Gabor frames, Unimodularity, and Window Decay^�

Helmut Bölcskei^1 and Augustus J. E. M. Janssen^2

1Department of Statistics and Information Systems Laboratory, Stanford University Sequoia Hall, 390 Serra Mall, Stanford, CA 94305-4065 Phone: (650)-723-2957, Fax: (650)-725-8977, email: bolcskei@stat.stanford.edu (currently on leave from the Dept. of Communications, Vienna University of Technology) 2Philips Research Laboratories Eindhoven Prof. Holstlaan 4, 5656 AA Eindhoven, The Netherlands, WY-81 Phone: +31-40-27 42402, Fax: +31-40-27 44675/44660, email: janssena@natlab.research.philips.com

Abstract—We study time-continuous Gabor frame generating window functions g satisfying decay properties in time and/or frequency with particular emphasis on rational time-frequency lattices. Specifically, we show under what conditions these decay properties of g are inherited by its minimal dual γ^0 and by generalized duals γ. We consider compactly supported, exponentially decaying, and faster than exponentially decaying (i.e. decay like |g(t)| ≤ C e^{−α|t|1/α} for some^1_2 ≤ α < 1) window functions. Particularly, we find that g and γ^0 have better than exponential decay in both domains if and only if the associated Zibulski-Zeevi matrix is unimodular, i.e., its determinant is a constant. In the case of integer oversampling unimodularity of the Zibulski-Zeevi matrix is equivalent to tightness of the underlying Gabor frame. For arbitrary oversampling, we furthermore consider tight Gabor frames canonically associated to window functions g satisfying certain decay properties. Here, we show under what conditions and to what extent the canonically associated tight frame inherits decay properties of g. Our proofs rely on the Zak transform, on the Zibulski-Zeevi representation of the Gabor frame operator, on a result by S. Jaffard, on a functional calculus for Gabor frame operators, on results from the theory of entire functions, and on the theory of polynomial matrices.

AMS 91 Subject Classification. 42C15, 94A12.

Keywords and Phrases. Gabor frame, Zak transform, entire function, polynomial matrix, unimodularity.

∗Submitted to The Journal of Fourier Analysis and Applications, April 1999; final version, July 1999. This work was supported in part by FWF grant J1629.

1 Introduction, Announcement of Results, and Outline

1.1 Introduction and Motivation Gabor frames. Let a > 0, b > 0, and let g ∈ L^2(IR). For x, y ∈ IR we define f_{x,y}(t) = e^{2πiyt}f(t − x), t ∈ IR. We say that g generates a Gabor frame for L^2(IR) for the shift parameters a, b when there exist constants A > 0 and B < ∞ such that A‖f‖^2 ≤ ∑ n,m |(f, g_{na,mb})|^2 ≤ B‖f‖^2, f ∈ L^2(IR). (1) The constants A and B are called a lower and upper frame bound for g, respectively. When (1) holds for A = B, we say that g generates a tight frame. It is well known that for g to generate a Gabor frame for L^2(IR) it is necessary that ab ≤ 1 [8], Sec. 4.1, [21, 16]. The cases ab = 1 and ab < 1 are referred to as critical sampling and oversampling, respectively. The frame condition (1) can be equivalently written as AI ≤ S ≤ BI, where I is the identity operator of L^2(IR), and S is the frame operator defined by Sf = ∑ n,m (f, g_{na,mb})g_{na,mb}, f ∈ L^2(IR). When g generates a frame and f ∈ L^2(IR) , f can be represented as f = ∑ n,m a_{nm}g_{na,mb} (2) with a ∈ l^2(ZZ^2). In the critically sampled case the a_{nm} are unique for given f and g. In the oversampled case, one possible choice for the coefficients a_{nm} in (2) is a_{nm} = (f, γ^0_{na,mb}), (3) where γ^0 = S^{−1}g is the minimal dual (or Wexler-Raz dual) of g. This γ^0 is minimal in the sense that for any f ∈ L^2(IR) and any a ∈ l^2(ZZ^2) such that (2) holds, we have ∑ n,m |(f, γ^0_{na,mb})|^2 ≤ ∑ n,m |a_{nm}|^2 with equality if and only if a_{nm} is given by (3). Note that the minimal dual γ^0 generates a Gabor frame with frame operator S^{−1}, i.e., S−1f = ∑ n,m (f, γ^0_{na,mb})γ^0_{na,mb}, f ∈ L^2(IR).

In the oversampled case, we say that two functions g and γ having a finite upper frame bound are dual if f = ∑ n,m (f, γ_{na,mb})g_{na,mb} (4) holds for all f ∈ L^2(IR).

The minimal dual γ^0 can be computed from g and S as follows. With V = I − 2 B + A^S , we have ‖V f‖ ≤ B − A B + A ‖f‖, f ∈ L^2(IR). The Neumann series expansion for γ^0 is then given by γ^0 = S^{−1}g = 2 B + A (I − V )^{−1}g = 2 B + A ∞∑ n=0 V ng. To every g ∈ L^2(IR) generating a Gabor frame for L^2(IR) we can associate a tight frame generated by h = S^{−1/2}g = ( 2 B + A )1/2 ∞∑ n=0 (2n)!

2^{2n}(n!)^{2 V} ng. We say that h is canonically associated to g. For further generalities about Gabor frames the interested reader is referred to [9, 8, 12, 2].

The Zak transform. In the cases of rational oversampling, i.e., ab = p/q, p ∈ ZZ, q ∈ ZZ, p < q, (p, q) = 1 and critical sampling, the frame operator can conveniently be expressed using the Zak transform (ZT) [15, 5, 27, 28]. For λ > 0 the ZT of a signal f ∈ L^2(IR) is defined as (Z_λf)(t, ν) = λ^{1/2} ∞∑ k=−∞ f (λ(t + k)) e^{−2πikν}, a.e. t, ν ∈ IR. (5) Important properties of the Zak transform include ∫ ∞ −∞ f(t) h^∗(t) dt = ∫ 1 0 ∫ 1 0 (Z_λf)(t, ν)(Z_λh)^∗(t, ν) dt dν, λ^{1/2}f(λt) = ∫ 1 0 (Z_λf)(t, ν) dν, a.e. t ∈ IR (6) (Z_λf)(t + 1, ν) = e^{2πiν} (Z_λf)(t, ν), a.e. t, ν ∈ IR (Z_λf)(t, ν + 1) = (Z_λf)(t, ν), a.e. t, ν ∈ IR (Z_λf̂)(t, ν) = e^{2πiνt}(Z 1_λ f)(−ν, t), a.e. t, ν ∈ IR, (7) where f, h ∈ L^2(IR) and f̂(ν) = ∫ ∞ −∞ f(t) e^{−2πiνt} dt denotes the Fourier transform of f. Moreover, for any F ∈ L^2loc(IR^2) such that F (t + 1, ν) = e^{2πiν} F (t, ν), a.e. t, ν ∈ IR F (t, ν + 1) = F (t, ν), a.e. t, ν ∈ IR there is a unique f ∈ L^2(IR) such that F = Z_λf.

Representations of the Gabor frame operator. We shall next provide time, frequency, and time-

frequency representations of the Gabor frame operator S. These representations constitute the basis for

the results presented in what follows. For f ∈ L^2(IR), the Walnut representation [25] of the Gabor frame

operator is given by Sf(t) = 1 b ∞∑ l=−∞ f ( t − l b ) ∞∑ k=−∞ g(t − ka) g^∗ ( t − ka − l b ) (8) with absolute convergence for a.e. t ∈ IR. Similarly, for f ∈ L^2(IR) we have ^Sf(ν) = 1 a ∞∑ l=−∞ f̂ ( ν − l a ) ∞∑ k=−∞ ĝ(ν − kb) ĝ^∗ ( ν − kb − l a ) (9) with absolute convergence for a.e. ν ∈ IR. For a rigorous proof of the convergence properties of (8) and (9)

the reader is referred to [19, 6].

Following the presentation in [19], Sec. 1.5, we shall next provide a time-frequency representation of the

Gabor frame operator in terms of the ZT. With Sf = y, the Zibulski-Zeevi representation [27, 28, 19] of S

for rational oversampling (ab = p/q) and λ = a reads [19]

(z_ay)(t, ν) = S^{(a)}(t, ν) (z_af)(t, ν), (10)

where

(z_ay)(t, ν) = [ (Z_ay)(t, ν), (Z_ay) ( t − q p , ν ) , ... , (Z_ay) ( t − (p − 1) q p , ν )]T , (z_af)(t, ν) = [ (Z_af)(t, ν), (Z_af) ( t − q p , ν ) , ... , (Z_af) ( t − (p − 1) q p , ν )]T

and S^{(a)}(t, ν) is a p × p matrix with elements (k = 0, 1, ..., p − 1, l = 0, 1, ..., p − 1)

[S^{(a)}(t, ν)]_{k,l} = 1 p q−1∑ i=0 (Z_ag) ( t − k q p , ν − i q ) (Z_ag)^∗ ( t − l q p , ν − i q ) . (11)

The matrix S^{(a)}(t, ν) is 1-periodic in t, i.e., S^{(a)}(t + 1, ν) = S^{(a)}(t, ν) and^1_q -periodic in ν,

i.e., S^{(a)} ( t, ν +^1_q ) = S^{(a)}(t, ν) [19]. Furthermore, it is easily seen from (11) that S^{(a)}(t, ν) is hermitian,

i.e., S^{(a)}(t, ν) = S^{(a)∗} (t, ν).

We shall also need the Zibulski-Zeevi representation of S in terms of the ZT with λ =^1_b given by

[27, 28, 19] ( z 1_b y ) (t, ν) = S^{( 1b )}(t, ν) (z 1_b f)(t, ν), (12)

where ( z 1_b y ) (t, ν) = [ (Z 1_b y)(t, ν), (Z 1_b y) ( t, ν + 1 p ) , ... , (Z 1_b y) ( t, ν + p − 1 p )]T , ( z 1_b f ) (t, ν) = [ (Z 1_b f)(t, ν), (Z 1_b f) ( t, ν + 1 p ) , ... , (Z 1_b f) ( t, ν + p − 1 p )]T and S^{( 1}b^)(t, ν) is a p × p matrix with elements (k = 0, 1, ..., p − 1, l = 0, 1, ..., p − 1)

[S^{( 1b )}(t, ν)]_{k,l} = 1 p q−1∑ i=0 (Z 1_b g) ( t − i p q , ν + k p ) (Z 1_b g)^∗ ( t − i p q , ν + l p ) . (13)

The matrix S^{( 1}b^)(t, ν) is^p_q -periodic in t, i.e., S^{( 1}b^) ( t +^p_q , ν ) = S^{( 1}b^)(t, ν), and 1-periodic in ν, i.e.,

S^{( 1}b^) (t, ν + 1) = S^{( 1}b^)(t, ν) [17, 19]. Furthermore, it is easily seen from (13) that S^{( 1}b^)(t, ν) is hermitian,

i.e., S^{( 1}b^)(t, ν) = S^{( 1}b^{)∗} (t, ν).

Zibulski-Zeevi representation of the analysis-synthesis relation. We shall furthermore need

the Zibulski-Zeevi representation for expressing the duality condition (4). Defining the p × q matrices (k = 0, 1, ..., p − 1, l = 0, 1, ..., q − 1) [G^{(a)}(t, ν)]_{k,l} = √ 1 p (Z_ag) ( t − k q p , ν − l q ) and [Γ^{(a)}(t, ν)]_{k,l} = √ 1 p (Z_aγ) ( t − k q p , ν − l q ) , it is shown in [17, 19] that g and γ are dual if and only if

Γ^{(a)}(t, ν)G^{(a)∗} (t, ν) = I_p, (14)

where I_p denotes the p × p identity matrix. Note that the Zibulski-Zeevi representation of the frame operator

S can be expressed in terms of the matrix G^{(a)}(t, ν) as

S^{(a)}(t, ν) = G^{(a)}(t, ν)G^{(a)∗} (t, ν).

Denoting the Zibulski-Zeevi representation (with λ = a) of the frame operator corresponding to the minimal

dual γ^0 as S^{(a)}_{γ0} (t, ν) and setting S^{(a)}_g (t, ν) = S^{(a)}(t, ν), we furthermore have [19]

S^{(a)}_{γ0} (t, ν)S^{(a)}_g (t, ν) = I_p. (15)

The duality condition can be rephrased using the ZT with λ =^1_b as

Γ^{( 1b )}(t, ν)G^{( 1b )∗} (t, ν) = I_p (16)

with the p × q matrices

[G^{( 1b )}(t, ν)]_{k,l} = √ 1 p (Z 1_b g) ( t − l p q , ν + k p ) and [Γ^{( 1b )}(t, ν)]_{k,l} = √ 1 p (Z 1_b γ) ( t − l p q , ν + k p ) . The Zibulski-Zeevi representation of the Gabor frame operator S with respect to the ZT with λ =^1_b is given by S^{( 1b )}(t, ν) = G^{( 1b )}(t, ν)G^{( 1b )∗} (t, ν).

Denoting the Zibulski-Zeevi representation (with λ =^1_b ) of the frame operator corresponding to γ^0 as

S^{( 1b )}γ_0 (t, ν) and setting S^{( 1b )}g (t, ν) = S^{( 1}b^)(t, ν), we have [19]

S^{( 1b )}γ_0 (t, ν)S^{( 1b )}g (t, ν) = I_p. (17)

Unimodularity of the Zibulski-Zeevi matrices. A square polynomial matrix P(z) with z ∈ CI is unimodular [11, 24] if its determinant equals a nonzero constant, i.e.,

det[P(z)] = c with c ∈ CI , c ≠ 0.

The inverse of a unimodular matrix is again a unimodular polynomial matrix. Conversely, if P(z) is a polynomial matrix with polynomial inverse, P(z) is unimodular. In the following we use the terminology unimodular for arbitrary (not only polynomial) matrices P(z) with constant nonzero determinant. The matrix S^{(λ)}(t, ν) (with λ = a or λ =^1_b ) is said to be unimodular in ν for all t if

det[S^{(λ)}(t, ν)] = c(t) with c(t) ≠ 0 for t ∈ IR,

i.e., if its determinant is a zero-free function of t only. Likewise, S^{(λ)}(t, ν) is said to be unimodular in t for all ν if det[S^{(λ)}(t, ν)] = d(ν) with d(ν) ≠ 0 for ν ∈ IR, i.e., if its determinant is a zero-free function of ν only. The matrix S^{(λ)}(t, ν) is unimodular if and only if its determinant is independent of t and ν, i.e.,

det[S^{(λ)}(t, ν)] = c with c ∈ CI , c ≠ 0.

In the case of integer oversampling (p = 1) we have

S^{(a)}(t, ν) = q−1∑ i=0 | | | |(Zag) ( t, ν − i q )| | | 2

S^{( 1b )}(t, ν) = q−1∑ i=0 | | |(Z^1_b g) ( t − i p q , ν )| | | 2 ,

which implies that unimodularity of S^{(λ)}(t, ν) is equivalent to tightness of the Gabor frame generated by g.

Functional calculus for frame operators. Since we are interested in how decay etc. is inherited by γ^0 = S^{−1}g, h = S^{−1/2}g from g, it would be pleasant when we could express the operators S^{−1}, S^{−1/2} in a Walnut-type form or in the Zak transform domain, just as we have this for the operator S itself. This can be done indeed. The basic observations are as follows. Let A > 0, B < ∞. The operator S has frame bounds A, B if and only if the corresponding matrices

S(t) = ( 1 b ∞∑ r=−∞ g ( t − ra − k b ) g^∗ ( t − ra − l b )) k,l ∈ ZZ , a.e. t ∈ IR (18)

satisfy AI ≤ S(t) ≤ BI, a.e. t ∈ IR (19)

(with I the identity matrix of infinite size). Similarly, the operator S has frame bounds A, B if and only if the corresponding matrices Ŝ(ν) = ( 1 a ∞∑ r=−∞ ĝ ( ν − rb − k a ) ĝ^∗ ( ν − rb − l a )) k,l ∈ ZZ , a.e. ν ∈ IR (20) satisfy AI ≤ Ŝ(ν) ≤ BI, a.e. ν ∈ IR (21) (see [19], Sec. 1.2). Furthermore, when ab = p/q with p, q ∈ ZZ, (p, q) = 1, we have that the operator S has frame bounds A, B if and only if AI_p ≤ S^{(a)}(t, ν) ≤ BI_p, a.e. t, ν ∈ IR, (22) if and only if AI_p ≤ S^{( 1b )}(t, ν) ≤ BI_p, a.e. t, ν ∈ IR (23) (see [27, 17], and [19], Sec. 1.5).

The matrices S(t), Ŝ(ν) and S^{(a)}(t, ν), S^{( 1}b^)(t, ν) represent the frame operator S according to ((Sf)(t − j/b))_{j ∈} ZZ = S(t) (f (t − l/b))_{l ∈} ZZ , a.e. t ∈ IR (24) ( ^(Sf)(ν − j/a))_{j ∈} ZZ = Ŝ(ν) ( f̂ (ν − l/a) ) l ∈ ZZ , a.e. ν ∈ IR (25) (z_aSf)(t, ν) = S^{(a)}(t, ν)(z_af)(t, ν), a.e. t, ν ∈ IR (26) (z 1_b Sf)(t, ν) = S^{( 1b )}(t, ν)(z 1_b f)(t, ν), a.e. t, ν ∈ IR, (27)

respectively, where f ∈ L^2(IR). Eqs. (24),(25) follow on rewriting (8) and (9), where we use that [S(t − j/b)]_{0,l} = [S(t)]_{j,l+j}, a.e. t ∈ IR and [Ŝ(ν − j/a)]_{0,l} = [Ŝ(ν)]_{j,l+j}, a.e. ν ∈ IR, respectively, and (26) and (27) are (10) and (12), respectively. Observing the matrix-vector multiplications at the right-hand sides of (24)-(27), we get for any polynomial φ that the operator φ(S) is represented as ((φ(S)f)(t − j/b))_{j ∈} ZZ = φ(S(t)) (f (t − l/b))_{l ∈} ZZ , a.e. t ∈ IR (28) ( ^ (φ(S)f)(ν − j/a))_{j ∈} ZZ = φ(Ŝ(ν))(f̂ (ν − l/a))_{l ∈} ZZ, a.e. ν ∈ IR (29) (z_aφ(S)f)(t, ν) = φ(S^{(a)}(t, ν))(z_af)(t, ν), a.e. t, ν ∈ IR (30) (z 1_b φ(S)f)(t, ν) = φ(S^{( 1b )}(t, ν))(z 1_b f)(t, ν), a.e. t, ν ∈ IR, (31)

where f ∈ L^2(IR). By (18)-(23) the correspondences (28)-(31) extend to all functions φ analytic in an open set containing the closed segment [A, B] by basic facts about functional calculus of operators. For functions φ(x) of the form x^α it is convenient in the sequel to have this in the explicit form

x^α = ( B + A 2 (1 − v) )α = B + A 2 ∞∑ n=0 α n (−1)nvn with v = 1 − 2x B + A ∈ [ − B − A B + A , B − A B + A ] . As a particular case we have that the inverse frame operator S^{−1} is represented by the inverses of the matrices that occur at the right-hand sides of (24)-(27). Since S^{−1} is the frame operator corresponding to γ^0 it thus follows that the S-matrices in (24)-(27) corresponding to γ^0 are the inverses of these S-matrices corresponding to g.

Motivation. In practical applications one is often interested in Gabor frames with compactly supported synthesis functions g_{na,mb} and compactly supported analysis functions γ^0_{na,mb} or γ_{na,mb}. Compact support of both g and γ^0 is hard to achieve [4]. It therefore makes sense to relax this constraint, and to study Gabor window functions satisfying certain decay conditions or to consider generalized duals γ. Good timefrequency localization of the Gabor window functions allows an interpretation of the Gabor coefficients a_{nm} as the local energy content of the signal f around the lattice point (na, mb).

Previous results. A question of practical relevance is whether a given compactly supported function g generating a Gabor frame for L^2(IR) has a compactly supported minimal dual γ^0. It is well-known [2] that a compactly supported g having a frame operator S which is a multiplication operator in the time-domain has a compactly supported minimal dual γ^0 (in fact, in this case γ^0 has the same support as g). Recently, a necessary and sufficient condition on a compactly supported g generating a Gabor frame for L^2(IR) for its minimal dual γ^0 to be compactly supported has been presented in [4].

1.2 Announcement of Results This subsection is meant to provide a brief overview of the results presented in the paper.^1 Compactly supported and strictly band-limited Gabor frames. Extending the result reported in [4], we provide a necessary and sufficient condition on a compactly supported g to have a compactly supported dual γ. A similar result will be provided for strictly band-limited Gabor frames. We note that this result uses the Zibulski-Zeevi representation of the Gabor frame operator and therefore holds only for rational oversampling. For rational oversampling we furthermore provide a parameterization of all Gabor frame generating compactly supported (strictly band-limited) window functions g having a compactly supported (strictly band-limited) dual γ.

Exponential decay in time and/or frequency. We prove that exponential decay of g implies exponential decay of γ^0. By time-frequency symmetry we find that exponential decay of ĝ implies exponential decay of ^γ^0. Consequently, exponential decay of g in both domains implies exponential decay of γ^0 in both domains. These results use the functional calculus for Gabor frame operators and therefore hold for arbitrary

1In the following, by strictly band-limited we mean that the Fourier transform is compactly supported.

ab < 1. As an important special case it follows that the minimal dual of a compactly supported (strictly band-limited) g has exponential decay in time (frequency).

Gabor frames with faster-than-exponential decay. For rational oversampling, we show that Gabor frames with window g and minimal dual γ^0 having faster-than-exponential decay in both domains (by fasterthan-exponential we mean decay like e^{−α|t|1/α} for some^1_2 ≤ α < 1) have unimodular matrices S^{(λ)}(t, ν) with λ = a or λ =^1_b . We note, however, that whether such frames exist is an open problem. Specifically, we show that in the case of integer oversampling, faster-than-exponential decay of g and γ^0 in both domains is possible if and only if g generates a tight frame. Finally, we prove that in the case of integer oversampling faster-than-exponential decay in the time-domain (frequency-domain) only is possible if and only if the frame operator is a multiplication operator in the time-domain (frequency-domain).

Construction of tight Gabor frames satisfying decay conditions. We furthermore study the decay properties of tight Gabor frames canonically associated to Gabor frame generating windows g satisfying certain decay conditions. Specifically, we show for arbitrary ab that a window function g having exponential decay in both domains can be modified using S^{−1/2} into a tight frame generating window function having exponential decay in both domains. This result can be specialized to exponential decay in time or frequency only. Moreover, we show for integer oversampling that applying S^{−1/2} to the Gaussian function yields a tight window function which decays no faster than exponentially in both domains.

2 Gabor frames with compact support or exponential decay

The proof of the following lemma can be found in [4].

Lemma 2.1: For a compactly supported g the ZT (Z_ag)(t, ν) is a polynomial in e^{2πiν} for all t. If g is supported in t ∈ [0, T_0), the maximum degree of (Z_ag)(t, ν) for t ∈ [0, 1) is given by ⌊ T0 a ⌋ . Conversely, if (Z_ag)(t, ν) has a finite maximum degree for t ∈ [0, 1) the function g is compactly supported.

Straightforward calculations reveal that

[S^{(a)}(t, ν)]_{k,l} = aq p ∞∑ u=−∞ e^{−2πiνuq} ∞∑ s=−∞ g ( at − k q p a − sa ) g^∗ ( at − l q p a − sa − uqa ) . (32)

Thus, for a compactly supported g the matrix S^{(a)}(t, ν) is a polynomial matrix in e^{2πiν} for all t.

Lemma 2.2: For a strictly band-limited g the function ~(Z 1_b g)(t, ν) = e^{−2πitν} (Z 1_b g)(t, ν) = √ b ∑∞ k=−∞ ĝ(b(ν + k)) e 2πikt is a polynomial in e2πit for all ν. If ĝ is supported in ν ∈ [0, F 0) the maximum degree of ~(Z 1_b g)(t, ν) for ν ∈ [0, 1) is given by ⌊ F0 b ⌋ . Conversely, if ~(Z 1_b g)(t, ν) has a finite maximum degree for ν ∈ [0, 1), the function g is strictly band-limited.

The proof of Lemma 2.2 can be found in [4].

In the following, we shall also need the Smith form decomposition of polynomial matrices [11, 24], which essentially allows to decompose polynomial matrices into simpler forms such as triangular and diagonal forms. This decomposition will prove useful in what follows. Since for a compactly supported g the q × p matrix G^{(a)∗} (t, ν) is a polynomial matrix in e^{2πiν} for all t, it can be decomposed into its Smith form according to G^{(a)∗} (t, ν) = A^{(a)}(t, ν) D^{(a)}(t, ν) B^{(a)}(t, ν) with the matrix polynomials A^{(a)}(t, ν) and B^{(a)}(t, ν) of size q × q and p × p, respectively. Furthermore, A^{(a)}(t, ν) and B^{(a)}(t, ν) are unimodular in ν for all t. The q × p matrix D^{(a)}(t, ν), called the Smith form of G^{(a)∗} (t, ν), is given by

D^{(a)}(t, ν) = d^{(a)}_0 (t, ν) 0 ... 0 0 d^{(a)}_1 (t, ν) ... 0 . . . . . . . . 0 0 ... d^{(a)}_{p−1}(t, ν) 0 0 ... 0 . . . . . . . . 0 0 ... 0

, (33)

where we made use of the fact that the frame property implies that the normal rank of G^{(a)∗} (t, ν) is p for all t [28]. Since A^{(a)}(t, ν) and B^{(a)}(t, ν) are unimodular in ν for all t, we have det [A^{(a)}(t, ν)] = c_A(t) and det [B^{(a)}(t, ν)] = c_B(t), where both c_A(t) and c_B(t) are zero-free. We furthermore note that the matrices A^{(a)}(t, ν) and B^{(a)}(t, ν) are not defined uniquely, but D^{(a)}(t, ν) is unique. The latter statement follows from the fact that the entries of D^{(a)}(t, ν) can be expressed in terms of the matrix G^{(a)∗} (t, ν) itself [11].

We are now ready to formulate

Lemma 2.3: A compactly supported g generates a Gabor frame for L^2(IR) if and only if the d^{(a)}_i (t, ν) (i = 0, 1, ..., p − 1) do not have zeros for (t, ν) ∈ ([0, 1)^2).

Proof: According to Lemma 2.1 compact support of g implies that (Z_ag)(t, ν) is a polynomial in e^{2πiν} for all t. Thus, (Z_ag)(t, ν) is bounded on [0, 1)^2, which by Lemma 2 in [28] implies the existence of an upper frame bound B < ∞. We shall next show that for such a g a full rank G^{(a)∗} (t, ν) and hence a full rank D^{(a)}(t, ν) is necessary and sufficient for the existence of a lower frame bound A. From G^{(a)}(t, ν + 1) = G^{(a)}(t, ν) and G^{(a)}(t + 1, ν) = G^{(a)}(t, ν) diag{e^{2πi(ν−l/q)}}^{q−1}_{l=0} it follows that it suffices to consider G^{(a)}(t, ν) on [0, 1)^2 only. If G^{(a)∗} (t, ν) has full rank on [0, 1)^2, then S^{(a)}(t, ν) = G^{(a)}(t, ν)G^{(a)∗} (t, ν) has full rank on [0, 1) × [ 0,^1_q ) , which means that the eigenvalues of S^{(a)}(t, ν) satisfy λ^{(a)}_i (t, ν) > 0 for (t, ν) ∈ ( [0, 1) × [ 0,^1_q )) and i = 0, 1, ..., p−1. Since (Zg)(t, ν) is a polynomial in e^{2πiν} for all t, it follows that the λ^{(a)}_i (t, ν) are continuous functions of ν for all t, and therefore we can conclude that A = ess inf_{(t,ν) ∈} (_{[0,1) ×} [_{0,} 1_q ))_{, i=0,1,...,p−1}λ^{(a)}_i (t, ν) > 0. We next prove that, conversely, a full rank G^{(a)∗} (t, ν) is necessary for the existence of an A > 0. Suppose that G^{(a)∗} (t, ν) does not have full rank on [0, 1)^2. It follows that S^{(a)}(t, ν) does not have full rank on [0, 1) × [ 0,^1_q ) . This implies that there is at least one eigenvalue with λ^{(a)}_i (t_0, ν) = 0 for some t_0 ∈ [0, 1) on a measurable set with positive measure. Hence, using [28]

A = ess inf_{(t,ν) ∈} (_{[0,1) ×} [_{0,} 1_q ))_{, i=0,1,...,p−1}λ^{(a)}_i (t, ν)

we conclude that A = 0. We have thus shown that a compactly supported g generates a Gabor frame for L^2(IR) if and only if D^{(a)}(t, ν) has full rank for (t, ν) ∈ ([0, 1)^2). From (33) it therefore follows that this is satisfied if and only if the d^{(a)}_i (t, ν) (i = 0, 1, ..., p − 1) do not have zeros for (t, ν) ∈ ([0, 1)^2). 2 Multiplying the duality relation (16) by the p × p unitary matrix

U(t, ν) = diag { e^{−2πit(ν+ lp )} }p−1 l=0 from the left and multiplying it by U^∗(t, ν) from the right we obtain

Γ^{( 1b )′} (t, ν)G^{( 1b )′∗} (t, ν) = I_p,

where G^{( 1b )′} (t, ν) = U(t, ν)G^{( 1b )}(t, ν) and Γ^{( 1b )′} (t, ν) = U(t, ν)Γ^{( 1b )}(t, ν).

It follows from [G^{( 1b )′} (t, ν)]_{k,l} = √ 1 p e^{−2πil pq (ν+ kp )} ~(Z 1_b g) ( t − l p q , ν + k p )

and [Γ^{( 1b )′} (t, ν)]_{k,l} = √ 1 p e^{−2πil pq (ν+ kp )} ~(Z 1_b γ) ( t − l p q , ν + k p )

and Lemma 2.2 that for strictly band-limited g and γ the matrices G^{( 1}b^{)′} (t, ν) and Γ^{( 1}b^{)′} (t, ν) are polynomial in e^{2πit} for all ν. We can therefore decompose G^{( 1}b^{)′∗} (t, ν) into its Smith form according to

G^{( 1b )′∗} (t, ν) = A^{( 1b )}(t, ν) D^{( 1b )}(t, ν) B^{( 1b )}(t, ν)

with the matrix polynomials A^{( 1}b^)(t, ν) and B^{( 1}b^)(t, ν) of size q × q and p × p, respectively. Furthermore, A^{( 1}b^)(t, ν) and B^{( 1}b^)(t, ν) are unimodular in t for all ν. The q × p matrix D^{( 1}b^)(t, ν) is given by

D^{( 1b )}(t, ν) = d^{( 1b )}_0 (t, ν) 0 ... 0 0 d^{( 1b )}_1 (t, ν) ... 0 . . . . . . . . 0 0 ... d^{( 1b )}_{p−1}(t, ν) 0 0 ... 0 . . . . . . . . 0 0 ... 0

,

where we made use of the fact that the frame property implies that the normal rank of G^{( 1}b^{)′∗} (t, ν) is p for all ν [28]. Since A^{( 1}b^)(t, ν) and B^{( 1}b^)(t, ν) are unimodular in t for all ν, we have det [A^{( 1}b^)(t, ν)] = d_A(ν) and det [B^{( 1}b^)(t, ν)] = d_B(ν), where both d_A(ν) and d_B(ν) are zero-free functions. Repeating the arguments in the proof of Lemma 2.3 it is now easily seen that a strictly band-limited g generates a Gabor frame for L^2(IR) if and only if the d^{( 1b )}_i (t, ν) (i = 0, 1, ..., p − 1) do not have zeros for (t, ν) ∈ ([0, 1)^2).

We furthermore need the following proposition, which is a special case of Proposition 2 in [13]

Proposition 2.4: Let A be a doubly infinite matrix satisfying |[A]_{k,l}| ≤ αe^{−β|k−l|} with some constants α and β. Then, if A is invertible its inverse A^{−1} satisfies | |[A−1]k,l | | ≤ α′e−β^′|k−l| with some constants α^′ and β^′. These constants depend only on inf_{‖x‖=1} ‖Ax‖^2 and sup_{‖x‖=1} ‖Ax‖^2.

Proof: For a proof of this proposition in a more general context see [13]. 2

Theorem 2.5:^2 Let g generate a Gabor frame for L^2(IR) and let a, b > 0, ab < 1. Assume that g has exponential decay in time, i.e., g satisfies |g(t)| ≤ α e^{−β|t|} with some constants α and β. Then, the minimal dual γ^0 associated to g has exponential decay, i.e., γ^0 satisfies |γ^0(t)| ≤ α^′ e^{−β′|t|} with some constants α^′ and β^′.

Proof: Note that [S(t)]_{k,l} = 1 b ∞∑ r=−∞ g ( t − ra − k b ) g^∗ ( t − ra − l b )

is periodic in t with period a and that there is uniform (in t) exponential decay of [S(t)]_{k,l} in |k − l| → ∞. The frame property implies AI ≤ S(t) ≤ BI, 2The authors are grateful to K. Gröchenig for pointing out the proof of this theorem to them.

where A > 0 and B < ∞ are frame bounds for the system {g_{na,mb}}_{n,m ∈} ZZ. Using γ^0 = S^{−1}g and (28) with φ(x) = x^{−1}, we get γ^0(t) = ∞∑ k=−∞ [S^{−1}(t)]_{0,k} g ( t − k b ) . (34)

Now, Proposition 2.4 implies that S^{−1}(t) has uniform (in t) exponential decay in |k − l| → ∞. Using (34) and the fact that g has exponential decay itself, it finally follows that γ^0 has exponential decay. 2 The result provided in Theorem 2.5 has first been reported in [23] for Gabor frames on l^2(ZZ).

Corollary 2.6: Let g generate a Gabor frame for L^2(IR) and let a, b > 0, ab < 1. Assume that g has exponential decay in frequency, i.e., ĝ satisfies |ĝ(ν)| ≤ α e^{−β|ν|} with some constants α and β. Then, the minimal dual associated to g has exponential decay in frequency, i.e., |^γ^0(ν)| ≤ α^′ e^{−β′|ν|} with some constants α^′ and β^′.

Proof: The proof proceeds along the same lines as the proof of Theorem 2.5 and will therefore be omitted. 2 As an immediate consequence of Theorem 2.5 and Corollary 2.6, we get that exponential decay of g in both domains implies exponential decay of γ^0 in both domains. We can furthermore conclude that the minimal dual of a compactly supported (strictly band-limited) g has exponential decay in time (frequency). For rational oversampling this has previously been shown in [22] using the Zak transform.

We shall next provide a necessary and sufficient condition on a compactly supported g to have a compactly supported dual γ.

Theorem 2.7: A compactly supported^3 g generating a Gabor frame for L^2(IR) and rational ab < 1 has a compactly supported dual γ if and only if G^{(a)}(t, z) has full rank for t ∈ IR, z ∈ CI , i.e., rank { G^{(a)}(t, z) } = p for t ∈ IR, z ∈ CI .

Proof: The proof follows from a result on polynomial matrices, which says that the q × p (q > p) polynomial matrix A(z) has a polynomial left-inverse B(z), i.e.,

B(z)A(z) = I_p ∀ z ∈ CI

if and only if rank{A(z)} = p for all z ∈ CI [20, 7]. Assuming that γ is such that (Z_aγ)(t, z) is well-defined for z ∈ CI , the duality relation (14) extends to z ∈ CI as

Γ^{(a)}(t, z)G^{(a)∗} ( t, 1 z^∗ ) = I_p.

3Note that since g is compactly supported its ZT (Zag)(t, z) = pa ∑_∞ k=−∞ g(a(t + k)) z −k is well-defined for z 2 CI . This constitutes a slight abuse of notation, since we actually have (Zag)(t, ν) = (Zag)(t, z) with z = e^{2πiν} .

A compactly supported g has a polynomial G^{(a)∗} ( t,^1_{z∗} ) . Hence, it follows that a polynomial Γ^{(a)}(t, z) and hence a compactly supported γ exists if and only if G^{(a)∗} ( t,^1_{z∗} ) and hence G^{(a)}(t, z) has full rank for t ∈ IR, z ∈ CI . 2

In the case of integer oversampling (i.e. p = 1), the condition in Theorem 2.7 allows an interesting interpretation. For p = 1 we have G^{(a)}(t, z) = [(Z_ag)(t, z), (Z_ag)(t, zW_q), ... , (Z_ag)(t, zW^{(q−1)}_q )], where W_q = e^{−2πi/q}. In this case the conditions in Theorem 2.7 are satisfied if the (Z_ag)(t, zW^l_q ) (l = 0, 1, ..., q − 1) do not have common zeros for t ∈ IR. By inspection it follows that this is the case if there is no t ∈ IR such that Z_g(t, z) has q zeros equally spaced on a circle in the z-plane.

Corollary 2.8: A strictly band-limited^4 g generating a Gabor frame for L^2(IR) and rational ab < 1 has a strictly band-limited dual γ if and only if G^{( 1}b^{)′} (z, ν) has full rank for ν ∈ IR, z ∈ CI , i.e., rank { G^{( 1b )′} (z, ν) } = p for ν ∈ IR, z ∈ CI .

Proof: The proof proceeds along the same lines as the proof of Theorem 2.7 and will therefore be omitted. 2 From Theorem 2.7, Corollary 2.8, and the results presented in [4] it follows that there do exist situations where a compactly supported (strictly band-limited) g does not have a compactly supported (strictly bandlimited) minimal dual γ^0 but possibly some dual γ that is compactly supported (strictly band-limited). We shall next provide an alternative condition on a compactly supported g to have a compactly supported dual γ. Corollary 2.9: A compactly supported g generating a Gabor frame for L^2(IR) and rational ab < 1 has a compactly supported dual γ if and only if the d^{(a)}_i (t, z) are independent of z, i.e., d^{(a)}_i (t, z) = d^{(a)}_i (t) with d^{(a)}_i (t) ≠ 0 for all t ∈ IR.

Proof: Using rank [G^{(a)}(t, z)] = rank [D^{(a)}(t, z)] for t ∈ IR, z ∈ CI , and Theorem 2.7 it follows that d^{(a)}_i (t, z) ≠ 0 for t ∈ IR, z ∈ CI . Since the d^{(a)}_i (t, z) are polynomials in z for all t ∈ IR, this is possible only if they are independent of z, i.e., d^{(a)}_i (t, z) = d^{(a)}_i (t) for t ∈ IR. Moreover, the frame property requires that d^{(a)}_i (t) ≠ 0 for all t. 2

Equivalently, it can be shown that a strictly band-limited g has a strictly band-limited dual if and only if the d^{( 1b )}_i (z, ν) (i = 0, 1, ..., p − 1) are independent of z, i.e., d^{( 1b )}_i (z, ν) = d^{( 1b )}_i (ν) ≠ 0 for ν ∈ IR. As a

4Note that since ĝ is compactly supported ~(Z 1_b g)(z, ν) = pb ∑_∞ k=−∞ ĝ(b(ν +k)) z k is well-defined for z 2 CI . This constitutes a slight abuse of notation, since we actually have ~(Z 1_b g)(t, ν) = ~(Z 1_b g)(z, ν) with z = e^{2πit}.

consequence of Corollary 2.9, we can provide a parameterization of all compactly supported (strictly bandlimited) g generating a Gabor frame for L^2(IR) and having a compactly supported (strictly band-limited) dual γ.

Corollary 2.10: Every G^{(a)∗} ( t,^1_{z∗} ) corresponding to a compactly supported Gabor frame generating g having a compactly supported dual γ can be written as

G^{(a)∗} ( t, 1 z^∗ ) = A^{(a)}(t, z)D^{(a)}(t)B^{(a)}(t, z),

with the matrix polynomials A^{(a)}(t, z) and B^{(a)}(t, z) being unimodular in z for all t ∈ IR, i.e., det [A^{(a)}(t, z)] = c_A(t), and det [B^{(a)}(t, z)] = c_B(t), where c_A(t) and c_B(t) are zero-free functions, and

D^{(a)}(t) = d^{(a)}_0 (t) 0 ... 0

0 d^{(a)}_1 (t) ... 0 . . . . . . . . 0 0 ... d^{(a)}_{p−1}(t) 0 0 ... 0 . . . . . . . . 0 0 ... 0 with d^{(a)}_i (t) ≠ 0 for t ∈ IR.

Since every unimodular matrix can be expressed as a product of a finite number of elementary matrices^5 [11, 24], Corollary 2.10 states that G^{(a)∗} ( t,^1_{z∗} ) can be expressed as the product of a finite number of matrices of a special form.

Corollary 2.11: Every G^{( 1}b^{)′∗} ( 1 z^∗ , ν ) corresponding to a strictly band-limited Gabor frame generating g having a strictly band-limited dual γ can be written as

G^{( 1b )′∗} ( 1 z^∗ , ν ) = A^{( 1b )}(z, ν)D^{( 1b )}(ν)B^{( 1b )}(z, ν),

with the matrix polynomials A^{( 1}b^)(z, ν) and B^{( 1}b^)(z, ν) being unimodular in z for all ν ∈ IR, i.e., det [A^{( 1}b^)(z, ν)] = d_A(ν) and det [B^{( 1}b^)(z, ν)] = d_B(ν), where d_A(ν) and d_B(ν) are zero-free

5Premultiplying a polynomial matrix with an elementary matrix provides elementary row and column operations, such as interchanging two rows (columns), multiplying a row (column) with a nonzero constant, or adding a polynomial multiple of a row (column) to another row (coulmn).

functions, and

D^{( 1b )}(ν) = d^{( 1b )}_0 (ν) 0 ... 0 0 d^{( 1b )}_1 (ν) ... 0 . . . . . . . . 0 0 ... d^{( 1b )}_{p−1}(ν) 0 0 ... 0 . . . . . . . . 0 0 ... 0 with d^{( 1b )}_i (ν) ≠ 0 for ν ∈ IR.

These parameterizations provide a systematic way of constructing compactly supported (strictly bandlimited) Gabor frame generating window functions having a compactly supported (strictly band-limited) dual γ.

3 Gabor frames with faster-than-exponential decay

In this section we consider classes of functions f that decay faster than exponentially in time and/or frequency and we ask the question what it means for a Gabor frame to have a window g with minimal dual γ^0 having this sort of decay in terms of the Zibulski-Zeevi matrices. To that end we introduce spaces related to the Gel’fand-Shilov spaces W, see [10], Ch. 1. We let M : [0, ∞) → [0, ∞) be twice differentiable, and with m = M^′, we require m(0) = M(0) = 0, m^′(x) > 0, lim_{x → ∞} m(x) = ∞. (35) Hence M is a convex function on [0, ∞) that increases to ∞ faster than linearly. We also let

M^×(x) = ∫ x 0 m^←(t) dt, x ≥ 0, where m^← is the inverse function of m. The function M^× is called the Young dual of M and shares the properties (35) with M. We have (M^×)^× = M, and there is Young’s inequality xy ≤ M(x) + M^×(y), x, y ≥ 0, (36) with equality if and only if y = m(x).

Definition 3.1: With M as above, we let V_{M,μ} for μ > 0 be the set of all f ∈ L^2(IR) such that for any μ_1 < μ there is a C > 0 such that |f(t)| ≤ Ce^{−2πM(μ1|t|)}, t ∈ IR.

The spaces V_{M,μ} are related to the spaces W_{M,a} in [10], Sec. 1.1, but they differ from these spaces since

there is no requirement on the behavior of the derivatives of the members of V_{M,μ}.

We start by presenting a characterization of the spaces V_{M,μ} in terms of the Zak transforms of their

elements. Here we use the standard Zak transform Z = Z_1, (λ = 1 in (5)). Since Z_λf = Z_1f_λ, with

f_λ(t) = λ^{1/2}f(λt), this is no real limitation of generality.

Proposition 3.2: Let f ∈ L^2(IR). Then we have that f ∈ V_{M,μ} if and only if (Zf)(t, ν) can be

extended for any t ∈ IR to an entire function of ν while for any θ > 1/μ there is a C independent

of t such that |(Zf)(t, ν_1 + iν_2)| ≤ Ce^{−2πtν2+2πM ×(θ|ν2|)}, t, ν_1, ν_2 ∈ IR. (37) Proof: Assume that f ∈ V_{M,μ}, take μ_1 < μ, and let K > 0 be such that |f(t)| ≤ Ke^{−2πM(μ1|t|)}, t ∈ IR. We estimate for t, ν_1, ν_2 ∈ IR | | | | ∑ k f(t + k) e^{−2πik(ν1+iν2)} | | | | ≤ K ∑ k e^{−2πM(μ1|t+k|)+2πkν2} = Ke^{−2πtν2} ∑ k e^{−2πM(μ1|t+k|)+2π(t+k)ν2} . Take ϵ with 0 < ϵ < μ_1. By (36) we have |t + k||ν_2| = (μ_1 − ϵ)|t + k| |ν_2| μ_1 − ϵ ≤ M((μ_1 − ϵ)|t + k|) + M^× ( |ν_2| μ_1 − ϵ ) . It follows that | | | | ∑ k f(t + k)e^{−2πik(ν1+iν2)} | | | | ≤ Ke −2πtν2+2πM^× (_{|ν2|} μ1−ϵ ) ∑ k e^{−2πM(μ1|t+k|)+2πM((μ1−ϵ)|t+k|)}. By convexity of M we have M(μ_1|t + k|) − M((μ_1 − ϵ)|t + k|) ≥ M(ϵ|t + k|). Therefore, since M increases faster than linearly to ∞, we find | | | | ∑ k f(t + k)e^{−2πik(ν1+iν2)} | | | | ≤ Ce −2πtν2+2πM^× (_{|ν2|} μ1−ϵ ) , where

C = K sup_{t ∈ [0,1)} ∑ k e^{−2πM(ϵ|t+k|)} < ∞. Hence, when we extend (Zf)(t, ν) to an entire function of ν according to (Zf)(t, ν) = ∑ k f(t + k) e^{−2πikν} , ν ∈ CI , we get a bound (37) for any θ > 1/μ with a C independent of t. This is so since in the above we can allow any μ_1 < μ and any ϵ > 0.

Conversely, assume that we have an f ∈ L^2(IR) such that for any t ∈ IR its Zak transform (Zf)(t, ν) can be extended to an entire function of ν ∈ CI while for any θ > 1/μ there is a C > 0 independent of t such that (37) holds. The inversion relation (6) can be written by analyticity and 1−periodicity of (Zf)(t, ν) in ν as f(t) = ∫ 1 0 (Zf)(t, ν_1 + iν_2) dν_1, where we can take any ν_2 ∈ IR. Using (37) we thus get for any ν_2 ∈ IR |f(t)| ≤ Ce^{−2πtν2+2πM ×(θ|ν2|)}. By Young’s inequality, see (36), we have that

−tν_2 + M^×(θ|ν_2|) = − t θ θν_2 + M^×(θ|ν_2|) = −M ( 1 θ |t| )

when ν_2 = θ^{−1}m(θ^{−1}|t|) sgn(t). Hence we get |f(t)| ≤ Ce^{−2πM( 1θ |t|)} with C independent of t, and since we can allow here any θ > 1/μ, the converse is proved also. 2

Proposition 3.3: Let f ∈ L^2(IR). Then we have that f̂ ∈ V_{M,μ} if and only if (Zf)(t, ν) can be extended for any ν ∈ IR to an entire function of t while for any θ > 1/μ there is a C independent of ν such that |(Zf)(t_1 + it_2, ν)| ≤ Ce^{2πM ×(θ|t2|)}, t_1, t_2, ν ∈ IR. (38) Proof: This is a consequence of formula (7) and Proposition 3.2; indeed, there are no factors e^{±2πνt2} at the right-hand side of (38) since these drop out. 2

We also need a result from complex function theory that we prove here since we were unable to find an appropriate reference for it in the literature.

Lemma 3.4: Assume that P (z) is a β-periodic, zero-free, entire function. Also assume that for some c > 0, A > 0 |P (z)| ≤ Ae^{ceα|z|} , z ∈ CI , (39) where α ∈ (0, πβ). Then, there is a k ∈ ZZ such that P (z) = P (0)e^{2πikz/β} , z ∈ CI .

Proof: Clearly we can restrict to the case β = 1. There is an entire function Q(z) such that P (z) = e^{Q(z)}. By 1-periodicity of P (z), for every z ∈ CI there is an integer k such that Q(z +1) = Q(z)+2πik; by continuity of Q this integer k is independent of z. Now consider R(z) = Q(z) − 2πikz − Q(0), z ∈ CI . Then R is 1-periodic , and

Re(R(z)) = log |P (z)| + 2πikIm(z) − Re(Q(0)), z ∈ CI .

We thus see that for some d > 0 and α as in (39) Re(R(z)) ≤ d e^{α|z|}, z ∈ CI . By Caratheodory’s theorem, see [3], Sec. 1.3, we get that |R(z)| ≤ De^{α|z|}, z ∈ CI , for some D > 0 and α as in (39). Then by Carlson’s theorem, see [3], Sec. 9.2, we have R(z) = R(0) = 0, as required. 2

In the following theorem we consider certain dual windows g, γ^0 that decay just a little bit faster than exponentially; in particular, the theorem applies to g, γ^0 that decay like e^{−α|t|1/α} for some^1_2 ≤ α < 1.

Theorem 3.5: Assume that g ∈ L^2(IR) generates a Gabor frame for the parameters a, b with ab = p/q and p, q ∈ ZZ, (p, q) = 1. Also assume that g, γ^0 ∈ V_{M,c}, where

M(x) = (1 + x) log(1 + x) − x, x ≥ 0, (40)

and c > (πqa)^{−1}. Then det[S^{(a)}(t, ν)] does not depend on ν.

Proof: The function M in (40) satisfies the requirements given in the beginning of this section, see [10], Example 2 in Sec. 1.1 and Sec. 3.1, and we have

M^×(x) = e^x − 1 − x, x ≥ 0. (41)

The minimal duality relation between g and γ^0 is expressed by the formula, see (15),

[S^{(a)}(t, ν)]^{−1}S^{(a)}(t, ν) = I_p, t, ν ∈ IR, (42)

where [S^{(a)}(t, ν)]^{±1}_{k,l} = 1 p q−1∑ i=0 (Z_af) ( t − k q p , ν − i q ) (Z_af)^∗ ( t − l q p , ν − i q ) (43) for f = g, γ^0 corresponding to the +1 and the −1 at the left of (43), respectively. Since the f in (43) is in V_{M,c}, we can extend for given t the right-hand side of (43) to an entire function of ν ∈ CI . We thus let

[S^{(a)}(t, ν)]^{±1}_{k,l} = 1 p q−1∑ i=0 (Z_af) ( t − k q p , ν − i q ) (Z_af)^∗ ( t − l q p , ν^∗ − i q )

for t ∈ IR, ν ∈ CI . When doing so, the relation (42) remains valid for t ∈ IR, ν ∈ CI . In particular, we have for fixed t that F_t(ν) = det[S^{(a)}(t, ν)], ν ∈ CI , is zero-free.

By Proposition 3.2 (adapted to the Z_a-case), we can find for every θ >^1_{ac} a C > 0 such that for t, ν_1, ν_2 ∈ IR | | | | [ S^{(a)}(t, ν_1 + iν_2) ] k,l | | | | ≤ C 2 q p e^{4πM ×(θ|ν2|)+2π(k−l) qp ν2} . From the representation F_t(ν) = ∑ π∈Πp (−1)^{σ(π)} p−1∏ k=0 [S^{(a)}(t, ν)]_{k,π(k)}, where Π_p denotes the set of all permutations of {0, 1, ..., p − 1}, we see

|F_t(ν_1 + iν_2)| ≤ p! ( C^2 q p )p e^{4πpM ×(θ|ν2|)}, ν_1, ν_2 ∈ IR. (44) Furthermore, F_t(ν) is^1_q -periodic in ν ∈ CI since all entries of S^{(a)}(t, ν) are^1_q -periodic in ν. Since c > (πqa)^{−1} and since we can allow any θ >^1_{ac} in (44), it follows that there is an A > 0 and an α < πq such that |F_t(ν_1 + iν_2)| ≤ Ae^{4πpM ×(α|ν2|)}, ν_2 ∈ CI . By Lemma 3.4 and (41) it follows that for some k ∈ ZZ F_t(ν) = F_t(0)e^{2πikqν} , ν ∈ CI . Since F_t(ν) > 0 for ν ∈ IR, it follows that k = 0, i.e., F_t(ν) does not depend on ν, as required. 2

Note 3.6: It does not pay to repeat the above arguments with the matrices [S^{( 1}b^)(t, ν)]^{±1}, see (17). By [19], (1.5.17) we have that det[S^{( 1}b^)(t, ν)] is^1_p -periodic in ν. Arguing as in the proof of Theorem 3.5 we then find the condition c >^b_{πp} for constantness of this determinant. Since ab = p/q, this condition on c is the same as the one in Theorem 3.5.

Note 3.7: It is evident that a result like Theorem 3.5 also holds when we have decay of g, γ^0 in the frequency-domain. Thus one finds that det[S^{(a)}(t, ν)], det[S^{( 1}b^)(t, ν)] do not depend on t when ĝ, ^γ^0 ∈ V_{M,c} with M and c as in Theorem 3.5.

Note 3.8: When g generates a Gabor frame with g, γ^0, ĝ, ^γ^0 ∈ V_{M,c}, where M and c are as in Theorem 3.5, we find that det[S^{(a)}(t, ν)], det[S^{( 1}b^)(t, ν)] are constant, i.e., do not depend on t, ν. When, moreover (ab)^{−1} = q is integer (p = 1), we thus have that the Gabor frame is tight.

Theorem 3.9: Assume that g ∈ L^2(IR) generates a Gabor frame for the parameters a, b with (ab)^{−1} = q and q ∈ ZZ. Also assume that g, γ^0 ∈ V_{M,c} with M and c as in Theorem 3.5. Then, the Gabor frame operator S is a multiplication operator in the time-domain, i.e., Sf(t) = aqf(t) ∞∑ r=−∞ |g(t − ra)|^2 and hence g and γ^0 are related by

γ^0(t) = g(t) aq ∑∞ r=−∞ |g(t − ra)| 2 .

Proof: Using Theorem 3.5 it follows that det [S^{(a)}(t, ν)] does not depend on ν. From (32) we conclude that this is the case if and only if the function S^{(a)}(t, ν) = aq ∑∞ u=−∞ e −2πiνuq ∑∞ s=−∞ g(at − sa)g ∗(at − sa − uqa) does not depend on ν, which is equivalent to requiring that ∑∞ s=−∞ g(at − sa)g ∗(at − sa − uqa) = ∑∞ s=−∞ |g(at−sa)| 2 δ_u. Consequently, we have that ∑∞ s=−∞ g(t−sa)g ∗(t−sa−uqa) = ∑∞ s=−∞ |g(t−sa)| 2 δ_u.

Inserting this into (8), which in the case of integer oversampling reads Sf(t) = aq ∞∑ l=−∞ f(t − lqa) ∞∑ k=−∞ g(t − ka) g^∗(t − ka − lqa),

it follows that Sf(t) = aq f(t) ∑∞ k=−∞ |g(t − ka)| 2, which concludes the proof. 2 It is evident that a similar result holds when ĝ, ^γ^0 ∈ V_{M,c}.

Example 3.10: Consider the case that

g(t) = 2^{1/4}e^{−πt2} , t ∈ IR. (45)

It is well known that g generates a Gabor frame when ab < 1. In [18], Sec. 6 the minimal dual γ^0 is computed for the case that (ab)^{−1} = q is an even integer. It turns out that γ^0(t) decays not faster than e^{− π|t|}2b and that γ^0(t) does not extend to an entire function (which would have been the case when ^γ^0 were in a space V_{M,μ}).

There do exist (non-minimal) dual functions γ for the g in (45) that have Gaussian decay in time and frequency. The condition of duality reads, see [16], Proposition A (γ k_{b ,} l_a , g) = ab δ_kδ_l, k, l ∈ ZZ. (46)

Take for convenience a = b < 1. The condition (46) means that the Bargmann transform (Bγ)(z) should vanish for all z = (k + il)/a with k, l ∈ ZZ, (k, l) ≠ (0, 0), see [14], Sec. 2. In [14], Subsec. 4.4, there is analyzed a γ_1 ∈ L^∞(IR) (Bastiaans’ singular function, [1]) such that (Bγ_1)(z) = 0, z = k + il, k, l ∈ ZZ, (k, l) ≠ (0, 0). Setting a = e^{−α} with α > 0, we see that (Bγ_1)(e^{−α}z) vanishes for all z = (k + il)/a with k, l ∈ ZZ, (k, l) ≠ (0, 0). Now in the notations of [14], Sec. 2, we have

(Bγ_1)(e^{−α}z) = e^{α2} (BN_αγ_1)(z).

The function N_αγ_1 has Gaussian decay in both time and frequency, and (46) is satisfied for γ = cN_αγ_1 with c an appropriate constant.

4 Construction of tight Gabor frames satisfying decay properties

In this section we shall study tight Gabor frames canonically associated to Gabor frames satisfying certain decay conditions. We shall first show that Gabor frame generating window functions having exponential decay in time and/or frequency can be modified into tight Gabor window functions having the same decay properties.

Theorem 4.1: Let g generate a Gabor frame for L^2(IR) and let a, b > 0 and ab < 1. Assume that g has exponential decay, i.e., |g(t)| ≤ α e^{−β|t|} with some constants α and β. Then, the tight frame generating function h = S^{−1/2}g has exponential decay in time, i.e., |h(t)| ≤ α^′ e^{−β′|t|} with some constants α^′ and β^′.

Proof: The proof is based on the functional calculus presented in Sec. 1. The operator S^{−1/2} has the matrix representation

S^{−1/2}(t) = ( 2 B + A )1/2 ∞∑ n=0 (2n)!

2^{2n}(n!)^2 ( I − 2 B + A S(t) )n . (47)

As in the proof of Proposition 2 in [13] we see that the matrices in (47) have uniform exponential decay in |k − l| → ∞ (uniform with respect to t) whenever S(t) has. Now, using (28) it follows that

h(t) = S^{−1/2}g(t) = ( 2 B + A )1/2 ∞∑ k=−∞ [ ∞ ∑ n=0 (2n)!

2^{2n}(n!)^2 ( I − 2 B + A S(t) )n] 0,k g ( t − k b ) , which implies exponential decay of h. 2

For Gabor frames on l^2(ZZ) the result in Theorem 4.1 has previously been stated in [23]. Using (29) and the same arguments as in the proof of Theorem 4.1, it can be shown that exponential decay of ĝ implies exponential decay of ĥ. We can therefore conclude that exponential decay of g in both domains implies exponential decay of S^{−1/2}g in both domains.

Example 4.2: Consider a = 1, b = 1/M with integer M ≥ 2 and let g(t) be the Gaussian 2^{1/4}e^{−πt2} . With Z = Z_1 as usual, we define h by (Zh)(t, ν) = (Zg)(t, ν) ( ∑M−1 m=0 |(Zg)(t, ν +^m_M )|^2)^{1/2} , t, ν ∈ IR. (48) Then h generates a tight Gabor frame, and we ask the question whether h can be an element of a space V_{M,μ}, see Sec. 3. Note, by Fourier invariance of g, we have ĥ = h as well. Hence, h and ĥ are or are not in V_{M,μ} at the same time.

Suppose that h ∈ V_{M,μ}. We take squares in (48) and extend the resulting relation as in the proof of Theorem 3.5 to all t, ν ∈ CI to get (Zh)^2(t, ν) M−1∑ m=0 (Zg) ( t, ν + m M ) (Zg)^∗ ( t^∗, ν^∗ + m M ) = (Zg)^2(t, ν). (49)

Define K(t, ν) = M−1∑ m=0 (Zg) ( t, ν + m M ) (Zg)^∗ ( t^∗, ν^∗ + m M ) , t, ν ∈ CI . Suppose that K(t_0, ν_0) = 0 for some t_0, ν_0 ∈ CI . Then by^1_M -periodicity of K(t_0, ν) in ν we get by (49) that (Zg) ( t_0, ν_0 + m M ) = 0, m ∈ ZZ. (50)

The zero-set of Zg is precisely known. There holds (Zg)(t, ν) = 2^{1/4}e^{−πt2} θ_3(π(ν − it)), t, ν ∈ CI , see [15], Subsec. 3.3, with θ_3 the third order theta function, see [26], Ch. 21. Since θ_3(πz) = 0 if and only if z is of the form n +^1_2 + i(m +^1_2 ) with n, m ∈ ZZ, it is easily seen that (50) cannot hold. Hence K(t_0, ν_0) ≠ 0 for t_0, ν_0 ∈ CI . Observing that K is an entire function of its both variables, 1-periodic in its first and 1 M -periodic in its second, and that for some A > 0, B > 0 we have |K(t, ν)| ≤ Ae^{πB(|t|2+|ν|2)}, t, ν ∈ CI we easily conclude that K(t, ν) is constant, see Lemma 3.4. However, this implies that g generates a tight Gabor frame which is definitely not the case. Therefore, h does not belong to any of the spaces V_{M,μ}.

References

[1] M. J. Bastiaans. Gabor’s expansion of a signal in Gaussian elementary signals. Proc. IEEE, 68(1):538–539, April 1980.

[2] J. J. Benedetto and D. F. Walnut. Gabor frames for L^2 and related spaces. In J. J. Benedetto and M. W. Frazier, editors, Wavelets: Mathematics and Applications, pages 97–162. CRC Press, Boca Raton (FL), 1994.

[3] R. P. Boas. Entire Functions. Academic Press, New York, 1954.

[4] H. Bölcskei. A necessary and sufficient condition for dual Weyl-Heisenberg frames to be compactly supported.

J. Fourier Anal. Appl., 5(5):409–419, 1999.

[5] H. Bölcskei and F. Hlawatsch. Discrete Zak transforms, polyphase transforms, and applications. IEEE Trans.

Signal Processing, 45(4):851–866, April 1997.

[6] P. G. Casazza, O. Christensen, and A. J. E. M. Janssen. Weyl-Heisenberg frames, translation invariant systems and the Walnut representation. 1999. submitted to J. Funct. Anal.

[7] C. T. Chen. Linear System Theory and Design. Oxford University Press, Oxford, 1984. [8] I. Daubechies. Ten Lectures on Wavelets. SIAM, 1992.

[9] H. G. Feichtinger and T. Strohmer, editors. Gabor Analysis and Algorithms: Theory and Applications. Birkhäuser, Boston (MA), 1998.

[10] I. M. Gel’fand and G. E. Shilov. Generalized Functions, Vol. 3. Academic Press, New York, 1967. [11] I. Gohberg, P. Lancaster, and L. Rodman. Matrix Polynomials. Academic Press, 1982. [12] C. E. Heil and D. F. Walnut. Continuous and discrete wavelet transforms. SIAM Rev., 31(4):628–666, Dec. 1989. [13] S. Jaffard. Propriétés des matrices bien localisées près de leur diagonale et quelques applications. Ann. Inst.

Henri Poincaré, 7(5):461–476, 1990.

[14] A. J. E. M. Janssen. Bargmann transform, Zak transform, and coherent states. J. Math. Phys., 23(5):720–731, 1982.

[15] A. J. E. M. Janssen. The Zak transform: A signal transform for sampled time-continuous signals. Philips J.

Research, 43(1):23–69, 1988.

[16] A. J. E. M. Janssen. Signal analytic proofs of two basic results on lattice expansions. Applied and Computational Harmonic Analysis, 1:350–354, 1994.

[17] A. J. E. M. Janssen. On rationally oversampled Weyl-Heisenberg frames. Signal Processing, 47:239–245, 1995. [18] A. J. E. M. Janssen. Some Weyl-Heisenberg frame bound calculations. Indag. Mathem., 7(2):165–183, 1996. [19] A. J. E. M. Janssen. The duality condition for Weyl-Heisenberg frames. In H. G. Feichtinger and T. Strohmer, editors, Gabor Analysis and Algorithms: Theory and Applications, pages 33–84. Birkhäuser, Boston (MA), 1998.

[20] T. Kailath. Linear Systems. Prentice Hall, Englewood Cliffs (NJ), 1980.

[21] H. J. Landau. On the density of phase-space expansions. IEEE Trans. Inf. Theory, 39:1152–1156, 1993. [22] V. Del Prete. Rational oversampling for Gabor frames. J. Fourier Anal. Appl. submitted. [23] T. Strohmer. Rates of convergence for the approximation of dual shift-invariant systems of l^2(Z). J. Fourier Anal. Appl., 1998. submitted.

[24] P. P. Vaidyanathan. Multirate Systems and Filter Banks. Prentice Hall, Englewood Cliffs (NJ), 1993. [25] D. F. Walnut. Continuity properties of the Gabor frame operator. J. Math. Anal. Appl., 165:479–504, 1992. [26] E. T. Whittaker and G. N. Watson. Modern Analysis, 4th edition. Cambridge University Press, Cambridge, 1952. [27] M. Zibulski and Y. Y. Zeevi. Oversampling in the Gabor scheme. IEEE Trans. Signal Processing, 41(8):2679–2687, Aug. 1993.

[28] M. Zibulski and Y. Y. Zeevi. Analysis of multiwindow Gabor-type schemes by frame methods. Applied and Computational Harmonic Analysis, 4(2):188–221, April 1997.