WEYL-HEISENBERG FRAMES, TRANSLATION INVARIANT SYSTEMS AND THE WALNUT REPRESENTATION

Peter G. Casazza, Ole Christensen and A.J.E.M. Janssen

Abstract. We present a comprehensive analysis of the convergence properties of the frame operators of Weyl-Heisenberg systems and shift-invariant systems, and relate these to the convergence of the Walnut representation. We give a deep analysis of necessary conditions and sufficient conditions for convergence of the frame operator. We show that symmetric, norm and unconditional convergence of the Walnut series are all different, but that weak and norm convergence are the same, while there are WH-systems for which the Walnut representation has none of these convergence properties. We make a detailed study of the CC-condition (a sufficient condition for WH-systems to have finite upper frame bounds), and show that (for ab rational) a uniform version of this passes to the Wexler-Raz dual. We also show that a condition of Tolimieri and Orr implies the uniform CC-condition. We obtain stronger results in the case when (g, a, b) is a WH-system and ab is rational. For example, if ab is rational, then the CC-condition becomes equivalent to the unconditional convergence of the Walnut representation - even in a more general setting. Many of the results are generalized to shift-invariant systems. We give classifications for numerous important classes of WH-systems including: (1) The WH-systems for which the frame operator extends to a bounded operator on L^p(R), for all 1 ≤ p ≤ ∞; (2) The WH-systems for which the frame operator extends to a bounded operator on the Wiener amalgam space; (3) The families of frames which have the same frame operator.

1. Introduction

Well after introduction by D. Gabor [12] in 1946, Weyl-Heisenberg systems (also known as Gabor systems, see the Introduction in [10] for the history) nowadays play a central role in e.g. signal processing, image and data compression. However, major difficulties can arise when one tries to compute the frame operator for these systems. Walnut [24] gave a series representation for the frame operator under the assumption that the generating function for the frame has rapid decay. In this case, the Walnut series converges rapidly in norm. The Walnut representation of the frame operator can often be much easier to compute and work with. But the

The first author was supported by NSF DMS 970618.

Typeset by AMS-TEX 1

rapid decay assumptions limit its use. Recently, Casazza and Christensen [2] gave much weaker assumptions on the window function g which still ensures that the corresponding Weyl-Heisenberg system has a finite upper frame bound. As we will see, this condition also has important implications for the Walnut representation of the frame operator.

Until now, there has not been a detailed study of the frame operator for WHsystems and its relationship to the Walnut representation, especially, in the general case where we do not put rapid decay assumptions on g. This paper is a comprehensive study of the convergence properties of the frame operator for WH-systems and shift-invariant systems, as well as the Walnut representation, and the relationships between them. The body of the paper is divided into seven sections. Section 2 contains the basic tools we need for this study including the basic definitions, the WH-frame identity, and a detailed outline of the types of convergence (weak, norm, and unconditional) which we work with in the paper. Section 3 introduces the Zak transform, its basic properties. Then, for the case a = b = 1, we use the Zak transform to produce necessary conditions for the existence of finite upper frame bounds. This section also contains the basic Zak transform construction for examples which will be used throughout the paper. Section 4 is a detailed study of sufficient conditions for the convergence of the frame operator. We consider a much weaker condition than previously used and show that this condition is maintained under application of the frame operator to the window function even for general shift-invariant systems.. With slightly stronger assumptions we show that this condition can be passed to the Wexler-Raz dual window. In Section 5 we analyze symmetric weak and norm convergence of the Walnut representation of the frame operator. We give classifications for the families of WH-systems for which the Walnut representation has each of these convergence properties. One consequence is that weak and norm convergence of the Walnut representation are equivalent. We also give examples to show that the other forms of convergence are all different. In Section 6 we consider unconditional convergence of the Walnut series. In this case, we give several classifications of this property and show that the conditions considered in Section 4 imply unconditional convergence of the Walnut series. We also produce a large class of functions for which the Walnut series converges with respect to every WH-system. In Section 7 we classify the WH-systems which have the property that their frame operator extends to be a bounded linear operator on L^p(R), for all 1 ≤ p ≤ ∞. The needed assumption turns out to be 2

the same as the conditions considered in Sections 4 and 6. We also classify the WH-systems for which the frame operator extends to a bounded linear operator on the Wiener amalgam-space W (L^∞, ℓ^1). Finally, in Section 8, we classify the WHsystems whose frame operators are equal. Again, this will be a natural consequence of the properties considered throughout the paper.

The first author would like to thank Nakhle Asmar, Nigel J. Kalton, and Stephen Montgomery-Smith for many helpful discussions during the preparation of this paper.

2. Basic Tools

A sequence (f_i)_{i∈I} in a Hilbert space H is a frame for H if there are A > 0 and B < ∞ such that

(2.1) A‖f‖^2 ≤ ∑ k∈I | < f, f_i > |^2 ≤ B‖f‖^2, for all f ∈ H.

We call A the lower frame bound and B the upper frame bound for the frame. If A = B, we say (f_i) is a tight frame and if A = B = 1 it is called a normalized tight frame. A bounded unconditional basis for a Hilbert space H is called a Riesz basis (See the end of this section for a detailed discussion of this topic). If (f_i) and (g_i) are frames for Hilbert spaces H, K respectively, we say that (f_i) is equivalent to (g_i) is there is a bounded, linear invertible operator L : H → K satisfying Lf_i = g_i, for all i ∈ I. In particular, if (f_i) is a frame for H and L is a bounded linear invertible operator from H to H, then (Lf_i) is also a frame for H which is equivalent to (f_i).

If (e_i)_{i∈I} is an orthonormal basis for H and (f_i)_{i∈I} is a sequence of vectors in H, we will call the operator T : ℓ_2 → H given by: T (e_i) = f_i the pre-frame operator associated with (f_i)_{i∈I} . A direct calculation shows that

T^∗f = ∑ i∈I < f, f_i > e_i, for all f ∈ H.

It follows that the pre-frame operator is bounded if and only if there is a constant B > 0 satisfying: ∑ i∈I | < f, f_i > |^2 ≤ B‖f‖^2, for all f ∈ H. 3

Moreover, (f_i)_{i∈I} is a frame if and only if the pre-frame operator is a bounded, linear, onto map. In that case S = T T^∗ is a invertible operator on H, called the frame operator, which has the form:

(2.2) Sf = ∑ i∈I < f, f_i > f_i, for all f ∈ H.

Now, for all f ∈ H we have, (2.3) < Sf, f >= ∑ i∈I | < f, f_i > |^2.

So, the frame operator is a positive, self-adjoint invertible operator on H. It is a straightforward calculation that for all f ∈ H, (2.4) f = ∑ i∈I < S^{−1}f, f_i > f_i = ∑ i∈I < f, S^{−1}f_i > f_i = ∑ i∈I < f, S^{−1/2}f_i > S^{−1/2}f_i.

Since S is an invertible operator on H, (S^{−1}f_i) is a frame for H which is equivalent to the frame (f_i) and is called the minimal dual frame for (f_i). In general, there may be other “dual frames” for (f_i) in the sense that there may be sequences (h_i) of elements of H so that for every f ∈ H we have f = ∑ i < f, h_i > f_i, for all f ∈ H.

It can be shown [13] that a bounded frame (f_i) has only one dual frame if and only if (f_i) is a Riesz basis for H. Also, [13] no two distinct dual frames can be equivalent.

To define Weyl-Heisenberg frames, let a, b ∈ R and define the operators of modulation E_b, and translation T_a for functions f ∈ L^2(R) by: E_bf(t) = e^{2πibt}f(t), and T_af(t) = f(t − a). Given g ∈ L^2(R), and a, b > 0, if the family (E_{mb}T_{na}g)_{m,n∈Z} is a frame for L^2(R), we call this a Gabor frame or a Weyl-Heisenberg frame or just a WH-frame for short. The function g is referred to as the window function. The numbers a, b are the frame parameters, with a being the shift parameter and b the 4

modulation parameter. It is known that if ab > 1, then for any g ∈ L^2(R), the family (E_{mb}T_{na}g) is not a frame, and in fact, it is not even complete in L^2(R) (see [4] p. 978). Also, if ab = 1, this family is a frame if and only if it is a Riesz basis for L^2(R). Finally, if ab < 1, the family is overcomplete in the sense that one can remove at least one element from the frame and the remaining elements will still form a frame (but perhaps with different frame bounds).

Let a, b > 0. We will be interested in the frame operator for functions g for which (E_{mb}T_{na}g)_{m,n∈Z} has at least a finite upper frame bound. This class of functions is called the class of preframe functions and is denoted by PF. Thus we suppress the dependence on a, b. We have immediately from the definitions and our earlier considerations Proposition 2.1. The following are equivalent:

(1) g ∈ PF.

(2) The operator Sf = ∑ n,m∈Z < f, E_{mb}T_{na}g > E_{mb}T_{na}g, is a well defined bounded linear operator on L^2(R).

A WH-system is any (g, a, b) with g ∈ L^2(R), and a preframe WH-system is any (g, a, b) with g ∈ PF.

If ab is rational, we will call (g, a, b) a rational WH-system. Wexler and Raz [25] have shown that for any two Weyl-Heisenberg systems (E_{mb}T_{na}g)_{m,n∈Z} and (E_{mb}T_{na}h)_{m,n∈Z} these systems are dual if and only if (*) < h, E_{k/b}T_{ℓ/a}g >= abδ_{k0}δ_{ℓ0}, k, ℓ ∈ Z, where δ is the Kronecker delta. This gives rise to a natural dual frame, viz. that h satisfying (*) with minimal norm, called the Wexler-Raz dual. A direct calculation shows that the frame operator for a Weyl-Heisenberg frame commutes with both translation and modulation. In particular, the minimal dual frame of a Weyl-Heisenberg frame (E_{mb}T_{na}g)_{m,n∈Z} with frame operator S is itself a Weyl- Heisenberg frame of the form (E_{mb}T_{na}S^{−1}g)_{m,n∈Z}. The fact that the minimal dual of a Weyl-Heisenberg frame equals the Wexler-Raz dual is a rather subtle point. We refer the reader to [17], Propositions 3.2-3.3 and [6], Proposition 4.2.

For a general shift-invariant system g_{nm} = (g_m(· − na))_{n,m∈Z}, we also have the notion of an upper frame bound. This is a constant B < ∞ such that ∑ n,m∈Z | < f, g_{nm} > |^2 ≤ B‖f‖^2, f ∈ L^2(R). 5

There is a simple necessary and sufficient condition for the existence of finite upper frame bounds for shift-invariant systems [15], Sec. 1.2, [22], Sec. 1.4..

Proposition 2.2. For a shift-invariant system (g_m(· − na))_{n,m∈Z} , the following are equivalent:

(1) The system has a finite upper frame bound B. (2) We have

(2.5) ( 1 a ∑ m ĝ_m(ν − k/a)ĝ_m(ν − ℓ/a) ) k,ℓ∈Z ≤ B · I.

where ĝ(ν) = ∫ e^{−2πitν} g(t)dt denotes the Fourier transform of g.

If we fix the row with index 0 in (2.5) above, we get a necessary condition for the existence of finite upper frame bounds.

Proposition 2.3. If a shift-invariant system (g_{mn}) has a finite upper frame bound B then

(2.6) ∑ k∈Z | 1 a ∑ m∈Z ĝ_m(ν)ĝ_m(ν − k/a)|^2 ≤ B a.e.

Proof. The row with index 0 in (2.5) is just ( 1 a ∑ m∈Z ĝ_m(ν)ĝ_m(ν − k/a) ) k∈Z .

We will make extensive use of the WH-frame Identity due to Daubechies [4] (see also [14]). Careful examination of the proof of this result in [14], Theorem 4.1.5, shows that we do not need the assumption of g ∈ PF used there. By checking functions which are bounded and supported just on an interval of length 1/b, one can see that the proof goes through without change for any g ∈ L^2(R) with the property that ∑ n |g(x − na)|^2 ≤ B a.e. It is this stronger result we will need and now state.

WH-Frame Identity. If ∑ n |g(t − na)|^2 ≤ B a.e. and f ∈ L^2(R) is bounded and compactly supported, then

(2.7) ∑ n∈Z ∑ m∈Z | < f, E_{mb}T_{na}g > |^2 = F_1(f) + F_2(f) 6

where (2.8) F_1(f) = b^{−1} ∫ R |f(t)|^2 ∑ n |g(t − na)|^2 dt,

(2.9) F_2(f) = b^{−1} ∑ k≠0 ∫ R f(t)f(t − k/b) ∑ n g(t − na)g(t − na − k/b) dt =

b^{−1} ∑ k≥1 2Re ∫ R f(t)f(t − k/b) ∑ n g(t − na)g(t − na − k/b) dt. To simplify the notation a little we introduce the following auxiliary functions:

(2.10) G_k(t) = ∑ n∈Z g(t − na)g(t − na − k/b), for all k ∈ Z.

When it is necessary to keep track of the function g in (2.10), we write G_k ≡ G_{g,k}. It follows easily from the WH-frame Identity that if g ∈ PF, then there is a constant B > 0 such that, (2.11) G_0(t) = ∑ n∈Z |g(t − na)|^2 ≤ B, a.e.

Note that the G_k are periodic functions on R of period a.

Next we relate the condition (2.5) with some of the operators we will use throughout this paper.

Proposition 2.4. Let a, b ∈ R with ab ≤ 1 and g ∈ L^2(R) and assume that ∑ k∈Z |G_k(t)|^2 ≤ B, a.e.

Then for all bounded, compactly supported functions f ∈ L^2(R) the series Lf = b^{−1} ∑ k (T_{k/b}f)G_k,

converges unconditionally in norm in L^2(R). Moreover, < Lf, f >= ∑ m,n∈Z | < f, E_{mb}T_{na}g > |^2. 7

Finally, if g ∈ PF, so that the series Sf = ∑ m,n < f, E_{mb}T_{na}g > E_{mb}T_{na}g, also converges unconditionally in L^2(R), we have that Lf = Sf. Proof. First we will check that the series for Lf is unconditionally convergent for all bounded, compactly supported functions f ∈ L^2(R). Since this class of functions are finite sums of bounded functions supported on intervals of the form I_n = [na, (n + 1)a), n = 1, 2, · · · , it suffices to assume that f is a bounded function supported on I_n with uniform upper bound D. Now, since a ≤ 1/b, we have that the functions [(T_{k/b}f)G_k]_{k∈Z} are disjointly supported. Since the G_k are periodic of period a, a simple calculation yields for all M ⊂ Z with |M| < ∞, ‖ ∑ k∈M (T_{k/b}f)G_k‖_L2_{(R)} = ∫_a 0 |f(t)|^2 ∑ k∈M |G_k(t)|^2dt ≤ D^2 ∫_a 0 ∑ k∈M |G_k(t)|^2dt. Since ∑ k |G_k(t)|^2 ≤ B a.e., it follows from the Monotone Convergence Theorem that the series defining Lf (indeed, even every subseries) converges. So the series for Lf converges unconditionally in L^2(R).

For the moreover part, we check < Lf, f >=< b^{−1} ∑ k∈Z (T_{k/b}f)G_k, f >= b^{−1} ∑ k∈Z < (T_{k/b}f)G_k, f >

= b^{−1} ∑ k∈Z ∫ R f(t)f(t − k/b)G_k(t)dt = ∑ m,n∈Z | < f, E_{mb}T_{na}g > |^2, where the last equality follows from the WH-frame identity.

To see that Sf = Lf, we mimic the argument of [14],Theorem 4.2.1, to discover that for all bounded, compactly supported f ∈ L^2(R), and for all h ∈ L^2(R) we have < b^{−1} ∑ k (T_{k/b}f) · G_k, h >= ∑ m,n < f, E_{mb}T_{na}g >< E_{mb}T_{na}g, h >=< Sf, h > .

We define the Wiener amalgam space W (L^∞, ℓ^1) to be the set of all measurable functions g on R for which there is some a > 0 such that ‖g‖_{W,a} = ∑ n∈Z ‖g · χ_{[an,a(n+1))}‖_∞ = ∑ n∈Z ‖T_{na}g · χ_{[0,a)}‖_∞ < ∞. It is easily checked that W (L^∞, ℓ^1) is a Banach space with the norm ‖ · ‖_{W,a}. For the proof of the following properties of this space we refer to [14], Proposition 4.1.7. 8

Lemma 2.5. For a function g ∈ W (L^∞, ℓ^1) we have

(1) If ‖g‖_{W,a} is finite for one a then it is finite for all a. (2) If m is a natural number and 0 < b ≤ ma, then ‖g‖_{W,a} ≤ 2m‖g‖_{W,b}. We end this section with a discussion concerning the types of convergence we will work with in this paper. If x_n are elements of some Banach space X, a series ∑ n x_n is said to be unconditionally convergent if for every increasing sequence of natural numbers (k_n) we have that

norm lim_n n∑ j=1 x_{kj} exists.

The next result is well known and can be found for example in [20], Proposition 1.c.1.

Proposition 2.6. For x_n in a Banach space X, the following are equivalent: (1) ∑ n x_n is unconditionally convergent. (2) ∑ n x_{σ(n)} converges for every permutation σ. (3) ∑ n θ_nx_n converges for every choice of θ_n = 0, ±1. (Or equivalently, for every choice of complex |θ_n| ≤ 1).

Moreover, in this case there is a constant K so that for every choice of scalars (a_n) we have ‖ ∑ n a_nx_n‖ ≤ K sup_n |a_n|‖ ∑ n x_n‖. We will also work with weak convergence of series in L^2(R). The celebrated Orlicz-Pettis theorem says that weak unconditional convergence and norm unconditional convergence are the same in every Banach space. This result can be fund in [7], Chapter IV, p. 24.

Orlicz-Pettis Theorem. If x_n are elements of a Banach space so that for every increasing sequence of natural numbers (k_n) we have

weak lim_n n∑ j=1 x_{kj} exists, then the series ∑ n x_n is unconditionally convergent.

The problem in applications of this theorem is that we must know the vector which is the unconditional sum of the series. The notion of weakly unconditionally Cauchy, allows us to check unconditional convergence of a series just from the series itself without having to know what it is converging to. 9

Definition 2.7. A series ∑ n x_n is said to be weakly unconditionally Cauchy (wuC) if given any permutation σ of the natural numbers we have that ( ∑_n k=1 x_{σ(k)}) is a weakly Cauchy sequence.

Recall the Banach space c_0:

c_0 = {x = (a_n) : ‖x‖ =: sup_n|a_n| < ∞ and lim_{n→∞} a_n = 0}

Another well-known result ([7], Section V, Theorem 6) gives criteria for checking when a series is wuC.

Theorem 2.8. The following are equivalent for a series ∑ n x_n in a Banach space: (1) ∑ n x_n is wuC.

(2) For every x^∗ ∈ X^∗ we have ∑ n |x^∗(x_n)| < ∞. (3) For every (a_n) ∈ c_0 we have that ∑ n a_nx_n converges.

(4) There is a constant C so that for every finite subset M of the natural numbers we have ‖ ∑ n∈M x_n‖ ≤ C. Our last result of this section, combined with the above, shows that all these notions of unconditional convergence are equivalent for a Hilbert space. We can, and will, therefore use them interchangeably throughout the paper. First, we recall that a Banach space Y is said to embed into a Banach space X if there is a subspace Z of X which is isomorphic to Y . This theorem can be found in [7], P. 45, Theorem 8).

Theorem 2.9. If c_0 does not embed into a Banach space X, then every series ∑ n x_n which is wuC is also unconditionally convergent in X.

3. The Zak Transform and Necessary Conditions for Finite Upper Frame Bounds

We will make extensive use of the Zak transform throughout the paper. So we introduce the basic properties here. For a good survey of this important subject see [14] Section 1.5, or [18]. 10

Definition 3.1. The Zak transform of a function f ∈ L^2(R) is

(3.1) (Z_λf)(t, ν) = λ^{1/2} ∑ k∈Z f(λ(t − k))e^{2πikν} , a.e. t, ν ∈ R,

where the right-hand side has to be interpreted in L^2_{loc}(R^2)-sense.

In this section we will work with the case λ = 1, but in later sections we will also need λ = a, 1/b etc. When λ = 1 we just write Z for the (standard) Zak transform (omitting the subscript 1). So we will introduce the basic properties of the general Zak transform (see [13]) which we list below, where f, h ∈ L^2(R):

(3.2) λ^{1/2}f(λt) =

∫_1 0 (Z_λf)(t, ν)dν, a.e. t ∈ R.

(3.3) (Z_λf)(t + 1, ν) = e^{2πiν} (Z_λf)(t, ν), a.e. t, ν ∈ R.

(3.4) (Z_λf)(t, ν + 1) = (Z_λf)(t, ν), a.e. t, ν ∈ R.

(3.5) (Z_λf̂)(t, ν) = e^{2πiνt}(Z_{1/λ}f)(−ν, t), a.e. t, ν ∈ R.

(3.6) ∫_∞ −∞ f(t)h(t)dt = ∫_1 0 ∫_1 0 (Z_λf)(t, ν)(Z_λh)(t, ν)dtdν. Equalities (3.3) and (3.4), also referred to as the quasi-periodicity relations, imply that the Zak transform is completely determined by its values in the unit square Q = [0, 1) × [0, 1). Moreover, by (3.6), the Zak transform is a unitary map of L^2(R) onto L^2(Q).

Proposition 3.2. Suppose that (E_mT_ng) has a finite upper frame bound B. For each k ∈ Z with G_k defined by (2.10) we have

(1) |(Zg)(t, ν)|^2 ≤ B, a.e. t, ν ∈ [0, 1). 11

(2) |(Zg)(t, ν)|^2 has for a.e. t the Fourier series expansion

|(Zg)(t, ν)|^2 = ∞∑ k=−∞ G_k(t)e^{−2πikν} , a.e. ν.

(3) For a.e. t and all k ∈ Z,

G_k(t) =

∫_1 0 |(Zg)(t, ν)|^2e^{2πikν} dν.

Proof. (1) follows from the definition of the Zak transform. (2) is an application of Parseval’s Identity and Carleson’s theorem, and (3) follows immediately from (2).

For the next result, we need a simple lemma.

Lemma 3.3. Let F (t, ν) be measurable in (t, ν) ∈ Q, and assume that |F (t, ν)| ≤ B a.e. t, ν. Also assume that F (t, ν) is continuous in ν for a.e. t. Then,

ess sup_t|F (t, ν_0| ≤ B, for ALL ν_0 ∈ [0, 1).

Proof. Take ν_0 ∈ [0, 1). We have for a.e. t ∈ [0, 1) that (3.7) |F (t, ν)| ≤ B, a.e. ν ∈ [0, 1). Take a t ∈ [0, 1) such that F (t, ·) is continuous and (3.7) holds for this t. Then we can find a sequence (ν_n) in [0,1) such that ν_n → ν_0, while |F (t, ν_n)| ≤ B. By the continuity of F (t, ν) in ν, it follows that |F (t, ν_0| ≤ B. Hence, ess sup_t|F (t, ν_0)| ≤ B, as required.

Now we give the basic construction for our examples. We will refine this considerably in Sections 5 and 6.

Proposition 3.4. Let g ∈ L^2(R) and assume that (E_mT_ng) has a finite upper frame bound. For M ⊂ Z with |M| < ∞ and all f ∈ L^2(R) let S_M : L^2(R) → L^2(R) be given by S_M f = ∑ k∈M f(· − k)G_k = ∑ k∈M (T_kf) · G_k. Then ‖S_M ‖ = ess sup_{t,ν} | ∑ k∈M G_k(t)e^{−2πikν}|. 12

Moreover, for all ν_0 ∈ [0, 1) we have

ess sup_t| ∑ k∈M G_k(t)e^{−2πikν0} | ≤ ‖S_M ‖.

Proof. For any f ∈ L^2(R), taking the Zak transform, we have

Z [ ∑ k∈M f(· − k)G_k ] (t, ν) = (Zf)(t, ν) · ∑ k∈M G_k(t)e^{−2πikν}, a.e. t, ν ∈ R.

Since Z is unitary, the operator norm of S_M is the same as the operator norm of the multiplication operator: Zf ∈ L^2(Q) → (Zf)(t, ν) · ∑ k∈M G_k(t)e^{−2πikν} .

But these operator norms are precisely,

‖S_M ‖ = ess sup_{t,ν} | ∑ k∈M G_k(t)e^{−2πikν}|.

For the moreover part of the proposition, we just take F (t, ν) = ∑ k∈M G_k(t)e^{−2πikν}

in Lemma 3.3.

We end this section by using the Zak transform to examine some special consequences of a WH-system having a finite upper frame bound when a=b=1. Proposition 3.5. If (g, 1, 1) has a finite upper frame bound B then for all n = 1, 2, · · · and for all ν_0 ∈ [0, 1)

G_0(t) + 2 n∑ k=1 n − k n Re [ G_k(t)e^{−2πikν0} ] ≤ B, a.e. t.

Proof. If (g, 1, 1) has upper frame bound B then by Proposition 2.3 we have ∞∑ n=−∞ |g(t − n)|^2 ≤ B, 13

and by Proposition 3.2 we have |(Zg)(t, ν)|^2 ≤ B, a.e. ν ∈ [0, 1). Since G_{−k}(t) = G_k(t), we have for any ν_0 that

G_0(t) + 2 n∑ k=1 n − k n Re [ G_k(t)e^{−2πikν0} ]

= n∑ k=−n ( 1 − |k| n ) G_k(t)e^{−2πikν0} = ∫_1 0 |(Zg)(t, ν)|^2 n∑ k=−n ( 1 − |k| n ) e^{2πik(ν−ν0)}dν

= ∫_1 0 |(Zg)(t, ν)|^2 1 n ( sin πn(ν − ν_0) sin π(ν − ν_0)

)_2 dν ≤ B ∫_1 0 1 n ( sin πn(ν − ν_0) sin π(ν − ν_0)

)_2 dν = B. This is Cesaro summation of a Fourier series, so we get for all ν_0 that

G_0(t) + 2 n∑ k=1 n − k n Re [ G_k(t)e^{−2πikν0} ] ≤ B, a.e. t.

The condition given in Proposition 3.5 is actually quite delicate. We will now show that we cannot replace the numbers (n − k)/n by ones in Proposition 3.5.

Example 3.6. There is a WH-system (g, 1, 1) with a finite upper frame bound for which_∞ ∑ k=1 Re [G_k(t)] = ∞ This, of course, is the condition in Proposition 3.5 with (n-k)/n replaced by ones and ν_0 = 1.

Proof. In [9], page 161-162, Edwards constructs a continuous, even, real periodic f (which we can clearly take of period 1) such that the partial sums

(3.8) n∑ k=−n a_ke^{−2πikν} with a_k =

∫_1 0 f(ν)e^{2πikν}dν,

are unbounded at ν = 0. Now take M ∈ R such that M + f(ν) > 0 everywhere, and let g be such that |(Zg)(t, ν)|^2 = M + f(ν), (t, ν) ∈ Q. 14

Since f is even and real, we have that the G_k(t) = G_k (independent of t) are real and even in k ∈ Z as well. But these G_k equal the a_k of (3.8) above for k ≠ 0. Letting ν_0 = 0, we have the desired example.

In the special case of Proposition 3.5 when g is positive and real valued, Proposition 3.5 yields a necessary condition for (E_mT_ng) to have a finite upper frame bound. In general, this condition is called the CC-condition and will be examined in detail in section 4.

Corollary 3.7. Let g ∈ L^2(R) be positive and real valued. Then the following are equivalent:

(1) The WH-system (g, 1, 1) has a finite upper frame bound. (2) There is a constant K > 0 such that ∑ k∈Z |G_k(t)| ≤ K, a.e. t ∈ R.

Proof. (1) ⇒ (2): Letting ν_0 = 0 in Proposition 3.5, we see that our asumptions imply there is a constant B > 0 so that

sup_n n∑ k=1 n − k n G_k(t) ≤ B, a.e. t.

Now (2) follows easily from here.

(2) ⇒ (1): This is a result of Casazza and Christensen [2]

The next example shows that the positivity assumption in Corollary 3.7 is necessary.

Example 3.8. There is a real valued function g such that (E_mT_ng) has a finite upper frame bound, while ∑ k |G_k| is not essentially bounded.

Proof. We define

F (t, ν) = 1 : 0 ≤ t < 1, 0 ≤ ν < 1/4 1 2 : 0 ≤ t < 1, 1 4 ≤ ν < 3 4 1 : 0 ≤ t < 1, 3 4 ≤ ν < 1 Now extend F quasi-periodically by equations (3.3) and (3.4) to all of R×R. Choose the unique function g ∈ L^2(R) for which F = Zg. Using equality (3.2) we can find 15

this g explicitly as

g(t + k) = 3 4 : k = 0, 0 ≤ t < 1 sin^1_2 πk 2πk : k ≠ 0, 0 ≤ t < 1

A direct calculation (see e.g. [3], the proof of Proposition 2.4) shows that ∑ k |G_k| = ∞, everywhere.

4. Sufficient Conditions for Finite Upper Frame Bounds

It is well known [14] that a function g in the Wiener space W (L^∞, ℓ^1) is in PF. This was the standard condition used until recently for guaranteeing a function in L^2(R) yielded a WH-system with a finite upper frame bound. Recently, Casazza and Christensen [2], gave a significantly weaker condition which guarantees a function is in PF.

Theorem 4.1. Let a, b ∈ R and g ∈ L^2(R). If there is a constant B > 0 so that

(CC) ∑ k∈Z |G_k(t)| ≤ B, a.e.

then g ∈ PF.

After introduction in [2] of the condition in Theorem 4.1, this condition has become known in small circles as the CC-condition. To avoid one and the same condition having different names we shall adhere to this convention. In [3], there is an example of a function in PF which fails to satisfy the CC-condition above. It is, however, easy to see that this condition is much weaker than requiring that g be in the Wiener space.

Example 4.2. There are functions satisfying the CC-condition which are not in the Wiener space.

Proof. We let a = b = 1 and let g = ∞∑ n=0 χ_{[n+1−2}n_{,n+1−2}n+1_). 16

Since this g is positive and real, we can calculate ∑ k∈Z | ∑ n∈Z g(t − n)g(t − n − k)| = ( ∑ n∈Z g(t − n) )_2 = 1.

Clearly, ∑ n ‖g · χ_{[m,m+1)}‖_∞ = ∞. In this section we will give a detailed analysis of the CC-condition and its relation to the frame bounds. To begin, we will examine the connection between this condition and Zak matrices. We refer the reader to [15] Section 1.5 for more details. Let ab = p/q with p, q ∈ Z and gcd(p,q)=1. We make a particular choice for the Zak transform,

(4.1) (Zf)(t, ν) = b^{−1/2} ∞∑ ℓ=−∞ f( t − ℓ b )e^{2πiℓν} , a.e. t, ν ∈ R.

where f ∈ L^2(R). We define for f, h ∈ L^2(R), and a.e. t, ν ∈ R, the (p × q)-matrix,

(4.2) Φ^f (t, ν) = p^{−1/2} ( (Zf)(t − ℓ p q , ν + k p ) ) k=0,1,··· ,p−1;ℓ=0,1,··· ,q−1 and the (p × p)-matrix (where * denotes conjugate transpose)

(4.3) A^{fh}(t, ν) = Φ^f (t, ν)[Φ^h(t, ν)]^∗.

When (E_{mb}T_{na}g) has a finite upper frame bound, then for f ∈ L^2(R) and a.e. t, ν we have

(4.4) Φ^{Sf} (t, ν) = A^{gg}(t, ν)Φ^f (t, ν).

Hence the action of the frame operator amounts to multiplication in the Zak-domain by the matrix A^{gg}(t, ν). In particular, S has the frame bounds A, B if and only if (4.5) A · I_{p×p} ≤ A^{gg}(t, ν) ≤ B · I_{p×p} a.e. t, ν. We can now calculate for f ∈ L^2(R), n = 1, 2, · · · and a.e. t, ν

(4.6) Φ^{Snf} (t, ν) = (A^{gg}(t, ν))^n Φ^f (t, ν).

Also, denoting by^∘γ = S^{−1}g, the minimal dual window of the WH-frame generated by g, we have for f ∈ L^2(R) and a.e. t, ν, (4.7) A^{∘γ∘γ} (t, ν) = [A^{gg}(t, ν)]^{−1} 17

(4.8) Φ^{S−1f} (t, ν) = A^{∘γ∘γ} (t, ν)Φ^f (t, ν). Formulas (4.6) - (4.8) are special cases of the formula

(4.9) Φ^{ϕ(S)f} (t, ν) = ϕ(A^{gg}(t, ν))Φ^f (t, ν) a.e. t, ν

for f ∈ L^2(R), where ϕ is a function analytic in a neighborhood of [A, B]. For some special cases like ϕ(x) = x^α, we can obtain this result directly by using

x^α = ( A + B 2 )_α ( 1 − (1 − 2 A + B x) )_α

= ( A + B 2 )_{α ∞}∑ n=0 ( α n ) (−1)^n ( 1 − 2 A + B x )_n . Note that I −^2_{A+B} S has operator norm ≤^{B−A}_{B+A} < 1. For general ϕ, we may have to use a Dunford representation ϕ(S) = 1 2πi ∫ C (λI − S)^{−1}ϕ(λ)dλ (where C is a contour containing [A, B] in its interior) together with (4.6) to make sense out of this calculation.

The connection between the CC-condition and the Zak matrices A^{gg}(t, ν) can now be obtained. From [15], Theorem 1.2.5 and Subsection 1.3.2, we have g ∈ PF with upper frame bound B if and only if for a.e. t, 1 b M_g(t)M^∗_g (t) = ( 1 b ∑ n g(t − (ℓ/b) + na)g(t − (j/b) + na) ) ℓ,j∈Z ≤ B · I. Here, M_g(t) = (g(t + na − ℓ/b))_{ℓ,n∈Z} . Therefore, for a.e. t we have

(4.10) ( ∑ n g(t + (m/b) − na)g(t + (m/b) − na − ℓ/b) ) ℓ∈Z = ( M_g(t + m/b)M^∗_g (t + m/b)e_0 ) ℓ∈Z ∈ ℓ^2, with ℓ^2-norm ≤ bB for all m and a.e. t. Thus, for all m, k = 0, 1, · · · , p − 1 and a.e. t (4.11) S^{gg}_{mk}(t, ν) = ∑ ℓ ( ∑ n g(t + (m/b) − na)g(t + (m/b) − na − (ℓ/b)) ) · e^{−2πiℓ(ν+k/p)}, 18

is well-defined as a 1-periodic L^2[0, 1)-function in ν. Since M_g(t)M^∗_g (t) and M^∗_g (t)M_g(t) have the same operator norm, we also have that for a.e. t,

(4.12) ∑ k |g(t − k/b)|^2 ≤ bB.

We now have Proposition 4.3. Let ab = p/q with gcd(p,q) = 1, and let g ∈ PF. The following are equivalent:

(1) g satisfies the CC-condition.

(2) S^{gg}(t, ν) has for a.e. t an absolutely convergent Fourier series in ν with a.e. t-independent bound on the sums of the absolute values of the Fourier coefficients. Proof. We observe that ∑ n g(t + (m/b) − na)g(t + (m/b) − na − ℓ/b) = G_{m−ℓ}(t + m/b). Thus, ∑ ℓ | ∑ n g(t + (m/b) − na)g(t + (m/b) − na − ℓ/b)e^{−2πiℓk/p}| = ∑ ℓ |G_{m−ℓ}(t + m/b)|, m, k = 0, 1, · · · , p − 1. This easily implies the equivalence of (1) and (2).

We can now relate S^{gg} to A^{gg}. Proposition 4.4. If g ∈ PF, then

S^{gg}_{mk}(t, ν) = be^{−2πimk/p} p−1∑ r=0 A^{gg}_{rk}(bt, ν)e^{2πimr/p}, a.e. t, ν.

and A^{gg}_{j,k}(bt, ν) = 1 bp p−1∑ m=0 S^{gg}_{m,k}(t, ν)e^{2πim(k−j)/p}, a.e. t, ν.

Proof. Assume that g ∈ PF. We want to show that for a.e. t, ν

(4.13) S^{gg}_{mk}(t, ν) = be^{−2πimk/p} p−1∑ r=0 A^{gg}_{rk}(bt, ν)e^{2πimr/p}, 19

and (4.14) A^{gg}_{jk} (t, ν) = 1 bp p−1∑ m=0 S^{gg}_{mk}(t, ν)e^{2πi(k−j)/p}, for m, k, j = 0, 1, · · · , p − 1. Note that when f ∈ L^2(R) we have for all t outside a null set N that ∑ ℓ |f(^{t−ℓ}_b )|^2 is finite a.e. For such a t we have that

(4.15) ∞∑ ℓ=−∞ f( t − ℓ b )e^{2πiℓν} , a.e. ν ∈ R,

defines a 1-periodic L^2[0, 1)-function of ν, and we shall choose one representative of Zf in (4.2) such that (Zf)(t, ν) agrees with (4.1) a.e. ν ∈ R when t is outside N. For g ∈ PF, the situation is even slightly better as (4.12) shows.

Now we let t be such that bt − j^p_q /∈ N for j = 0, 1, · · · , q − 1, and we shall compute the Fourier coefficients with respect to ν of the 1-periodic function

(4.16) A^{gg}_{rk}(t, ν) = 1 p q−1∑ j=0 (Zg)(bt − j p q , ν + r p )(Zg)(bt − j p q , ν + k p ).

Let ℓ ∈ Z. There holds (since^p_{qb} = a)

(4.17)

∫_1 0 e^{2πiℓν} (Zg)(bt − j p q , ν + r p )(Zg)(bt − j p q , ν + k p )dν = 1 b ∫_1 0 e^{2πiℓν} ( ∞∑ s=−∞ g(t − ja − s b )e^{2πis(ν+ rp} )( ∞∑ j=−∞ g(t − ja − s b )e^{2πis(ν+ kp} )dν

= 1 b ∫_1 0 ( ∞∑ s=−∞ g(t − ja − s b )e^{2πis rp} )( ∞∑ s=−∞ g(t − ja − s b )e^{2πis rp} e^{2πisν)})dν

= 1 b ∫_1 0 ( ∞∑ s=−∞ g(t−ja− s − ℓ b )e^{2πi(s+ℓ)ν} e^{2πisν} )( ∞∑ s=−∞ g(t − ja − s b )e^{2πis −kp} e^{2πisν})dν

= 1 b ∞∑ s=−∞ g(t − ja − s − ℓ b )g(t − ja − s b )e^{2πi(s−ℓ) rp −2πis kp} , where for the last equality we have used Parseval’s formula. Thus,

(4.18)

∫_1 0 e^{2πiℓν} p−1∑ r=0 A^{gg}_{rk}(bt, ν)e^{2πim rp} dν = 20

1 bp q−1∑ j=0 p−1∑ r=0 ∞∑ s=−∞ g(t − ja − s − ℓ b )g(t − ja − s b )e^{−2πis kp} e^{2πi(s−ℓ+m) rp} . Carrying out the summation over r in (4.18), we see that only s of the form ℓ − m + vp, v ∈ Z survive. And thus (4.18) is equal to 1 b q−1∑ j=0 ∞∑ v=−∞ g(t − ja − −m + vp b )g(t − ja − ℓ − m − vp b )e^{−2πi(ℓ−m) kp} =

1 b q−1∑ j=0 ∞∑ v=−∞ g(t − (ja + vp b ) + m b )g(t − (ja + vp b ) + m b − ℓ b )e^{−2πi(ℓ−m) kp} . Now ja + vp b = (j + vp ab )a = (j + vq)a, and j + vq, ranges through all of Z when j = 0, 1, · · · , q − 1, v ∈ Z . Hence, (4.18) is equal to 1 b ∞∑ j=−∞ g(t + m b − ja)g(t + m b − ja − ℓ b )e^{−2πi(ℓ−m) kp} . Therefore, ∫_1 0 be^{−2πim kp} p−1∑ r=0 A^{gg}_{rk}(bt, ν)e^{2πim rp} e^{2πiℓν} dν =

e^{−2πiℓ kp} ∞∑ j=−∞ g(t + m b − ja)g(t + m b − ja − ℓ b ). We now choose t also such that (4.10) holds. For such a t we then have that be^{−2πim kp} p−1∑ r=0 A^{gg}_{rk}(bt, ν)e^{2πim rp}

∼ ∞∑ ℓ=−∞ ∞∑ j=−∞ g(t + m b − ja)g(t + m b − ja − ℓ b ) e^{−2πiℓ k}p e^{−2πiℓν} = S^{gg}_{mk}(t, ν).

This establishes (4.13). The identity (4.14) follows directly from (4.13), and this completes the proof of Proposition 4.4.

Note that both S^{gg}(bt, ν) and A^{gg}(t, ν) are periodic in t, ν with periods a,1 respectively. By Proposition 4.4, it follows that for a particular t, A^{gg}(t, ν) has an absolutely convergent Fourier series in ν if and only if S^{gg}(t, ν) has such a series. 21

Remark. In Proposition 4.4 and the results following Definition 4.7, we could have worked with the Zak transform Z_a instead of Z_{1/b} and we would have obtained the same results. This is based on [15], Subsec. 1.5.7 and the fact that for all k, ℓ = 0, 1, . . . , p − 1 and a.e. t, ν 1 p q−1∑ j=0 (Z_ag)(t − k q p , ν − j q )(Z_ag)^∗(t − ℓ q p , ν − j q ) = 1 b ∞∑ r=−∞ G_{ℓ−k+rp}(at − k b )e^{−2πirqν},

when g ∈ PF. These developments are discussed in detail at the end of this section.

We can now easily pass the CC-condition through the frame operator even for general shift-invariant systems.

Theorem 4.5. Let (g_m(· − na))_{m,n∈Z} be a shift-invariant system with a finite upper frame bound and frame operator S. If the system satisfies the CC-condition, then ((Sg)(· − na))_{n,m∈Z} satisfies the CC-condition.

Proof. Let B be the upper frame bound of our system. We have for f ∈ L^2(R) and a.e. ν ∈ R that ^(Sf)(ν) = ∑ ℓ Ŝ_{oℓ}(ν)f̂(ν − ℓ/a), where Ŝ_{0ℓ}(ν) = 1 a ∑ m ĝ_m(ν)ĝ_m(ν − ℓ/a). This can also be written in terms of the matrix

Ŝ(ν) = ( 1 a ∑ m ĝ_m(ν − k/a)ĝ_m(ν − ℓ/a) ) k,ℓ∈Z as ( (Ŝf)(ν − k/a) ) k∈Z = Ŝ(ν)(f̂(ν − ℓ/a))_{ℓ∈Z} . From this it is evident that we have for polynomials ϕ that ( (ϕ̂(S)f)(ν − k/a) ) k∈Z = ϕ(Ŝ(ν))(f̂(ν − ℓ/a))_{ℓ∈Z} and one can even allow functions ϕ analytic in an open set contained in the closed segment [A, B]. This is so since the frame operator S has the frame bounds A, B if and only if AI ≤ Ŝ(ν) ≤ BI a.e. ν ∈ R. 22

Now assume that our system satisfies the CC-condition.That is, we assume that we have an M > 0 such that for a.e. ν ∈ R (4.19) ∑ ℓ | 1 a ∑ m ĝ_m(ν)ĝ_m(ν − ℓ/a)|leM. Since S commutes with all shifts T_{na}, n ∈ Z, it follows that the system ((Sg_m)(· − na))_{n,m∈Z} has frame operator S^3. Then by the above functional calculus we must show that there is a K > 0 such that for a.e. ν ∈ R ∑ ℓ |Ŝ^3_{0ℓ}(ν)| ≤ K. Usine (4.19) with ν − k/a instead of ν, we see that there is an M > 0 such that for a.e. ν ∈ R ∑ ℓ |Ŝ_{kℓ}(ν)| ≤ M. Therefore, for all i ∈ Z and a.e. ν ∈ R ∑ j |Ŝ^2_{ij} (ν)| = ∑ j | ∑ k Ŝ_{ik}(ν)Ŝ_{kj} (ν)| ≤ ∑ k |Ŝ_{ik}(ν) ∑ j |Ŝ_{kj} (ν)| ≤ M^2, and, for all i ∈ Z and a.e. ν ∈ R ∑ ℓ |Ŝ^3_{iℓ}(ν)| = ∑ ℓ | ∑ k Ŝ^2_{ik}(ν)Ŝ_{kℓ}(ν)| ≤ ∑ k |Ŝ^2_{ik}(ν)| ∑ ℓ |Ŝ(ν)| ≤ M^3. This is what we wanted (even somewhat more).

It is an open question whether the Wexler-Raz dual S^{−1}g satisfies the CCcondition if g satisfies it. Later in this section we will examine a “uniform” version of the CC-condition and show that this condition is indeed inherited by S^{−1}g.

We will now show that the CC-condition for shift invariant systems yields a finite upper frame bound for these systems. In this setting, if (g_{mn}) = (g_m(· − na))_{n,m∈Z} is a shift invariant system, the CC-condition looks like: (4.20) ∑ k∈Z | 1 a ∑ m ĝ_m(ν)ĝ_m(ν − k/a)| ≤ B, a.e. ν. First, we recall the Schur Test. 23

Schur Test. Assume that A = (A_{k,ℓ})_{k,ℓ∈Z} satisfies ∑ k∈Z |A_{k,ℓ}| ≤ B, ℓ ∈ Z and ∑ ℓ∈Z |A_{k,ℓ}| ≤ B, k ∈ Z. Then A defines a bounded linear operator of ℓ^2 with ‖A‖_ℓ2_{→ℓ}2 ≤ B.

Our next result now follows easily.

Proposition 4.6. If a shift invariant system (g_m(· − na))_{m,n∈Z} satisfies the CCcondition, then it has a finite upper frame bound.

Proof. If we assume the CC-condition, since countable unions of null sets are null sets, we have for a.e. ν that ∑ k | 1 a ∑ m ĝ_m(ν − k/a)ĝ_m(ν − ℓ/a)| ≤ B, ∀ℓ ∈ Z, and ∑ ℓ | 1 a ∑ m ĝ_m(ν − k/a)ĝ_m(ν − ℓ/a)| ≤ B, ∀k ∈ Z. By the Schur Test, the hypotheses of Proposition 2.2 are satisfied, and so the system has a finite upper frame bound.

Now we will consider a uniform version of the the CC-condition which is strong enough to pass to the dual.

Definition 4.7. Assume that (g, a, b) has a finite upper frame bound. We say that (g, a, b) satisfies a uniform CC-condition when for every ϵ > 0 there is a K > 0 so that for a.e. t we have

(UCC) ∑ |k|≥K |G_k(t)| = ∑ |k|≥K | ∑ n g(t − na)g(t − na − k/b)| < ϵ. It is easily checked that g satisfies the UCC-condition if g ∈ W (L^∞, ℓ^1). Also, using the finite upper frame bound assumption, it is easily checked that the UCCcondition implies the CC-condition. The converse implication fails as the next example shows.

Example 4.8. There is a WH-system (g, 1, 1) satisfying the CC-condition but failing the UCC-condition.

Proof. In the case a = b = 1 and g ∈ L^2(R), the CC-condition means there is a B > 0 such that for a.e. t, ∑ k∈Z | ∑ n∈Z g(t − n)g(t − n − k)| ≤ B, 24

while the UCC-condition means for all ϵ > 0 there is a K > 0 such that for a.e. t, ∑ k∈Z, |k|≥K | ∑ n∈Z g(t − n)g(t − n − k)| < ϵ.

Also, we note that for a g satisfying the CC (or UCC)-condition, the quantities

G_k(t) = ∑ n∈Z g(t − n)g(t − n − k), k ∈ Z

are the Fourier coefficients of |(Zg)(t, ν)|^2 (see Section 3). Now, choose real numbers α_ℓ > 0, for ℓ = 0, 1, 2 · · · with

M = ∞∑ ℓ=0 α_ℓ < ∞,

and define F (t, ν) for t, ν ∈ [0, 1) by setting

F (t, ν) = M + ∞∑ ℓ=m α_{ℓ−m}cos 2πℓν, t ∈ [1 − 1 m , 1 − 1 m + 1 ), ν ∈ [0, 1).

Then let g be the unique element of L^2(R) with (Zg)(t, ν) = √ F (t, ν), t, ν ∈ [0, 1). Now, a direct calculation shows that for this g we have ∑ n g(t − n)g(t − n − k) = 0 : |k| = 0, 1, · · · , m − 1, 1 2 α_{|k|−m} : |k| = m, m + 1, · · · when t ∈ [1 −^1_m , 1 −^1_{m+1} ). Hence, g satisfies the CC-condition but not the UCCcondition.

We can also formulate the UCC-condition in terms of the behavior of the Fourier series for A^{gg}(t, ·).

Proposition 4.9. For ab =^p_q , with gcd (p,q) =1, and g ∈ PF, the following are equivalent

(1) g satisfies the uniform CC-condition. 25

(2) there is a null set N of t’s such that the Fourier series of A^{gg}(t, ·) converges uniformly outside N.

Proof. Assume g ∈ PF satisfies the UCC-condition. For j = 1, 2, · · · we let K_j > 0 and the null set N_j ⊂ R be such that ∑ |ℓ|≥K_j −p+1 |G_ℓ(t)| ≤ 1 j , t /∈ N_j .

We let N = ∪^∞_{j=1}N_j and finally let W = ∪^{p−1}_{m=0}(N −^m_b ). Outside the null set W we have ∑ |ℓ|≥K_j | ∑ n g(t + m b − na)g(t + m b − na − ℓ b )e^{−2πiℓ kp} | = ∑ |ℓ|≥K_j |G_{m−ℓ}(t + m b )| ≤ ∑ |ℓ|≥K_j −p+1 |G_ℓ(t + m b )| ≤ 1 j , for m, k = 0, 1, · · · , p − 1. Thus we see that the Fourier series for S^{gg}_{mk}(t, ·) is uniformly convergent for t /∈ W , m, k = 0, 1, · · · , p − 1. Evidently, from Proposition 4.4, the same holds for the A^{gg}_{jk} (t, ·).

The proof of the converse is similar.

To establish that the uniform CC-condition is really a usable tool, we next show that a condition of Tolimieri and Orr [15], Subsec. 1.4.3, is strong enough to imply it. Definition 4.10. Let (g, a, b) be a WH-system with finite upper frame bound. For x, y ∈ R, write for reasons of conciseness g_{x,y}(t) = e^{2πiyt}g(t − x) = (E_yT_xg)(t), t ∈ R. We say that (g, a, b) satisfies the condition of Tolimieri and Orr when (A) ∑ k,ℓ | < g, g_{k/b,ℓ/a} > | < ∞. It is known [15], Subsec. 1.4.3, that condition A guarantees unconditional convergence of the Janssen representation for the frame operator: Sf = 1 ab ∑ k,ℓ < g, g_{k/b,ℓ/a} > f_{k/b,ℓ/a}, f ∈ L^2(R). We can also formulate Condition A in terms of the Zak matrices (see [19], Theorem 1.3). 26

Proposition 4.11. Let g ∈ PF. Then the following are equivalent (1) g satisfies Condition A.

(2) The matrix A^{gg}(t, ν) (which is periodic in both variables) has an absolutely convergent Fourier series in both variables.

Now we relate Condition A to the CC-condition.

Proposition 4.12. If (g, a, b) is a WH-system with a finite upper frame bound, and g satisfies condition A, then g satisfies the uniform CC-condition. Proof. Since (g, a, b) has a finite upper frame bound, by equality (2.11) there is a B > 0 so that (4.21) ∑ n |g(t − na)|^2 ≤ B, a.e. t. Hence, the functions G_k(t) = ∑ n g(t − na)g(t − na − k/b), k ∈ Z are well-defined a.e. with finite L^∞-norm. Note that G_k(t) is periodic in t with period a. By (4.5) we can compute the Fourier coefficients of G_k(t) by integrating term by term according to 1 a ∫_a 0 G_k(t)e^{−2πiℓt/a}dt = 1 a ∫_a 0 ∑ n g(t − na)g(t − na − k/b)e^{−2πiℓ(t−na)/a}dt

= 1 a ∫_∞ −∞ g(t)g(t − k/b)e^{−2πiℓt/a}dt = 1 a < g, g_{k/b,ℓ/a} > . Thus, (4.22) G_k(t) ∼ 1 a ∑ ℓ < g, g_{k/b,ℓ/a} > e^{−2πiℓt/a}. Now, if we assume condition A then the right-hand side of (4.22) is a continuous function and agrees a.e. with G_k(t). Thus, |G_k(t)| ≤ 1 a ∑ ℓ | < g, g_{k/b,ℓ/a} > |, a.e. t. and so ∑ k |G_k(t)| ≤ 1 a ∑ k,ℓ | < g, g_{k/b,ℓ/a} > | < ∞, a.e. t. Now it is clear that the uniform CC-condition is satisfied.

The next example shows that the converse of Proposition 4.12 fails in general. 27

Example 4.13. There is a function g ∈ PF satisfying the uniform CC-condition but not satisfy condition A. Proof. We let a = b = 1 and take

g(t) = χ_{[0,1/2)}(t) + 1 2 χ_{[1/2,1)}(t).

Then (Zg)(t, ν) = g(t) and A^{gg}(t, ν) = g^2(t), 0 ≤ t, ν < 1, are discontinuous. Whence, A^{gg} cannot possess an absolutely convergent Fourier series in two variables. By Proposition 4.11, it follows that g does not satisfy Condition A. However, for any t, A^{gg}(t, ·) has a Fourier series in ν consisting of the constant term only which is therefore uniformly absolutely convergent with respect to t. So g satisfies the uniform CC-condition by Proposition 4.9.

Finally, we will show that the uniform CC-condition passes to the Wexler-Raz dual S^{−1}g. We first need a uniform version of a theorem of Wiener. For completeness, we will sketch a proof.

Uniform Wiener^1_f -Theorem. Let V be a set of 1-periodic functions with uniformly absolutely convergent Fourier series. That is, for every ϵ > 0, there is a K ∈ N such that

(4.23) ∑ |k|≥K |a_k(f)| ≤ ϵ, for all f ∈ V,

where a_k(f) =

∫_1 0 e^{−2πikν} f(ν)dν. Also, assume there are real numbers 0 < C, D such that (4.24) C ≤ |f(ν)| ≤ D, for all f ∈ V, ν ∈ R. Then for every ϵ > 0, there is a K > 0 so that

(4.25) ∑ |k|≥K |a_k(1/f)| < ϵ, for all f ∈ V.

Proof. We follow the elementary proof of Wiener’s 1/f-Theorem due to Newman [21]. Accordingly, we can assume that |f(ν| ≥ 1, for all f ∈ V, ν ∈ R. 28

Also, by (4.23) and (4.24) and some elementary considerations, we have that there is a real number E > 0 such that ‖f‖ = ∞∑ k=−∞ |a_k(f)| ≤ E, for all f ∈ V.

Again by (4.23) and (4.24), we can find a K ∈ N, an F > 0 and for any f ∈ V , a trigonometric polynomial P_f of degree ≤ K such that ‖P_f − f‖ ≤ 1 3 and max|P_f | ≤ F. Now by Bernstein’s Theorem ([1], Theorem 11.1.2) we have that max|P^′_f | ≤ 2πKmax|P_f | ≤ 2πKF, for all f ∈ V. We thus see that all the bounds that play a role in Newman’s proof hold uniformly for f ∈ V , and hence the result follows.

Theorem 4.14. If ab is rational, (g, a, b) a Weyl-Heisenberg frame with frame operator S and if g satisfies the uniform CC-condition, then S^{−1}g satisfies the uniform CC-condition.

Proof. Let^∘γ = S^{−1}g. To prove the theorem, we check that outside a null set of t’s, we have uniformly absolutely convergent Fourier series for all matrix elements S^{∘γ∘γ}_{mk} (t, ·) as a function of the second variable. Then the result will follow from Proposition 4.9.

We let N_1 be a null set of t’s outside which we have A ≤ 1 b ∑ n |g(t − na)|^2 ≤ B,

and ∑ |k|≥K_m | ∑ n g(t − na)g(t − na − k/b)| ≤ 1 m , for some 0 < A, B < ∞, k_1 < k_2, · · · . By Proposition 4.9, all matrix elements S^{gg}_{mk}(t, ·), whence all matrix elements A^{gg}_{rk}(bt, ·), have uniformly absolutely convergent Fourier series in the second variable, for t outside N_1. Since (g, a, b) is a WH-frame, we know by (4.5) that a.e. t, ν (4.26) AI_{p×p} ≤ A^{gg}(bt, ν) ≤ BI_{p×p}. 29

So we can find a null set N_2 of t’s such that for t outside N_2 we have that (4.26) holds a.e. in ν ∈ R. Letting N = N_1 ∪ N_2, we have for t outside N that all matrix elements of A^{gg}(bt, ν) have absolutely and uniformly convergent Fourier series in ν and are continuous in ν. Therefore, (4.26) holds for all ν. It follows that for all t outside N, we have that det[A^{gg}(bt, ν)] has an absolutely uniformly convergent Fourier series in ν and is uniformly bounded away from 0 and ∞.

We now consider for t outside N (see (4.7)), A^{∘γ∘γ} (bt, ν) = adj(A^{gg}(bt, ν)) det[A^{gg}(bt, ν)] , where we have used Cramer’s Rule for the computation of the inverse of the matrix. By the uniform^1_f -Theorem, and some elementary properties of absolutely convergent Fourier series, we conclude that all matrix elements of A^{∘γ∘γ} (bt, ν) have absolutely and uniformly convergent Fourier series in ν, whenever t /∈ N. This implies, by Proposition 4.4, that all matrix elements of S^{∘γ∘γ} (t, ν) have absolutely and uniformly convergent Fourier series in ν whenever b /∈ N. Now by Proposition 4.9, the uniform CC-condition is satisfied by (^∘γ, a, b).

As noted by Newman [21] at the end of his proof, we can allow more general functions ϕ analytic in a neighborhood of the range of f. The uniform^1_f -Theorem can then be generalized accordingly. Hence, one is led to expect validity of the uniform CC-condition for systems like (S^αg, a, b) for certain α whenever (g, a, b) is a frame satisfying the uniform CC-condition. We have not carried out this program in detail, but it would be interesting if a careful study was made along these lines. The proof cannot, however, be based on Cramer’s rule as we used in the proof of Theorem 4.14 above, but should rely now on Dunford representations (A^{gg}(bt, ν))^α = 1 2πi ∫ C (zI − A^{gg}(bt, ν))^{−1}z^αdz, together with the uniform^1_f -Theorem.

When we want to replace in Theorem 4.14 the uniform CC-condition by the CCcondition, we are faced with the fact that there does not seem to be available a Wiener^1_f -Theorem that yields a bound on ‖1/f‖ in terms of the bounds M, C, D bounding f by: ‖f‖ ≤ M, and 0 < C ≤ |f(ν)| ≤ D < ∞. This also seems to be an interesting direction of study in itself.

We end this section by presenting an alternative approach to Proposition 4.4 and the results following Definition 4.7 which use the Zak transform Z_a in the place of 30

Z_{1/b}. Let for f, h ∈ L^2(R) and a.e. t, ν (see [15], Subsec. 1.5.7)

(4.28) Ψ^f (t, ν) = ( p^{−1/2}(Z_af)(t − k q p , ν − j q ) ) k=0,... ,p−1;j=0,... ,q−1 ,

(4.29) B^{fh}(t, ν) = Ψ^f (t, ν)Ψ^h(t, ν).

Then for g ∈ PF and f ∈ L^2(R) there holds a.e. t, ν

(4.30) Ψ^{Sf} (t, ν) = B^{gg}(t, ν)Ψ^f (t, ν),

and B^{gg} is 1-periodic in t and q^{−1}-periodic in ν. Now, Tolimieri-Orr’s Condition A is satisfied if and only if B^{gg} has an absolutely convergent Fourier series. Next, in place of Proposition 4.4, we have

Proposition 4.15. We have for k, ℓ = 0, 1, . . . , p − 1 and a.e. t, ν

(4.31) (B^{gg}(t, ν))_{k,ℓ} = 1 b ∞∑ r=−∞ G_{ℓ−k+rp}(at − k b )e^{−2πirqν}.

Proof. We compute for k, ℓ = 0, 1, . . . p − 1, n ∈ Z and a.e. t, ν

(4.32)

∫_1 0 (B^{gg}(t, ν))_{k,ℓ}e^{2πinν} dν = 1 p ∫_1 0 q−1∑ j=0 (Z_ag)(t − k q p , ν − j q )(Z_ag)(t − ℓ q p , ν − j q )e^{2πinν} dν

= a p q−1∑ j=0 ∫_1 0 [ e^{2πinν} (_∞ ∑ s=−∞ g(a(t − k q p − s))e^{2πis(ν−j/q)} ) · (_∞ ∑ s=−∞ g(a(t − ℓ q p − s))e^{2πis(ν−j/q)} )] dν. We move the e^{2πinν} to the second series over s and then change the summation variable s into s + n to obtain

(4.33)

∫_1 0 (B^{gg}(t, ν))_{k,ℓ}e^{2πinν} dν

= a p q−1∑ j=0 ∫_1 0 [(_∞ ∑ s=−∞ g(a(t − k q p − s))e^{−2πisj/q} · e^{2πisν} ) · 31

(_∞ ∑ s=−∞ g(a(t − ℓ q p − s − n))e^{−2πi(s+n)j/q} · e^{2πisν} )] dν

= a p q−1∑ j=0 ∞∑ s=−∞ g(a(t − k q p − s))e^{−2πisj/q}g(a(t − ℓ q p − s − n))e^{−2πi(s+n)j/q}, where in the last step we have used Parseval’s formula. Now, since ∑_{q−1} j=0 e^{2πinj/q} = q when n is a multiple of q and 0 otherwise, we obtain

(4.34)

∫_1 0 (B^{gg}(t, ν))_{k,ℓ}e^{2πinν} dν = 0 , n ≠ 0 (mod q) aq p ∞∑ s=−∞ g(a(t − k q p − s))g(a(t − ℓ q p − s − rq)), n = rq. Now, since^{aq}_p =^1_b , (4.31) follows from (4.33), (4.34) and ∞∑ s=−∞ g(a(t − k q p − s))g(a(t − ℓ q p − s − rq)) = ∞∑ s=−∞ g(at − k b − sa)g(at − ℓ b − sa − rp b ) = ∞∑ s=−∞ g(at − k b − sa)g(at − k b − sa − rp + ℓ − k b ) = G_{rp+ℓ−k}(at − k b ). It follows that, for a particular t, all (B^{gg}(t, ν))_{k,ℓ}, k, ℓ = 0, 1, . . . , p − 1, have an absolutely convergent Fourier series in ν if and only if ∑ r |G_{rp+ℓ−k}(at − k b )| < ∞, k, ℓ = 0, 1, . . . , p − 1. From this point onwards, the developments after Proposition 4.4 can be essentially copied from what appears there.

Although in the preceding developments, we really had two different approaches depending upon our choice of the Zak transform, there are several situations later in the paper wither the choice of Zak transform is more or less dictated by the situation. For example, in the proof of Theorem 6.8, (2) ⇒ (1), the choice for Z_a is more or less dictated by the fact that the G_k are a-periodic. In the proof of Proposition 6.11, the choice for Z_{1/b} is also more or less dictated since choosing Z_a instead would lead to a formula in which the dependence on k would also appear in the Z_af. 32

5. Symmetric, Weak and Norm Convergence of the Walnut Representation

In this section we will make a detailed analysis of the convergence properties of the Walnut representation of the WH-frame operator generated by a function g ∈ PF. Recall from Proposition 2.4 that for g ∈ PF we have that the two series

(5.1) Lf = b^{−1} ∑ k∈Z (T_{k/b}f)G_k = Sf = ∑ m,n < f, E_{mb}T_{na}g > E_{mb}T_{na}g

converge unconditionally in norm on a dense subset of L^2(R).

We will need some notation for checking convergence of series of arbitrary functions in the left-hand side of (5.1).

Definition 5.1. Let g ∈ L^2(R) satisfies G_0(t) ≤ B a.e. For any f ∈ L^2(R), and any K, L ∈ Z, we let

S_{K,L}f(t) = K∑ k=−L f(t − k/b)G_k(t),

where as usual G_k(t) = ∑ n g(t − na)g(t − na − k/b). We also let S_K = S_{K,K} . If M ⊂ Z with |M| < ∞, define

S_M f(t) = ∑ k∈M f(t − k/b)G_k(t).

Also, if F is the Fourier transform, let T_{K,L} = FS_{K,L}. That is, for all h ∈ L^2(R) and ν ∈ R, (T_{K,L}h)(ν) = F(S_{K,L}h)(ν). If lim_{K→∞} S_K f exists, we say that the Walnut series for f converges symmetrically - and this can be in either the norm or the weak topology - and we say the Walnut series for f converges when lim_{K,L→∞} S_{K,L}f exists. Our first result shows that weak and norm symmetric convergence of the Walnut series are equivalent.

Theorem 5.2. For a, b ∈ R and g ∈ L^2(R) with |G_0(t)| ≤ B a.e., the following are equivalent:

(1) The Walnut series converges in norm symmetrically for every f ∈ L^2(R). (2) The Walnut series converges weakly symmetrically for every f ∈ L^2(R). 33

(3) We have sup_K ‖S_K ‖ = B < ∞.

Moreover, in this case the WH-system (g, a, b) has a finite upper frame bound and the Walnut series converges symmetrically to Sf, for all f ∈ L^2(R). Proof. (1) ⇒ (2): this is obvious.

(2) ⇒ (3): This is obvious when we interpret it correctly. Our assumption (2) implies that for every f ∈ L^2(R), (S_K f)_{K∈Z} converges weakly in L^2(R), and hence is a bounded sequence. Since the S_K are clearly bounded operators, the Uniform Boundedness Principle yields (3).

(3) ⇒ (1): By (5.1) we know that (S_K f) converges on the dense set of compactly supported f ∈ L^2(R). By assumption (3), the operators (S_K ) are uniformly bounded. So (S_K f) converges in norm for all f ∈ L^2(R).

For the moreover part of the theorem, we note that (3) and Proposition 2.4 yield that there is a constant B > 0 so that for all bounded, compactly supported f ∈ L^2(R) we have ∑ m,n∈Z | < f, E_{mb}T_{na}g > |^2 =< Lf, f >≤ ‖L‖‖f‖^2 ≤ B‖f‖^2. So our WH-system has upper frame bound B for a dense set of elements of L^2(R), whence for all of L^2(R).

Proposition 5.3. If the WH-system (g, 1, 1) has a finite upper frame bound, then the following are equivalent:

(1) The Walnut series converges symmetrically for every f ∈ L^2(R). (2) There is a B > 0 such that

sup_K ess sup_{t,ν} | K∑ k=−K G_k(t)e^{−2πikν} | ≤ B. Proof. By Proposition 3.4 (with M = {−K, −(K − 1), · · · , K − 1, K}) we know that ‖S_K ‖ = ess sup_{t,ν} | K∑ k=−K G_k(t)e^{−2πikν} |. Combining this with Theorem 5.2 yields the result.

Proposition 5.3, as well as Propositions 5.6 and 6.2 below have generalizations to the case of rational WH-systems. We will discuss these generalizations at the end of Section 6.

Our next example shows that there are functions g ∈ PF for which the Walnut representation does not converge symmetrically for some function f ∈ L^2(R). 34

Example 5.4. There is a WH-system (g, a, b), with a finite upper frame bound, for which the Walnut series does not converge symmetrically in L^2(R), for some f ∈ L^2(R).

Proof. We let a = b = 1. We are going to construct a g ∈ L^2(R) (actually, the Zak transform of such a g) which takes on the constant value g_n on the intervals [n, n + 1). Note that for such a g, for each k ∈ Z we have,

ρ_k = ∑ n∈Z g(t − n)g(t − n − k) = ∑ n∈Z g_ng(n − k), are well-defined absolutely convergent series. Moreover, by Proposition 3.2, these numbers ρ_k are the Fourier coefficients of |(Zg)(t, ·)|^2, when 0 ≤ t < 1. To construct our g, choose a continuous, real, 1-periodic function ρ, see [9], p. 161, so that

(5.2) (_K ∑ k=−K c_ke^{−2πikν} ) k=1,2,... is an unbounded sequence at a particular point ν = ν_0, where the c_k are the Fourier coefficients, c_k =

∫_1 0 e^{2πikν} ρ(ν) dν, k ∈ Z. Choose a real number M so that M + ρ(ν) > 0, for all ν ∈ [0, 1). Now define g ∈ L^2(R) by specifying its Zak transform on [0, 1) × [0, 1) by (Zg)(t, ν) = (M + ρ(ν))^{1/2}, t, ν ∈ [0, 1). From our earlier discussion, we have for this g that ρ_k = Mδ_{k0} + c_k, k ∈ Z, where δ_k is the Kronecker delta. Next, we will compute the norm of the operator S_K for this g. Choose f ∈ L^2(R) and for any k = 1, 2, · · · we consider S_kf = K∑ k=−K ρ_kf(· − k). Proposition 3.4 yields,

‖S_K ‖ = ess sup| ( M + K∑ k=−K c_ke^{2πik·} ) |, 35

and so by (5.2), sup_K ‖S_K ‖ = ∞.

By Theorem 5.2, we have that there is a f ∈ L^2(R) so that (S_K f)_{K∈Z} diverges.

Now we will examine the general convergence properties of the Walnut representation. We first show that weak and norm convergence of the Walnut series are equivalent properties.

Theorem 5.5. For a, b ∈ R and g ∈ PF, the following are equivalent:

(1) The Walnut series converges in norm for every f ∈ L^2(R). (2) The Walnut series converges weakly for every f ∈ L^2(R). (3) We have that sup_{K,L}‖S_{K,L}‖ < ∞. Moreover, in this case the Walnut series converges to Sf, for all f ∈ L^2(R).

Proof. This is done exactly like the proof of Theorem 5.2 using Proposition 3.4. Again, the moreover part follows from Proposition 2.4.

Again we have a special version of Theorem 5.5 for a=b=1. We will not give a formal proof for this result since it follows exactly the format of the proof of Proposition 5.3.

Proposition 5.6. If the WH-system (g, 1, 1) has a finite upper frame bound, then the following are equivalent:

(1) The Walnut series converges weakly (or equivalently, strongly) for every f ∈ L^2(R).

(2) There is a B > 0 such that for all ν_0 ∈ [0, 1),

sup_{K,L}ess sup_t| K∑ k=−L G_k(t)e^{−2πikν0} | ≤ B, At the end of Section 6, we generalize Proposition 5.6 to rational WH-systems. A natural question is whether there is a connection between symmetric convergence of the Walnut series and norm convergence of the series. Our next example shows that these two types of convergence are really different. Example 5.7. For a = b = 1, there is a function g ∈ PF for which the Walnut series converges symmetrically for every f ∈ L^2(R), but there are functions h ∈ L^2(R) for which the Walnut series does not converge.

Proof. We proceed as in Example 5.3 but this time take a ρ of the form:

ρ = χ_{[0,1/2)} + 1 2 χ_{[1/2,1)}. 36

For this ρ, the partial sums_K ∑ k=−K ρ_ke^{−2πikν} are uniformly bounded and convergent a.e. to ρ(ν). For f ∈ L^2(R), let h = Ff. Then we have (T_{K,K} h)(ν) = h(ν) K∑ k=−K ρ_ke^{−2πikν} . Therefore, T_{K,K} h → h · ρ. It follows that the Walnut representation converges symmetrically for every f ∈ L^2(R).

Arguing as in Proposition 2.4 of [3], we see that the ρ_k are of the order of 1/k, for each k ∈ Z. But, now K∑ k=1 1 k e^{−2πikν} ∼ log K at ν = 0.

By Proposition 5.6, there is an h ∈ L^2(R) so that (T_{K,L}h) is not bounded (and hence not convergent) in L^2(R).

6. Unconditional Convergence of the Walnut Representation

We now address the question of when the Walnut series for the frame operator converges unconditionally. With the notation as in Definition 5.1, we first state the corresponding result of Theorem 5.5 for unconditional convergence.

Theorem 6.1. Let a, b ∈ R and g ∈ PF. The following are equivalent:

(1) the Walnut series converges weakly unconditionally for every f ∈ L^2(R). (2) The Walnut series converges unconditionally in norm for every f ∈ L^2(R). (3) We have: sup_{M⊂Z,|M|<∞}‖S_M ‖ < ∞. Proof. The equivalence of (1) and (2) follows directly from the Orlicz-Pettis Theorem (see Section 2). The equivalence of (2) and (3) is proved in the same way as Theorems 5.2 and 5.5. That is, (3) is the statement that the bounded operators S_M are uniformly bounded. But by Proposition 2.4, we know that these operators converge unconditionally for all f in a dense subset of L^2(R). So, they are uniformly bounded on L^2(R) if and only if they converge pointwise (i.e. are pointwise bounded).

We again have the special case for a=b=1. 37

Proposition 6.2. If the WH-system (g, 1, 1) has a finite upper frame bound, then the following are equivalent:

(1) The Walnut series converges unconditionally for every f ∈ L^2(R). (2) There is a B > 0 such that for all ν_0 ∈ [0, 1),

sup_M ess sup_t| ∑ k∈M G_k(t)e^{−2πikν0} | ≤ B.

Proposition 6.2 will be generalized to rational WH-systems at the end of this section.

Before we examine unconditional convergence for the Walnut series, we need to note that this really is a different form of convergence than the norm convergence studied in Section 5.

Example 6.3. There is a WH-system (g, 1, 1) with g ∈ PF for which the Walnut representation of the frame operator converges in norm for every f ∈ L^2(R), but there is an h ∈ L^2(R) so that the Walnut series for this h does not converge unconditionally.

Proof. In [27], there is a careful analysis of the series

(6.1) ∞∑ k=1 k^{−β} e^{ikα} e^{−2πikν} ,

with 0 < α < 1 and β > 0. In particular, it is shown that when β > 1 −^1_2 α, then the series in (6.1) converges uniformly to a continuous sum ψ_{α,β}(−2πν). If we take say α = 1/2 and β = 7/8, the condition is satisfied. Now, let the real continuous, 1-periodic function ρ be given by,

ρ(ν) = M + ∑ k≠0 |k|^{−β}e^{i|k|α sgn(k)}e^{−2πikν} ,

with M > 0 such that ρ(ν) > 0 everywhere, Now we proceed as in Examples 5.3 and 5.5. If we choose the unique g ∈ L^2(R) with (Zg)(t, ν) = (ρ(ν))^{1/2}, t, ν ∈ [0, 1), then (_K ∑ k=−L ρ_ke^{−2πikν} ) L,K∈Z 38

is uniformly bounded in the L^∞-sense, and so (as in examples 5.3 and 5.5) we have that the Walnut series ∑ k∈Z f(· − k)G_k converges in norm for every f ∈ L^2(R). However, since ∑ k∈Z |ρ_k| diverges, the Walnut series cannot converge unconditionally for every f ∈ L^2(R) by Proposition 6.2.

Next we show that the CC-condition is strong enough to imply unconditional convergence of the Walnut representation.

Theorem 6.4. If G_k is a family of functions satisfying: (1) ∑ k |G_k| ≤ B. (2) ∑ k |T_{−k/b}G_k| ≤ B a.e. then for every f ∈ L^2(R) the Walnut series ∑ k (T_{k/b}f)G_k

converges unconditionally in L^2-norm.

Proof. For any h ∈ L^2(R) and any m ≥ n > 0 we have:

(6.2) m∑ |k|=n | < h, (T_{k/b}f)G_k > | = m∑ |k|=n | ∫ h(t)(T_{k/b}f)(t)G_k(t) dt| ≤

m∑ |k|=n ∫ |h(t)||T_{k/b}f(t)||G_k(t)| dt = m∑ |k|=n |h(t)| √ |G_k(t)||T_{k/b}f(t)| √ |G_k(t)| dt

≤ m∑ |k|=n ( ∫ |h(t)|^2|G_k(t)| dt)^{1/2}( ∫ |T_{k/b}f(t)|^2|G_k(t)| dt)^{1/2} ≤

( m∑ |k|=n ∫ |h(t)|^2|G_k(t)| dt)^{1/2}( m∑ |k|=n ∫ |T_{k/b}f(t)|^2|G_k(t)| dt)^{1/2} =

( ∫ |h(t)|^2 m∑ |k|=n |G_k(t)| dt)^{1/2}( ∫ |f(t)|^2 m∑ |k|=n |T_{−k/b}G_k(t)| dt)^{1/2}. By our hypotheses, |h|^2 ∑ k |G_k| ∈ L^1(R) and |f|^2 ∑ k |T_{−k/b}G_k| ∈ L^1(R). 39

By the Lebesgue Dominated Convergence theorem we conclude that the following series converge in L^1(R): ∑ k |h(t)|^2|G_k(t)| and ∑ k |f(t)|^2|T_{−k/b}G_k(t)|.

It follows that the right side of (6.2) goes to zero as n → ∞. We conclude that the series ∑ k (T_{k/b}f(t))G_k(t) is weakly unconditionally Cauchy in L^2(R). By Theorem 2.9, it is unconditionally convergent in norm.

For WH-systems we have that T_{k/b}G_k = G_{−k}. So an immediate consequence of Theorem 6.4 is, Corollary 6.5. If (g, a, b) satisfies the CC-condition, then for all f ∈ L^2(R) the Walnut series ∑ k(T_{k/b}f)G_k converges unconditionally.

We have a converse for Corollary 6.4, even for more general systems, in the case where ab is rational. But, before we present this, we give an example to show that things can become awkward if ab is not rational.

Example 6.6. There is irrational ab and a function g ∈ PF, such that there is a B > 0 satisfying ∑ k∈Z |G_k(t)| ≤ B, a.e. but for some function f ∈ L^2(R), the series ∑ k∈Z f(· − k/b)G_k(·)

diverges in L^2(R).

Proof. We take a = 1, and 1/b irrational and let

f(t) = t^{−1/3}χ_{(0,1/2]}(t).

We will construct G_k of the form

G_k(t) = ∞∑ n=−∞ χ_{Ik} (t + n), 40

where the (I_k) are pairwise disjoint intervals contained in (0, 1]. We choose numbers ϵ_n with 0 < ϵ_n < 1/2, for n = 1, 2, · · · with (6.3) ∑ n ϵ_n = 1 and ∑ n ϵ^{1/3}_n = ∞.

We create intervals

J_n = ( n−1∑ k=1 ϵ_k, n∑ k=1 ϵ_k] =: (a_n, b_n], n = 1, 2, · · · ,

so that the J_n’s are pairwise disjoint with union (0, 1]. We define a sequence of integers (k_n)^∞_{n=0} satisfying k_1 < k_2 < k_3 < · · · in the following fashion. Let k_0 = 1, and when n = 1, 2, · · · , we let k_n be the smallest integer k > k_{n−1} such that k b (mod Z) ∈ (a_n, a_n + b_n 2 ]. Next we define for n = 1, 2, · · · , c_n = k_n b (mod Z), and I_{kn} = J_n, and let I_k = ϕ, for all other k. Now, for all n = 1, 2, · · · we have

(6.4) ‖f(t − k_n/b)G_{kn} (t)‖^2_L2_{(R)} = ∫_{bn} c_n f^2(t − c_n)dt ≥ ∫ ϵ_2 0 t^{−2/3}dt = 3( 1 2 )^{1/3}ϵ^{1/3}_n .

Also, it follows that ∑ k |G_k(t)| ≤ 1, a.e. Moreover, the terms f(t − k/b)G_k(t) in the series ∑ k f(t − k/b)G_k(t) have disjoint supports. Whence, (6.5) ‖ ∑ k∈Z f(t − k/b)G_k(t)‖^2_L2_{(R)} = ∑ k∈Z ‖f(t − k/b)G_k(t)‖^2_L2_{(R)}. It follows from (6.4) and (6.5) that the Walnut series for f diverges.

Now we consider the rational case (i.e. ab is rational) and discover that the convergence of the Walnut series becomes equivalent to the CC-condition. To simplify the proof, we first formulate and prove a lemma. 41

Lemma 6.7. Let (S, Λ, μ) be a σ-finite measure space. Let f_n ∈ L^∞(S), for all n ∈ Z, and assume that the series ∑ n∈Z h · f_n converges unconditionally for every h ∈ L^2(S). Then there is an M > 0 so that for all choices b_n = 0, ±1 and all θ_n ∈ R we have ‖ ∑ n b_ne^{iθn} f_n‖_∞ ≤ M.

Proof. For each choice of b = (b_n) and θ = (θ_n) and all I ⊂ Z with |I| < ∞, define T_{b,θ,I} : L^2(S) → L^2(S) by: T_{b,θ,I} h = ∑ n∈I h · b_ne^{iθn} f_n = h · ∑ n∈I b_ne^{iθn} f_n. These operators are clearly bounded. By Proposition 2.6, our assumption in the lemma is just that the family of operators (T_{b,θ,I} ) are pointwise bounded. So by the Uniform Boundedness Principle, this family of operators has uniformly bounded norms. But, their norms are given by: ‖T_{b,θ,I} ‖ = ‖ ∑ n∈I b_ne^{iθn} f_n‖_∞.

Theorem 6.8. Let ab be rational and assume that (G_k) are periodic functions of period a. Then the following are equivalent:

(1) We have ∑ k∈Z |G_k(t)| ≤ B, a.e. (2) For every function f ∈ L^2(R), the Walnut series

(6.6) ∑ k∈Z f(· − k/b)G_k(·), converges unconditionally in L^2(R).

Proof. (1) ⇒ (2): Let ab = p/q with 0 < p < q ∈ Z and gcd(p,q) = 1. After a change of scale, we may assume that a = 1. We re-group the Walnut series ∑ k f(t − k/b)G_k(t) = ∑ k f(t − k q p )G_k(t) = p−1∑ j=0 ∑ ℓ f(t − j q p − ℓq)G_{j+ℓp}(t). Each of the terms of the right-hand series above over j has the form ∑ ℓ h(t − ℓq)H_ℓ(t), h ∈ L^2(R), 42

where the H_ℓ(t) are 1-periodic in t, and ∑ ℓ |H_ℓ(t)| ≤ B.

Now, ∫_∞ −∞ [ ∑ ℓ |h(t − ℓq)H_ℓ(t)| ]_2 dt = ∫_1 0 ∞∑ n=−∞ [ ∑ ℓ |h(t − ℓq + n)||H_ℓ(t)| ]_2 dt.

Take any t ∈ [0, 1] with ∑ ℓ |H_ℓ(t)| ≤ B and ∑ n |h(t − n)|^2 < ∞.

Setting a_ℓ = H_ℓ(t) and z_ℓ = (h(t − ℓq + n))_{n∈Z} ∈ ℓ^2, and using the triangle inequality, we have

(6.7) ‖ ∑ ℓ a_ℓz_ℓ‖_ℓ2 ≤ ∑ ℓ |a_ℓ‖z_ℓ‖_ℓ2 .

Now, applying (6.7) pointwise, we have ∞∑ n=−∞ ( ∑ ℓ |h(t − ℓq + n)||H_ℓ(t)| )_2

≤ ∑ ℓ |H_ℓ(t)| (_∞ ∑ n=−∞ |h(t − ℓq + n)|^2 )_{1/2} 2 ≤ B^2 ∞∑ n=−∞ |h(t − n)|^2. We can now conclude that ∫_∞ −∞ ( ∑ ℓ |f(t − ℓq)||H_ℓ(t)| )_2 ≤ B^2 ∫_1 0 ∑ n |h(t − n)|^2dt = B^2‖h‖^2.

It follows that the Walnut series is unconditionally convergent in L^2(R)-norm.

(2) ⇒ (1): For this direction we use the Zak transform. So for f ∈ L^2(R) and a.e. t, ν, let (Z_af)(t, ν) = a^{1/2} ∞∑ ℓ=1 f(a(t − ℓ))e^{2πiℓν}. 43

We compute,

(Z_a(G_kf(· − k/b))(t, ν) = a^{1/2} ∞∑ ℓ=−∞ G_k(a(t − ℓ))f(a(t − ℓ) − k/q)e^{−2πiℓν}

= a^{1/2}G_k(at) ∞∑ ℓ=−∞ f(a((t − k q p ) − ℓ))e^{−2πiℓν} = G_k(at)(Z_af)(t − k q p , ν). If we take k = np + s with n ∈ Z and s = 0, 1, · · · , p − 1, we can write the series in (6.6) in the Zak domain as

(6.8) ∑ k∈Z (Z_af)(t − k q p , ν)G_k(at) = p−1∑ s=0 ∞∑ n=−∞ (Z_af)(t − nq − s q p , ν)G_{np+s}(at)

= p−1∑ s=0 (Z_af)(t − s q p , ν) ∞∑ n=−∞ G_{np+s}(at)e^{−2πinqν}. Above we used the quasi-periodicity of the Zak transform in t (see (3.3)). By our assumptions and the unitarity of the Zak transform, we have that the right-hand side of (6.8) converges unconditionally for all f ∈ L^2(R). Now let

(t, ν) ∈ [0, 1) × [0, 1) = ∪^{p−1}_{r=0} [ r p , r + 1 p ) × [0, 1) =: ∪^{p−1}_{r=0} S_r.

Also, for s, r = 0, 1, · · · , p − 1, let U_{s,r} consist of all f ∈ L^2(R) such that the restriction of (Z_af)(t − s^q_p , ν) to [0, 1) × [0, 1) is entirely supported by S_r. We note that for s, r = 0, 1, · · · , p − 1, we have {(Z_af)(· − s q p , ·) : f ∈ U_{s,r}} ≡ L^2(S_r). Thus, unconditional convergence of the right-hand side of (6.8) for all f ∈ L^2(R), implies for all h ∈ L^2(S_r) and all s, r = 0, 1, · · · , p−1 the unconditional convergence of h(t, ν) ∞∑ n=−∞ G_{np+s}(at)e^{−2πinqν}, (t, ν) ∈ S_r. For s, r = 0, 1, . . . , p − 1, by Lemma 6.7 we can find constants M_{s,r} such that

(6.9) ‖ ∑ n∈Z b_ne^{iθn} G_{np+s}(at)e^{−2πinqν}‖_{∞,Sr} ≤ M_{s,r}, 44

for all choices b_n = 0, 1 and all θ_n ∈ R. Let t_0 ∈ [^r_p ,^{r+1}_p ) be such that at_0 is a Lebesgue point of all (G_{np+s}). The set of these t_0 has full measure. We claim that (6.10) ∑ n∈Z |G_{np+s}(at_0)| ≤ M_{s,r}. If inequality (6.10) does not hold, then we can find a finite set I of n’s such that ∑ n∈I |G_{np+s}(at_0)| ≥ M_{s,r}. Take any ν_0 ∈ [0, 1) and choose (θ_n) with e^{iθn} e^{−2πinqν0} G_{np+s}(at_0) = |G_{np+s}(at_0|. Finally let b_n = { 1 : n ∈ I 0 : n /∈ I. Now, | ∑ n∈Z b_ne^{iθn} e^{−2πinqν} G_{np+s}(at)| ≥ M_{s,r}, in a (t, ν)-set of positive measure, which contradicts (6.9). It now follows that

ess sup_t ∞∑ k=−∞ |G_k(at)| ≤ max_{r=0,1,··· ,p−1} p−1∑ s=0 M_{s,r} =: M. This completes the proof of Theorem 6.8.

We have seen that it takes special conditions to guarantee that the Walnut series converges unconditionally for all f ∈ L^2(R). Now we will consider the more delicate question: If the conditions for unconditional convergence of the Walnut series for all f ∈ L^2(R) are not satisfied can we at least find a ”large class of functions” for which we do have unconditional convergence of the Walnut series? We will show that for g ∈ PF, the answer is yes. Furthermore, the ”large class of functions” we exhibit will be independent of the choice of g.

Notation 6.9. Let f be any function on R, and a, b ∈ R. For any k, ℓ ∈ Z we define for all t ∈ R, (6.11) A_f (t) = sup_{ℓ∈Z} ∑ k∈Z |f(t − ℓa − k/b)|,

(6.12) B_f (t) = sup_{k∈Z} ∑ ℓ∈Z |f(t − ℓa − k/b)|.

Theorem 6.10. Assume that g ∈ PF, f ∈ L^2(R), and A_f , B_f ∈ L^2([0, a)). Then the series ∑ k∈Z |f(t − k/b)||G_k(t)| converges in norm in L^2(R).

Proof. We compute ∫_∞ −∞ ( ∑ k∈Z |f(t − k/b)||G_k(t)| )_2 dt = ∫_a 0 ∞∑ ℓ=−∞ ( ∑ k∈Z |f(t − ℓa − k/b)||G_k(t)| )_2 dt.

Take any t ∈ [0, ∞) such that A_f (t) < ∞ and B_f (t) < ∞, and let B be as in Proposition 2.3. By the Schur Test, stated before Proposition 4.6, the matrix (|f(t − ℓa − k/b)|)_{ℓ,k∈Z} defines a bounded linear operator on ℓ^2(Z) with operator norm ≤ max (A_f (t), B_f (t)). Hence,

(6.13) ∞∑ ℓ=−∞ ( ∑ k∈Z |f(t − ℓa − k/b)||G_k(t)| )_2

≤ max^2(A_f (t), B_f (t)) ∑ k |G_k(t)|^2 ≤ B max^2(A_f (t), B_f (t)).

Since (6.13) holds a.e. t ∈ R, we have ∫_∞ −∞ ( ∑ k∈Z |f(t − k/b)||G_k(t)| )_2 dt ≤ B ∫_a 0 max^2(A_f (t), B_f (t))dt < ∞,

by the assumptions in the theorem.

Note that the conditions in Theorem 6.10 are reasonably weak, and that the condition on the function f is independent of g. In particular, we thus get a generalization of Proposition 2.4 in which now also non-compactly supported f’s, such as f ∈ W (L^∞, L^1), are allowed.

We end this section with a discussion concerning generalizations of Propositions 5.3, 5.6, and 6.2 to the case where ab is rational. Let (g, a, b) be a WH-system with a finite upper frame bound and assume ab = p/q with p, q ∈ Z and gcd(p,q) = 1. We define for m = 0, 1, · · · , p − 1, 46

(6.14) F_{km}(t, ν) = 1 p e^{−2πik(ν+m/p)} q−1∑ j=0 p−1∑ r=0 e^{−2πirm/p} · ∞∑ d=−∞ g ( t − r −^{jp}_q − dp b ) g ( t − r −^{jp}_q − dp b ) . We consider the Hilbert space of column vectors of the form

f_0 f_1 . . f_{p−1} ,

where f_r ∈ L^2([0, 1) × [0, 1/p)) for r = 0, 1, · · · , p − 1, and norm given by ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ f_0 f_1 . . f_{p−1}

‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖

2

= p−1∑ r=0 ∫_1 0 ∫_{1/p} 0 |f_r(t, ν)|^2dt dν.

Now, L^2(R), ‖ · ‖_L2 and the above Hilbert space can be identified with one-another according to

f ∈ L^2(R) → (Z_{1/b}f(t, ν + 0 p ) . . (Z_{1/b}f)(t, ν + p − 1 p ) ,

for a.e. t, ν ∈ [0, 1) × [0, 1/p). That is, we set for r = 0, 1, · · · , p − 1, f_r(t, ν) = (Z_{1/b}f)(t, ν + r p ), a.e. t, ν ∈ [0, 1) × [0, 1/p). Now we will compute (6.15) Z_{1/b}[G_k(·)f(· − k/b)](t, ν). We have a =^p_q^1_b . Thus we can replace G_k(t) by taking n = dq+j, j = 1, 2, · · · , q−1, d ∈ Z, so that

(6.16) G_k(t) = q−1∑ j=0 ∞∑ d=−∞ g(t − jp qb − dp b )g(t − jp qb − dp b − k b ). 47

Therefore, Z[G_k(·)f(· − k/b)(t, ν) = b^{−1/2} ∞∑ ℓ=−∞ G_k( t − ℓ b )f( t − ℓ − k b )e^{2πiℓν}

= b^{−1/2} ∞∑ ℓ=−∞ q−1∑ j=0 ∞∑ d=−∞ g( t − ℓ −^{jp}_q − dp b )g( t − ℓ −^{jp}_q − dp b )f( t − ℓ − k b )e^{2πiℓν} . Next we let ℓ = np + r, n ∈ Z, r = 0, 1, · · · , p − 1, so that Z[G_k(·)g(· − k/b)](t, ν) =

b^{−1/2} q−1∑ j=0 p−1∑ r=0 ∞∑ d=−∞ g( t − r −^{jp}_q − (d + n)p b )g( t − r − k −^{jp}_q − (d + n)p b ) ·

( ∞∑ n=−∞ f( t − r − k − np b )e^{2πi(np+r)ν} ). Next we write

(6.17) ∞∑ n=−∞ f( t − r − k − np b )e^{2πi(np+r)ν} =

1 p p−1∑ m=0 ∞∑ ℓ=∞ f( t − k − ℓ b )e^{2πiℓν+2πi(ℓ−r)m/p}, where in (6.17) we have used the formula 1 p p−1∑ m=0 e^{2πijm/p} = { 1 for j a multiple of p 0 otherwise.

Now we get Z[G_k(·)f(· − k/b)](t, ν) = 1 p q−1∑ j=0 p−1∑ r=0 p−1∑ m=0 g( t − r −^{jp}_q − dp b ) t − r − k −^{jp}_q − dp b ) ·

e^{−2πik(ν+m/p)−2πirm/p}(Z_{1/b}f)(t, ν + m/p) = p−1∑ m=0 F_{km}(t, ν)(Z_{1/b}f)(t, ν + m/p), 48

where

F_{km}(t, ν) = 1 p e^{−2πik(ν+m/p)} q−1∑ j=0 p−1∑ r=0 e^{−2πirm/p}· ∞∑ d=−∞ g( t − r −^{jp}_q − dp b )g( t − r −^{jp}_q − dp b ).

It follows that

(6.18) Z_{1/b}[ K∑ k=−L G_k(·)f(· − k/b)](t, ν) =

p−1∑ m=0 ( K∑ k=−L F_{km}(t, ν))(Z_{1/b}f)(t, ν + m p ), a.e. t, ν ∈ R. Assume that the Walnut series converges strongly for all f ∈ L^2(R). By taking f’s such that (Z_{1/b}f)(t, ν + m/p) has support in [0, 1) × [0, 1) entirely contained in one strip [0, 1) × [^r_p ,^{r+1}_p ) with r = 0, 1, · · · , p − 1, we see from (6.18) that for all m = 0, 1, · · · , p − 1

(6.19) K∑ k=−L F_{km}(t, ν)

has a uniformly bounded L^∞([0, 1) × [0, 1)-norm. conversely, assume that (6.19) has a uniformly bounded L^∞([0, 1) × [0, 1)-norm for m = 0, 1, · · · , p − 1. Then it follows from Theorem 5.5 and (6.18) that the Walnut series converges strongly for every f ∈ L^2(R). This generalizes Proposition 5.6, and the Propositions r.3 and 6.2 can be generalized similarly. Thus we get

Proposition 6.11. Let ab = p/q with gcd(p,q) = 1 and let g ∈ PF.

(I) The following are equivalent:

(1) The Walnut series converges symmetrically for every f ∈ L^2(R). (2) There is a B > 0 so that

sup_K ess sup_{t,ν} | K∑ k=−K F_{km}(t, ν)| ≤ B,

for all m = 0, 1, · · · , p − 1.

(II) The following are equivalent:

(3) The Walnut series converges strongly (i.e. in norm) for all f ∈ L^2(R). 49

(4) There is a B > 0 so that

sup_{K,L}ess sup_{t,ν} | L∑ k=−K F_{km}(t, ν)| ≤ B,

for all m = 0, 1, · · · , p − 1.

(III) The following are equivalent:

(5) The Walnut series converges unconditionally for every f ∈ L^2(R). (6) There is a B > 0 so that

sup_M ess sup_{t,ν} | ∑ k∈M F_{km}(t, ν)| ≤ B,

for all m = 0, 1, · · · , p − 1, and the first sup runs over all finite sets M ⊂ Z.

Finally, note that when a = b = p = q = 1, we only have to consider the case m=0 and (6.14) becomes,

F_{k0}(t, ν) = e^{−2πikν} ∞∑ d=−∞ g(t − d)g(t − k − d) = e^{−2πikν} G_k(t).

That is, the sums ∑ k e^{−2πikν} G_k(t) which we consider in Propositions 5.3, 5.6, and 6.2 are just the sums ∑ k F_{km}(t, ν). 7. Extending the Frame Operator

In this section we will classify when the frame operator extends to a bounded operator on other classes of spaces. We will see that the CC-condition, although much weaker than previously used conditions which imply convergence of the frame operator, is also a very strong assumption on the function g.

Theorem 7.1. If ab ≤ 1 and g ∈ L^2(R), the following are equivalent:

(1) There is a constant B > 0 so that ∑ k∈Z |G_t(x)| ≤ B, a.e. x ∈ R.

(2) The frame operator Sf = ∑ n,m∈Z < f, EmbTnag > EmbTnag extends to a bounded linear operator from L^p(R) to L^p(R) for every 1 ≤ p ≤ ∞. (Here, by L^∞, we really mean L^∞_0 , the closure of the compactly supported functions in L^∞). 50

Moreover, if ab is rational and g satisfies the uniform CC-condition, then S extends to an isomorphism of L^p(R) to L^p(R) for every 1 ≤ p ≤ ∞.

Proof. (1) ⇒ (2): We will show that S is a bounded linear operator mapping a dense subset of L^1 into L^1 and a dense subset of L^∞_0 into L^∞_0 . By the Riesz-Thorin interpolation theorem [27], p. 95, S then extends to a bounded linear operator from L^p to L^p for all 1 ≤ p < ∞.

Case I: The L^1-Case.

If f ∈ L^1 is bounded and compactly supported then by Proposition 2.4 we have: ‖Sf‖_L1 = ‖Lf‖_L1 = b^{−1} ∫ R | ∑ k (T_{k/b}f)G_k|

≤ b^{−1} ∫ R ∑ k |(T_{k/b}f)G_k| = b^{−1} ∑ k ∫ R |(T_{k/b}f)G_k|

= b^{−1} ∑ k ∫ R |f||G_{−k}| ≤ b^{−1} ∫ R |f| ∑ k |G_k| ≤ b^{−1}K ∫ R |f| = b^{−1}B‖f‖_L1 . The above makes S a bounded linear operator from a dense subspace of L^1 into itself, and hence it uniquely extends to a bounded linear operator on L^1.

Case II: L^∞_0 -Case.

For any f ∈ L^∞ which is compactly supported we have: ‖Sf‖_L∞ = ‖Lf‖_L∞ = ‖ ∑ k (T_{k/b}f)G_k‖_L∞ = ess sup| ∑ k (T_{k/b}f)G_k|

≤ ess sup ∑ k |T_{k/b}f||G_k| ≤ ess sup ∑ k ‖f‖_L∞ |G_k|

≤ ‖f‖_L∞ ess sup ∑ k |G_k| ≤ B‖f‖_L∞ . Again, this makes S a bounded linear operator on a dense subset of L^∞_0 and hence it uniquely extends to a bounded linear operator on L^∞_0 .

(2) ⇒ (1): By our assumption, S is a bounded linear operator on L^∞_0 . Fix n, let I = [0, a] and choose functions (f_j )^n_{j=−n} satisfying: (1) |f_j | = χ_{[j/b,(j/b)+a]} (2) (T_{−j/b}f_j )G_j = χ_{[0,a]}|G_j |. 51

Let f = ∑_n j=−n fj . Then ‖f‖L^∞ = 1, here we use the assumption that ab ≤ 1,

and so ‖S‖ ≥ ‖SF ‖_L∞ ≥ ‖χ_{[0,a]}Sf‖_L∞ = ‖ n∑ k=−n (T_{−k/b}f_k)G_k‖_L∞

= ‖ n∑ k=−n |G_k|‖_L∞ = ess sup n∑ k=−n |G_k|. We dropped the restriction to [0, a] in the last step since all the G_k are periodic of period a. Since n was arbitrary, we have (1).

For the moreover part of the theorem, we apply Theorem 4.14 to conclude that S^{−1}g (which has S^{−1} as its frame operator) satisfies the CC-condition and apply the first part of the theorem to S^{−1}.

Next we will classify when the frame operator extends to a bounded linear operator on the Wiener amalgam space W (L^∞, ℓ^1). We will need the properties of this space contained in Lemma 2.5. A good reference for this topic is Chapter 3 in [10], due to Feichtinger and Zimmermann.

Theorem 7.2. If ab ≤ 1 and g ∈ PF, the following are equivalent:

(1) The frame operator is a bounded linear operator from W (L^∞, ℓ^1) to W (L^∞, ℓ^1). (2) We have ∑ k∈Z ‖G_k‖_∞ = ∑ k∈Z ess sup|G_k(x)| = B < ∞.

Proof. (1) ⇒ (2): By Lemma 2.5 and the fact that a ≤ 1/b and G_k is periodic of period a, we have for all f = χ_{[0,a]} 2‖Sf‖_{W,a} ≥ ‖Sf‖_{W,1/b} = ∑ k ‖χ_{k/b,(k/b)+a]}G_k‖_∞ = ∑ k ‖G_k‖_∞. Hence, ∑ k∈Z ‖G_k‖_∞ ≤ 2‖S‖‖χ_{[0,a]}‖_∞ = 2‖S‖. (2) ⇒ (1): If we have (2) then the CC-condition is satisfied and so the Walnut series for Sf converges unconditionally by Corollary 6.5. Hence, for any f ∈ W (L^∞, ℓ^1) if we let f_j = χ_{[j/b,(j+1)/b]}f then ‖f‖_{W,1/b} = ∑ j∈Z ‖f_j‖_∞. 52

It follows that b‖Sf‖_{W,1/b} = ‖ ∑ k (T_{k/b}f)G_k‖_{W,1/b} = ∑ j∈Z ‖ ∑ k χ_{[j/b,(j+1)/b]}(T_{k/b}f)G_k‖_∞ ≤ ∑ j∈Z ∑ k∈Z ‖χ_{[j/b,(j+1)/b]}T_{k/b}f‖_∞‖G_k‖_∞ = ∑ j∈Z ∑ k∈Z ‖f_{j+k}‖_∞‖G_k‖_∞ = ∑ k∈Z ‖G_k‖_∞ ∑ j∈Z ‖f_{j+k}‖_∞ = ‖f‖_{W,1/b} ∑ k∈Z ‖G_k‖_∞. If we choose a natural number m so that 1/b ≤ ma we now have by Lemma 2.5, ‖Sf‖_{W,a} ≤ 2m‖Sf‖_{W,1/b} ≤ 2mb^{−1} ∑ k ‖G_k‖_∞‖f‖_{W,1/b} ≤ 4mb^{−1} ∑ k ‖G_k‖_∞‖f‖_{W,a}. That is, S is a bounded linear operator on W (L^∞, ℓ^1).

The assumption that g ∈ W (L^∞, ℓ^1) is so strong that we can easily obtain results for S^{−1} in this case.

Corollary 7.3. If g ∈ W (L^∞, ℓ^1), then (E_{mb}T_{na}g) has a finite upper frame bound for all ab ≤ 1 and the frame operator for this frame is a bounded linear operator on W (L^∞, ℓ^1). Moreover, in this case for each a ∈ R there is a b_0 ∈ R so that for all 0 < b ≤ b_0, if G_{0,a,b} is bounded below then (g, a, b) is a frame whose frame operator is an isomorphism on W (L^∞, ℓ^1). Proof. Given any f, h ∈ W (L^∞, ℓ^1) we have ∑ k ‖ ∑ n |T_{na}f||T_{na+k/b}h|‖_∞ = ∑ k ‖ ∑ n |T_{na}f||T_{na+k/b}h|χ_{[0,a]}‖_∞ ≤ ∑ k ∑ n ‖(T_{na}f)χ_{[0,a]}‖_∞‖(T_{ka+b/k}h)χ_{[0,a]}‖_∞ ≤ ∑ n ‖(T_{na}f)χ_{[0,a]}‖_∞ ∑ k ‖(T_{k/b}(T_{na}h))χ_{[0,1/b]}‖_∞ ≤ ∑ n ‖(T_{na}f))χ_{[0,a]}‖_∞‖T_{na}h‖_{W,1/b} ≤ 2‖h‖_{W,1/b} ∑ n ‖(T_{na}f)χ_{[0,a]}‖_∞ ≤ 4‖h‖_{W,a}‖f‖_{W,a}. If g ∈ W (L^∞, ℓ^1), we can let f = h = g above and get that ∑ k ‖G_k‖_∞ ≤ 4‖g‖^2_{W,a}. By Theorem 7.2, we have the first part of the Corollary. The second part comes from the Walnut representation for S^{−1} and similar calculations. (See Heil and Walnut [14], Theorem 4.2.2).

8. Classifying WH-Systems with the Same Frame Operator

In this section we will classify those functions which induce equal frame operators. As we will see, this is a natural generalization of a result of Ron and Shen [23], Corollary 2.19 which we state below. See also [15], Subsection 1.3, [3], Theorem 4.2, or [11] for a generalization.

Theorem 8.1. Let a, b ∈ R and g ∈ PF. The following are equivalent:

(1) (E_{mb}T_{na}g) is a normalized tight Weyl-Heisenberg frame for L^2(R). (2) We have:

(a) G_g(t) = ∑ n∈Z |g(t − na)|^2 = b a.e., (b) G_{g,k}(t) = ∑ n∈Z g(t − na)g(t − na − k/b) = 0 a.e. for all k ≠ 0. One interpretation of Theorem 8.1 is that two normalized tight Weyl-Heisenberg frames (E_{mb}T_{na}g) and (E_{mc}T_{nd}h) have the same frame operator - in this case the identity operator - if and only if b^{−1}G_g = d^{−1}G_h a.e. and for all 0 ≠ k ∈ Z we have that 0 = G_{g,k} = G_{h,k} a.e. Our next result is a natural extension of this to the case of arbitrary frames.

Theorem 8.2. Let (g, a, b) and (h, c, d) be preframe WH-systems. Then the following are equivalent:

(1) Their frame operators are equal, i.e. S_g = S_h. (2) One of the following holds:

(i)^d_b is not rational. Then b^{−1}G_{g,0} = d^{−1}G_{h,0} a.e. and for all 0 ≠ k ∈ Z we have G_{g,k} = G_{h,k} = 0 a.e.

(ii)^d_b =^p_q is rational where p,q are natural numbers. Then we have for all k ∈ Z b^{−1}G_{g,qk} = d^{−1}G_{h,pk} a.e. and for all other integers m ≠ qk and ℓ ≠ pk we have

G_{g,m} = G_{h,ℓ} = 0 a.e.

Moreover, in all the above cases, either there are natural numbers r < s so that a =^r_s c (or c =^r_s a) and all G_{g,k}, G_{h,k} are periodic of period 1/s, or^a_c is irrational and all G_{g,k}, G_{h,k} are constant a.e.

Proof. (1) ⇒ (2): We assume (1) is true and check the two cases of (2) separately. 54

Case I. We assume that^d_b is irrational.

We are assuming that S_g = S_h. We may also assume that b < d. Fix k ∈ Z and for any 0 ≠ e ∈ R, let E_e = {k/e : k ∈ Z}. Fix I ⊂ R with |I| < 1/d and I ∩ E_b = ϕ = I ∩ E_d. Then for all bounded f ∈ L^2(I), since S_gf = S_hf, invoking the Walnut representation we have 0 = χ_I [S_gf − S_hf] = f χ_I [b^{−1}G_{g,0} − d^{−1}G_{h,0}].

It follows easily from here that b^{−1}G_{g,0} = d^{−1}G_{h,0} a.e.

Next, fix 0 ≠ k ∈ Z and let ϵ = min {| −k d − ℓ b | : ℓ ∈ Z}. Our assumption that^d_b is irrational implies that ϵ > 0. For any interval I ⊂ [0, 1/d] with |I| < ϵ let f = χ_( −k_{d +I)}.

Then χ_{[0,1/d]}S_hf = χ_I while our assumption that |I| < ϵ implies that χ_{[0,1/d]}S_gf has no support in the interval I. Since we are assuming that S_g = S_h, we conclude from 0 = χ_{[0,1/d]}(S_gf − S_hf), that (8.1) 0 = χ_{[0,1/d]}S_gf. If we expand S_gf via its Walnut representation, (8.1) becomes 0 = χ_I d^{−1}G_{h,k}. Thus G_{h,k} = 0 a.e. Now, for any natural number k > 0, let f = χ_[ −k_{d ,} −(k−1)_{d ]}.

Since G_{h,k} = 0 a.e., we have that 0 = χ_{[0,1/b]}[S_gf − S_h(f)] = χ_{[0,1/b]}G_{g,k}.

Hence, G_{g,k} = 0 a.e., for all natural numbers k. Similarly, G_{g,k} = 0 a.e. for all integers k < 0. 55

Case II. We assume that^d_b =^p_q with^p_q minimal and in lowest form.

Exactly the same argument as in Case I shows that G_{h,ℓ} = 0 a.e. for all ℓ ≠ pk, k ∈ Z. Again, the second half of the argument of Case I shows now that G_{g,m} = 0 a.e. for all m ≠ qk, k ∈ Z. Now, fix 0 < k ∈ Z and let f = χ_[ −qk_{b ,} q(k−1)_{b ]}. Using the fact that G_{h,ℓ} = 0 a.e. for all ℓ ≠ pk, k ∈ Z, and G_{g,m} = 0 a.e. for all m ≠ qk, k ∈ Z we see that 0 = χ_{0,1/b]}[S_gf − S_hf] = χ_{0,1/b]}[b^{−1}G_{g,qk} − d^{−1}G_{h,pk}] a.e. It follows that b^{−1}G_{g,qk} = d^{−1}G_{h,pk} a.e. on [0, 1/b]. But, all G_{g,k} are periodic of period a < 1/b and all G_{h,k} are periodic of period c < 1/d < 1/b. Therefore, these functions are equal a.e. on all of R.

(2) ⇒ (1): Again we will check that each of the two cases implies (1). Case I. We have that^d_b is not rational.

For any bounded, compactly supported f ∈ L^2(R) we have by (ii), S_g(f) − S_h(f) = b^{−1} ∑ k T_{k/b}(f)G_{g,k} − d^{−1} ∑ k T_{k/d}(f)G_{h,k} = b^{−1}f G_{g,0} − d^{−1}f G_{h,0} = 0.

Again we conclude that S_g = S_h on L^2(R). Case II. We have that^q_b =^p_d .

For any bounded, compactly supported f ∈ L^2(R) we have by (i), S_g(f) − S_h(f) = b^{−1} ∑ k∈Z T_{k/b}(f)G_{g,k} − ∑ k∈Z T_{k/d}(f)G_{h,k}

= ∑ k T_{qk/b}(f)G_{g,qk} − ∑ k T_{pk/d}(f)G_{h,pk} = ∑ k∈Z T_{qk/b}(f)[G_{g,qk} − G_{h,pk}] = 0. Since S_g and S_h are both bounded operators and are equal on a dense subset of L^2(R), they are equal.

The moreover part of the theorem is a well-known result about functions which are periodic with two different periods a,c.

As a special case of the theorem when a = c and b = d we have exactly the obvious generalization of the tight frames case. 56

Corollary 8.3. Let (g, a, b) and (h, a, b) be preframe WH-systems. Then the following are equivalent:

(1) S_g = S_h (2) For all k ∈ Z we have G_{g,k} = G_{h,k} a.e.

References

1. R.P. Boas, Entire Functions, Academic Press, New York (1954).

2. P.G. Casazza and O. Christensen, Weyl-Heisenberg frames for subspaces of L^2(R), (preprint). 3. P.G. Casazza, O. Christensen and A.J.E.M. Janssen, Classifying tight Weyl-Heisenberg frames, (preprint).

4. I. Daubechies, The wavelet transform, time-frequency localization and signal analysis, IEEE Trans. Inf. Theory 36 (1990), 961-1005.

5. I. Daubechies, Ten Lectures on Wavelets, CBMS-NSF regional conference series in applied mathematics, Philadelphia 61 (1992).

6. I. Daubechies, H.J. Landau and Z. Landau, Gabor time-frequency lattices and the Wexler-Raz identity, J. Fourier Anal. and Appl. 1 (4) (1995), 437-478.

7. J. Diestel, Sequences and Series in Banach Spaces, Graduate Texts in Mathematics, Springer- Verlag 92.

8. R.J. Duffin and A.C.Schaeffer, A class of non-harmonic Fourier series, Trans. Amer. Math.

Soc. 72 (1952), 341-366.

9. R.E. Edwards, Fourier Series: A Modern Introduction, Vol. I, Springer-Verlag, N.Y. (1979). 10. H. Feichtinger and T. Strohmer (eds.), Gabor Analysis and Algorithms: Theory and Applications, Birkhauser, Boston (1998).

11. J.P. Gabardo and D. Han, Subspace Weyl-Heisenberg frames, (preprint). 12. D. Gabor, Theory of communications, J. Inst. Elec. Eng. (London) 93 (1946), 429-457. 13. D. Han and D.R. Larson, Frames, Bases and Group Representations, Memoirs of AMS (to appear).

14. C.E. Heil and D.F. Walnut, Continuous and discrete wavelet transforms, SIAM Review 31 (No. 4) (1989), 628-666.

15. A.J.E.M. Janssen, The duality condition for Weyl-Heisenberg frames, H.G. Feichtinger and T. Strohmer, (eds.), Gabor Analysis and Algorithms: Theory and Applications, Birkhauser, Boston (1998), 33-84.

16. A.J.E.M. Janssen, Signal analytic proofs of two basic results on lattice expansions, Appl.

Comp. Harm. Anal. 1 (4) (1994), 350-354.

17. A.J.E.M. Janssen, Duality and biorthogonality for Weyl-Heisenberg frames, J. Fourier Anal.

and Appl. 1 (4) (1995), 403-437.

18. A.J.E.M. Janssen, The Zak transform: a signal transform for sampled time-continuous signals, Philips J. Res. 43 (1988), 23-69.

19. A.J.E.M. Janssen, On rationally oversampled Weyl-Heisenberg frames, Signal Processing 47 (1995), 239-265.

20. J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces I: Sequence Spaces, Ergebnisse der Mathematik und ihrer Grenzgebiete, Springer-Verlag 92 (1977).

21. D.J. Newman, A simple proof of Wiener’s 1/f theorem, Proceedings AMS 48 (1975), 264-265. 22. A. Ron and Z. Shen, Frames and stable bases for shift-invariant subspaces of L^2(R^d), Canadian Jour. of Math. 47 (5) (1995), 1051-1094.

23. A. Ron and Z. Shen, Weyl-Heisenberg frames and Riesz bases in L^2(R^d), Duke Math J. 89 (2) (1997), 237-282. 57

24. D. Walnut, Continuity properties of the Gabor frame operator, J. Math. Anal. Appl. 165 (1992), 479-504.

25. J. Wexler and S. Raz, Discrete Gabor expansions, Signal Processing 21 (1990), 207-221. 26. R. Young, An introduction to nonharmonic Fourier series, Academic Press, New York (1980). 27. A. Zygmund, Trigonometric Series, Vol. I, Cambridge University Press 1959.

Department of Mathematics, The University of Missouri, Columbia, Missouri 65211, USA; Mathematical Institute, Building 303, Technical University of Denmark, 2800 Lyngby, DENMARK; Philips Research Laboratories Eindhoven, 5656 AA Eindhoven, THE NETHERLANDS

E-mail address: pete@casazza.math.missouri.edu; olechr@mat.dtu.dk; janssena@natlab.research.

philips.com