will give an explicit representation for the functions giving tight WH-frames given in Theorem 3.2 (2) for two specific cases. If f(x, y) is any function of two variables, we denote by f_y(x) the function: f_y(x) = f(x, y). We start with a simple proposition which contains the basic notions which will be used in our characterization. This is essentially a triviality, but because of its central role in all the examples, we give a short proof.

Proposition 4.1. The following are equivalent:

(1) The sequence z = (c_n)_{n∈Z} ∈ ℓ_2(Z) is orthogonal to all of its proper shifts and ‖z‖^2 = b. (2) The unique function h : [0, 1] → C with Fourier series coefficients ĥ(n) = c_n, for all n ∈ Z has |h(x)|^2 = b a.e.

(3) There is a measurable function f : [0, 1] → R so that the function h in (2) is of the form h(x) = √ b e^{2πif(x)}. Proof. (1) ⇒ (2) If (ĥ(n)) = (c_n) is orthogonal to all its shifts then h ⊥ e^{2πim·}h, for all m ≠ 0. That is, for all m ≠ 0 we have 0 =< h, e^{2πim·}h >=< |h|^2, e^{2πim·} > . Hence, |h|^2 = C a.e. Also, ‖h‖^2 = ‖(c_n)‖^2 = b.

(2) ⇒ (3): This is obvious. 14

(3) ⇒ (1): Given h as in (3), for any m ∈ Z we have: < h, E_mh >= ∫_1 0 h(x)h(x)e^{2πimx} dx = ∫_1 0 |h(x)|^2e^{−2πimx}dx = ∫_1 0 b e^{−2πimx}dx = bδ_m. So h is orthogonal to e^{2πim·}h for all m ≠ 0. Hence, (ĥ(n)) is orthogonal to all its proper shifts and ‖(ĥ(n))‖^2 = b.

In the case ab = 1 we are now ready to give an explicit representation of the functions g for which (E_{mb}T_{na}g) is an orthonormal basis for L^2(R).

Theorem 4.2. Let ab = 1 and g ∈ L^2(R). The following are equivalent:

(1) (E_{mb}T_{na}g) is a normalized tight WH-frame for L^2(R). (2) (E_{mb}T_{na}g) is an orthonormal basis for L^2(R). (3) There is a measurable function f : [0, 1] × [0, a) → R and h(x, y) = √ b e^{2πif(x,y)} so that g(y + na) = ĥ_y(n), for all y ∈ [0, a).

Proof. This is essentially immediate from our assumptions and Theorems 3.2 and 4.1. Since ab = 1, we have a = 1/b so Theorem 3.2 (2) becomes:

(a) G(x) = ∑ n∈Z |g(x − na)|^2 = b, a.e., (b) G_k(x) = ∑ n∈Z g(x − na)g(x − (n − k)a) = 0, a.e. for all k ≠ 0.

But condition (b) is equivalent to: z_y = (g(y − na))_{n∈Z} is orthogonal to all of its proper shifts and (a) is equivalent to ‖z_y‖^2 = b. By Theorem 4.1 these conditions are equivalent to: For each y ∈ [0, a) there is a function f_y : [0, 1] → R and h_y : [0, a] → C with h_y (x) = e^{2πify (x)}, and ĥ_y(n) = g(y − na). So defining f(x, y) : [0, 1] × [0, a) → R and h(x, y) by: f(x, y) = f_y(x), h(x, y) = h_y(x), 15

yields the theorem modulo the measurability conditions which are obvious.

Note that the h in Theorem 4.2 (3) is essentially the Zak transform of g. We now show how the conditions in Theorem 4.2 quickly and easily give the standard examples from the literature, as well as some new ones, on tight WHframes.

Example 4.3. Letting f(x, y) = C, for all y ∈ [0, a] gives the function g(x) = √ b χ_{[0,a)} which yields a normalized tight frame (in fact, an orthonormal basis for L^2(R)). Letting f(x, y) = C_y, for all x ∈ [0, 1], gives a function g of the form: g(x) = √ be^{ih(x)}χ_{[0,a)} where h : [0, 1] → R.

Example 4.4. Letting f(x, y) = f(x, y^′), for all y, y^′ ∈ [0, a] gives the function g(x) = ∑ n∈Z c_nχ_{[na,(n+1)a)} where (c_n) is an ℓ_2 sequence which is orthogonal to all its proper shifts. This now yields a normalized tight WH-frame.

Example 4.5. If we partition [0, a) into disjoint measurable sets (A_n)_{n∈Z} , let B_n = A_n + {n} and define f(x, y) = d_n + nx, for all y ∈ A_n. Then g(x) = ∑ n∈Z c_nχ_{Bn} , yields a normalized tight frame.

We leave it to the reader to check other variations for the functions f(x, y) to yield old and new examples of tight WH-frames.

We proceed to the next level of the representations of the functions g giving WH-frames. See Daubechies [3] (page 981) for a formulation of this result in terms of the Zak Transform. 16

Proposition 4.6. Let ab = 1/q, q ∈ Z and g ∈ L^2(R). The following are equivalent:

(1) (E_{mb}T_{na}g) is a normalized tight WH-frame for L^2(R). (2) There are functions f_j (x, y) : [0, 1] × [0, a) → C, 1 ≤ j ≤ q satisfying: (a) q∑ j=1 |f_{j,y}(x)|^2 = b, for all x ∈ [0, 1].

(b) g(y + ja + n/b) = f̂_{j,y}(n), for all 1 ≤ j ≤ q, 0 ≤ y < 1 qb = a.

Proof. We leave it to the reader to check that g is a well-defined function on all of R. For 0 ≤ y <^1_{qb} = a we have: (4.1) ∑ n∈Z g(y − na)g(x − na − k/b) = q∑ j=1 ∑ n∈Z g(y + ja + nqa)g(y + ja + nqa + k/b) =

q∑ j=1 ∑ n∈Z g(y + ja + n/b)g(y + ja + (n + k)/b) = q∑ j=1 ∑ n∈Z f̂_{j,y}(n)f̂_{j,y}(n + k). Now, we have the equality in (4.1) equal to 0 for all k ≠ 0 if and only if: 0 = q∑ j=1 < f_{j,y}, E_kf_{j,y} >= ∫_1 0 q∑ j=1 |f_{j,y}(x)|^2e^{−2πikx} dx, for all k ≠ 0.

But, this is equivalent to: q∑ j=1 |f_{j,y}(x)|^2 = C_y, for all x ∈ [0, 1]

for some constant C_y. However, for k = 0 and all 0 ≤ y < 1/qb we have:

(4.2) ∑ n∈Z |g(y − na)|^2 = q∑ j=1 ∑ n∈Z |f̂_{j,y}(n)|^2 = q∑ j=1 ‖f_{j,y}‖^2 = ∫_1 0 q∑ j=1 |f_{j,y}(x)|^2 dx = C_y. Since we have a normalized tight WH-frame if and only if the sums in (4.2) equal b a.e., i.e. if and only if C_y = b for all y ∈ [0, a). 17

We leave it to the reader to examine the special cases of Proposition 4.6. Common examples are when all the functions f_j are equal or when they are each a constant function.

One can find a representation similar to that of Proposition 4.6 for the case where ab = p/q is a rational number [21,22,23] and [12], Section 1.5. Consider the case that ab = p/q ≤ 1 with p, q ∈ Z, and gcd (p,q) = 1. We let for λ > 0 and f ∈ L^2(R)

(4.3) (Z_λf)(t, ν) = λ^{1/2} ∑ k∈Z f(λ(t − k))e^{2πikν} , a.e. t, ν ∈ R.

The generalized Zak transform Z_λ has similar properties as the standard Zak transform Z (λ = 1) of Section 2. We define for f ∈ L^2(R) and a.e. t, ν ∈ R the (p × q)−matrices

Φ^f (t, ν) = ( p^{−1/2}(Z_{1/b}f)(t − ℓ p q , ν + k p ) ) k=0,1,··· ,p−1; ℓ=0,1,··· ,q−1 ,

Ψ^f (t, ν) = ( p^{−1/2}(Z_af)(t − k q p , ν − ℓ q ) ) k=0,1,··· ,p−1; ℓ=0,1,··· ,q−1 , where we have chosen λ = b^{−1}, λ = a, respectively, in (4.3). Then we have that g ∈ L^2(R) generates a tight WH-frame for the parameters a,b if and only if there is a c > 0 such that for a.e. t, ν ∈ R Φ^g(t, ν) (Φ^g(t, ν))^∗ = cI_{p×p}, if and only if there is a d > 0 such that for a.e. t, ν ∈ R Ψ^g(t, ν) (Ψ^g(t, ν))^∗ = dI_{p×p}, where I_{p×p} denotes the p × p identity matrix and^∗ represents the conjugate transpose.

The case where ab is irrational seems to be very difficult and we have not found any good general examples what-so-ever for this case. Yet, we know that every WH-frame is equivalent to a normalized tight WH-frame and so there must be a huge number of such functions even for irrational ab. It would be very interesting to have an exact representation of this class of functions. 18

5. Alternate Dual Frames

If (f_i)_{i∈I} is a frame for a Hilbert space H, a frame (h_i)_{i∈I} for H is called an alternate dual frame or a pseudo-dual for (f_i)_{i∈I} if (5.1) f = ∑ i∈I < f, h_i > f_i, for all f ∈ H. We already know one sequence (h_i)_{i∈I} satisfying (5.1). Namely, the sequence (S^{−1}f_i)_{i∈I} . That is, for all f ∈ H, f = S(S^{−1}f) = ∑ i∈I < S^{−1}f, f_i > f_i = ∑ i∈I < f, S^{−1}f_i > f_i. We call (S^{−1}f_i)_{i∈I} the canonical dual of (f_i). If (f_i)_{i∈I} is a normalized tight frame, then S = I, so the frame equals its canonical dual frame. The converse of this clearly holds also. But in general, there may be many alternate dual frames for a given frame. A simple example would be to let our frame be {e_1, e_1, e_2, e_2, . . . } where (e_i) is an orthonormal basis for H, and observe that {e_1, 0, e_2, 0, . . . } is an alternate dual frame while {e_1/2, e_1/2, e_2/2, e_2/2, . . . } is the canonical dual frame. In the definition we assumed that the sequence (h_i)_{i∈I} is a frame for H. For a given frame (f_i)_{i∈I} there might exist sequences (h_i)_{i∈I} which are not frames, but such that (5.1) holds. For example, {e_1, 1 √ 2 e_2, 1 √ 2 e_2, 1 √ 3 e_3, 1 √ 3 e_3, 1 √ 3 e_3, . . . } is a normalized tight frame for H and the sequence (h_i)_{i∈I} given by, {e_1, √ 2e_2, 0, √ 3e_3, 0, 0, . . . } is not a frame for H but satisfies (5.1). But if (f_i)_{i∈I} and (h_i)_{i∈I} are Bessel sequences and they satisfy (5.1), then (h_i)_{i∈I} and (f_i)_{i∈I} are alternate dual frames. For the basic properties of alternate dual frames we refer to [10,12,16,18]. In particular, Li [16] has given a characterization of all alternate duals for a given frame.

It is also known that a frame has a unique alternate dual frame if and only if it is a Riesz basis. No two distinct alternate dual frames are equivalent to one another [10], so the canonical dual frame is the only alternate dual frame which is equivalent to the original frame. Finally, if (h_i)_{i∈I} is an alternate dual frame to (f_i)_{i∈I} , then (f_i)_{i∈I} is an alternate dual frame to (h_i)_{i∈I} . Now we will use the techniques developed in Section 3 to characterize the Weyl-Heisenberg alternate dual frames for a given Weyl-Heisenberg frame. We need a beautiful result of Wexler-Raz [19]. The rigorous form of the result we state is due to Janssen [13]. 19

Theorem(Wexler-Raz). Let g, h ∈ PF. Then (E_{mb}T_{na}h) and (E_{mb}T_{na}g) are alternate dual frames if and only if h ⊥ E_{n/a}T_{m/b}g, for all (m, n) ≠ (0, 0), and < h, g >= ab. We proceed with the corresponding result to Theorem 3.2 for alternate dual frames. Parts of this were done in the more general setting of shift invariant systems by Ron and Shen [17] and Janssen [12]. Again, our proof is simple, and follows directly from the defintions.

Theorem 5.1. For g, h, f ∈ PF the following are equivalent:

(1) (E_{mb}T_{na}h)_{m,n∈Z} is an alternate dual frame for (E_{mb}T_{na}g)_{m,n∈Z} . (2) We have: (a) ∑ n∈Z h(x − na)g(x − na − k/b) = 0 a.e. for all k ≠ 0. (b) ∑ n∈Z h(x − na)g(x − na) = b, a.e. (3) h = S^{−1}g + f, where f ∈ L^2(R) and f ⊥ span_{n,m∈Z} E_{n/a}T_{m/b}g.

Proof. (1) ⇔ (2): This is Proposition 3.1 combined with the theorem of Wexler- Raz.

(1) ⇒ (3): By the Wexler-Raz Theorem, h ⊥ E_{n/a}T_{m/b}g, for all (m, n) ≠ (0, 0). By Corollary 3.3, we also have that S^{−1}g ⊥ E_{n/a}T_{m/b}g. Hence, f = h − S^{−1}g ⊥ E_{n/a}T_{m/b}g. Again by the Wexler-Raz Theorem, < h, g >= ab and applying Corollary 3.3 again, < h − S^{−1}g, g >=< h, g > + < S^{−1}g, g >= ab − ab = 0. It follows that h = S^{−1}g + (h − S^{−1}g) = S^{−1}g + f and f ⊥ E_{n/a}T_{m/b}g, for all n, m ∈ Z. (3) ⇒ (1): Fix (m, n) ≠ (0, 0). We compute using Corollary 3.3: < h, E_{n/a}T_{m/b}g >=< S^{−1}g + f, E_{n/a}T_{m/b}g >= < S^{−1}g, E_{n/a}T_{m/b}g > + < f, E_{n/a}T_{m/b}g >= 0 + 0 = 0. Also, using Corollary 3.3, < h, g >=< S^{−1}g + f, g >=< S^{−1}g, g > + < f, g >= ab + 0 = ab. So this implication follows from the Wexler-Raz Theorem. 20

It can be shown that the canonical dual S^{−1}g has the least L^2-norm among all h ∈ L^2(R) satisfying h ⊥ E_{n/a}T_{m/b}g, (n, m) ≠ (0, 0), and < h, g >= ab. For proofs of this fact we refer to [14], Proposition 3.3 and [5], Proposition 4.2.

Note that (E_{mb}T_{na}g)_{m,n∈Z} is a normalized tight frame if and only if we can replace h in Theorem 5.2 by the function g and in this case Theorem 5.1 reduces to Theorem 3.2. Also in this case, S = I so part (3) of the theorem becomes: h = g+f where f ⊥ span_{n,m∈Z} E_{n/a}T_{m/b}g. The canonical dual to a WH-frame is again a WH-frame, but in general there exists alternate duals not having the WH-structure [16].

References

1. P.G. Casazza and O. Christensen, Weyl-Heisenberg frames for subspaces of L^2(R), (preprint). 2. P.G. Casazza, O. Christensen and A.J.E.M. Janssen, Weyl-Heisenberg frames, translation invariant systems and the Walnut representation, (Preprint).

3. I. Daubechies, The wavelet Transform, time-frequency localization and signal analysis, IEEE Trans. Inf. Theory 36 (1990), 961-1005.

4. I. Daubechies, “Ten Lectures on Wavelets”, CBMS-NSF regional conference series in applied mathematics, Philadelphia 61 (1992).

5. I. Daubechies, Gabor time-frequency lattices and the Wexler-Raz identity, Jour. Fourier Anal.

and Appl. 1 (4) (1995), 437-478.

6. R.J. Duffin and A.C.Schaeffer, A class of non-harmonic Fourier series, Trans. Amer. Math.

Soc. 72 (1952), 341-366.

7. H. Feichtinger and T. Strohmer (eds), Gabor analysis and Algorithms: Theory and Applications, Birkhauser, Boston (1998).

8. J.P. Gabardo and D. Han, Subspace Weyl-Heisenberg frames, (preprint). 9. D. Gabor, Theory of communications, J. Inst. Elec. Eng. (London) 93 (1946), 429-457. 10. D. Han and D.R. Larson, Frames, Bases and Group Representations, Memoirs of AMS (to appear).

11. C.E. Heil and D.F. Walnut, Continuous and discrete wavelet Transforms, SIAM Review 31 (4) (1989), 628-666.

12. A.J.E.M. Janssen, The duality condition for Weyl-Heisenberg frames, H.G. Feichtinger and T. Strohmer, Eds., Gabor Analysis and Algorithms: Theory and Applications, Birkhauser, Boston (1998), 33-84.

13. A.J.E.M. Janssen, Signal analytic proofs of two basic results on lattice expansions, Appl.

Comp. Harm. Anal. 1 (4) (1994), 350-354.

14. A.J.E.M. Janssen, Duality and biorthogonality for Weyl-Heisenberg frames, J. Fourier Anal.

and Appl. 1 (4) (1995), 403-436.

15. A.J.E.M. Janssen, The Zak Transform: a signal Transform for sampled time-continuous signals, Philips J. Res. 43 (1988), 23-69.

16. S. Li, On general frame decompositions, Numer. Funct. Anal. and Optimiz. 16 (9,10) (1995), 1181-1191.

17. A. Ron and Z. Shen, Frames and stable bases for shift-invariant subspaces of L^2(R^d), Canadian J. of Math. 47 (5) (1995), 1051-1094.

18. A. Ron and Z. Shen, Weyl-Heisenberg frames and Riesz bases in L^2(R^d), Duke Math J. 89 (2) (1997), 237-282.

19. J. Wexler and S. Raz, Discrete Gabor expansions, Signal Processing 21 (1990), 207-220. 20. R. Young, “An introduction to nonharmonic Fourier series”, Academic Press, New York (1980). 21

21. M. Zibulski and Y.Y. Zeevi, Gabor representation with oversampling, In P. Maragos, editor, Proc. SPIE Conf. on Visual Communications and Image Processing ’92 1818 (1992), 976-984.

22. M. Zibulski and Y.Y. Zeevi, Frame analysis of the discrete Gabor scheme, IEEE Trans. Signal Proc. 42 (4) (1994), 942-945.

23. M. Zibulski and Y.Y. Zeevi, Oversampling in the Gabor Scheme, IEEE Trans. Signal Proc.

41 (8) (1993), 2679-2687.

Department of Mathematics, The University of Missouri, Columbia, Missouri 65211, USA; Mathematical Institute, Building 303, Technical University of Denmark, 2800 Lyngby, DENMARK; and Philips Research Laboratories Eindhoven, 5656 AA Eindhoven, THE NETHERLANDS

E-mail address: pete@casazza.math.missouri.edu; olechr@mat.dtu.dk; and janssena@natlab.research.

philips.com

22