Equivalence of two methods for constructing tight Gabor frames^∗

Augustus J. E. M. Janssen^1 and Helmut Bölcskei^2

1Philips Research Laboratories Eindhoven Prof. Holstlaan 4, 5656 AA Eindhoven, The Netherlands, WY-81 Phone: +31-40-27 42402, Fax: +31-40-27 44675/44660, email: a.j.e.m.janssen@philips.com

2Information Systems Laboratory and Dept. of Statistics, Stanford University Packard 223, 350 Serra Mall, Stanford, CA 94305-9510 Phone: (650)-724-3640, Fax: (650)-723-8473, email: bolcskei@rascals.stanford.edu (currently on leave from the Dept. of Communications, Vienna University of Technology)

Abstract–Recently, in the context of Orthogonal Frequency Division Multiplexing (OFDM) a new method (FAB-method) [11] for constructing tight Gabor frames (with redundancy 2) from a (non-tight) gaussian g was proposed. In this letter, we prove that the FAB-method yields the tight window function canonically associated to the gaussian. We furthermore provide a necessary and sufficient condition on the initial window function g in the Zak transform domain for the FAB-method to yield a tight Gabor frame. This yields a characterization of all initial window functions g for which the FAB-method works.

∗Submitted to IEEE Signal Processing Letters, Sep. 1999. This work was supported in part by FWF grant J1629.

SPL EDICS: SPL.SP.2.3 Time-Frequency Signal Analysis

1

1 Introduction

Recently, in the context of Orthogonal Frequency Division Multiplexing (OFDM) LeFloch, Alard, and Berrou [11] proposed a new method for constructing tight Gabor frames for oversampling factor 2. In the following, this method will be referred to as FAB-method. The essence of the FAB-method is to start from a (non-tight) gaussian g and to “tighten” it using a two-step orthogonalization procedure.

In this letter, we show that the FAB-method is equivalent to applying the positive definite inverse square root of the Gabor frame operator to the initial window function. As a consequence the FAB-method yields the tight Gabor frame canonically associated to g. We provide a necessary and sufficient condition on the initial window function g in the Zak transform domain for the FAB-method to yield a tight Gabor frame. This condition characterizes all functions for which the FAB-method works (i.e. yields a tight Gabor frame).

The letter is organized as follows. In Section 2, we provide a brief review of Gabor theory and Zak transforms, and we describe the FAB-method. In Section 3, we consider the FAB-method in the Zak transform domain, and in Section 4 we show that the FAB-method yields the canonical tight frame for gaussian g.

2 Gabor frames, Zak transforms, and the FAB-Method

Gabor frames. Let a > 0, b > 0, and denote for x, y ∈ IR and f ∈ L^2(IR) f_{x,y}(t) = e^{2πiyt}f(t − x), t ∈ IR. (1) We say that g generates a Gabor frame for L^2(IR) for the shift parameters a, b when there exist constants A > 0 and B < ∞ such that A‖f‖^2 ≤ ∑ n,m |(f, g_{na,mb})|^2 ≤ B‖f‖^2, f ∈ L^2(IR). (2) The constants A and B are called a lower and upper frame bound for g, respectively. When (2) holds for A = B, we say that g generates a tight frame. It is well known that for g to generate a Gabor frame for L^2(IR) it is necessary that ab ≤ 1 [3], Sec. 4.1, [10, 7]. The cases ab = 1 and ab < 1 are referred to as critical sampling and oversampling, respectively. The frame condition (2) can be equivalently written as AI ≤ S ≤ BI, (3) where I is the identity operator of L^2(IR), and S is the frame operator defined by Sf = ∑ n,m (f, g_{na,mb})g_{na,mb}, f ∈ L^2(IR). (4)

When g generates a frame and f ∈ L^2(IR), f can be represented as f = ∑ n,m (f, γ^0_{na,mb})g_{na,mb}, (5) where γ^0 = S^{−1}g is the minimal (or Wexler-Raz) dual of g. The importance of tight Gabor frames is derived from the fact that γ^0 =^1_A g [3].

To every g ∈ L^2(IR) generating a Gabor frame for L^2(IR) we can associate a tight frame generated by [3] h = S^{−1/2}g = ( 2 B + A )_{1/2 ∞}∑ n=0 (2n)!

2^{2n}(n!)^2 ( I − 2 B + A S )_n g, (6) where S^{−1/2} denotes the positive definite operator square root of the inverse Gabor frame operator. We say that h is canonically associated to g. For further generalities about Gabor frames the interested reader is referred to [4, 3, 5, 1].

The Zak transform. In the cases of rational oversampling, i.e., ab = p/q, p ∈ ZZ, q ∈ ZZ, p < q, (p, q) = 1, and critical sampling, the Gabor frame operator can conveniently be expressed using the Zak transform (ZT) [6, 2, 14, 15]. For λ > 0 the ZT of a signal f ∈ L^2(IR) is defined as (Z_λf)(t, ν) = λ^{1/2} ∞∑ k=−∞ f (λ(t + k)) e^{−2πikν} . (7) In this letter, we will be only concerned with the case a = 1/2, b = 1, and λ = 1/b = 1. The Zibulski-Zeevi representation [14, 15, 9] of S reads (ZSf)(t, ν) = ( |(Zg)(t, ν)|^2 + |(Zg)(t + 1/2, ν)|^2 ) (Zf)(t, ν), (8) where (Zf) is the ZT of f with λ = 1. A g generates a tight frame if and only if

|(Zg)(t, ν)|^2 + |(Zg)(t + 1/2, ν)|^2 = c (9)

for some constant c. Also, the canonical tight frame generating h associated to g is given in the ZT domain by (Zh)(t, ν) = (Zg)(t, ν) (|(Zg)(t, ν)|^2 + |(Zg)(t + 1/2, ν)|^2)^{1/2}

. (10) We shall need the following properties of the ZT. When f ∈ L^2(IR), H is 1-periodic and Ψ is any function defined on [0, 1], we have under mild smoothness and decay properties of f, H and Ψ that f(t) = ∫_1 0 (Zf)(t, ν) dν, t ∈ IR, (11) (ZFf)(ν, −t) = e^{−2πitν} (Zf)(t, ν), t, ν ∈ IR, (12) (Zf)(t − n, ν) = e^{−2πinν} (Zf)(t, ν), t, ν ∈ IR, n ∈ ZZ, (13) (Zf)(t, ν − m) = (Zf)(t, ν), t, ν ∈ IR, m ∈ ZZ, (14)

|(Zf)(t, ν)|^2 = ∑ n,m (f, f_{n,m})e^{2πimt−2πinν} , t, ν ∈ IR, (15) Z(Hf)(t, ν) = H(t)(Zf)(t, ν), t, ν ∈ IR, (16) Z [∫_1 0 Ψ(μ)(Zf)(·, μ) dμ ] (t, ν) = Ψ(ν)(Zf)(t, ν), t, ν ∈ IR, (17) ∫_1 0 |(Zf)(t, ν)|^2 dt = ∑ k |(Ff)(ν − k)|^2 , ν ∈ IR. (18)

In (12) we have written Ff for the Fourier transform of f. The properties (11)-(16) are well known in ZT theory. Property (17) follows from (11) and the fact that Z is an isometry of L^2(IR) onto L^2([0, 1]^2). Indeed, either side of (17) is a ZT of an L^2-function. These functions are the same as can be seen from integrating either side of (17) over ν ∈ [0, 1] and using (11). Hence their ZTs are the same and this is (17). Finally, property (18) follows from (12) and Parseval’s theorem for Fourier series.

The FAB-method. In the FAB-method for computing a tight Gabor frame for oversampling factor 2 one starts with g_α(t) = (2α)^{1/4}e^{−παt2} and computes

h^{(F AB)}(t) = O_{1/2}F^{−1}O_1Fg_α, (19)

where (O_λf)(t) = f(t) (λ ∑_∞ k=−∞ |f(t − kλ)| 2)^{1/2}

(20) and F denotes the Fourier transform operator as above. This approach for computing tight Gabor frames with redundancy 2 recently occurred in certain work on OFDM [11, 12, 13]. That the FAB-method works is a non-trivial fact for which we could not find a proof in the literature.

3 The FAB-method in the Zak transform domain

In this section, we consider the FAB-method in the ZT domain. More specifically, we shall show that the FAB-method, starting from a general well-behaved g, indeed yields a tight frame if and only if we have a factorization |(Zg)(t, ν)|^2 + |(Zg)(t + 1/2, ν)|^2 = Ψ(ν)K(t), (21) where Ψ is 1-periodic in ν and K is^1_2 -periodic in t, and in that case we have that h^{(F AB)} in (19) equals the canonical tight frame generating h of (6). The following lemma is basic.

Lemma. For general well-behaved g, we have

Z(O_{1/2}F^{−1}O_1Fg)(t, ν) = (Zg)(t, ν)Φ^{−1/2}(ν) (_1 2 ∫_1 0 (|(Zg)(t, μ)|^2 + |(Zg)(t + 1/2, μ)|^2) Φ^{−1}(μ) dμ

)_{1/2} , (22)

where Φ(ν) = ∑_∞ k=−∞ |(Fg)(ν − k)| 2 is assumed to be strictly positive.

Proof: We compute, using (12),

(F^{−1}O_1Fg)(t) = ∫_∞ −∞ e^{2πiνt}(O_1Fg)(ν) dν = ∫_∞ −∞ e^{2πiνt} (Fg)(ν) ( ∑_∞ k=−∞ |(Fg)(ν − k)| 2)^{1/2} dν = ∫_1 0 Φ^{−1/2}(ν) ∞∑ k=−∞ (Fg)(ν + k)e^{2πi(ν+k)t} dν = ∫_1 0 Φ^{−1/2}(ν)e^{2πiνt}(ZFg)(ν, −t) dν = ∫_1 0 Φ^{−1/2}(ν)(Zg)(t, ν) dν. (23) Then from (13) and Parseval’s theorem ∞∑ k=−∞ | | |(F^{−1}O_1Fg)(t − k/2) | | |^2

= ∞∑ n=−∞ | | | | ∫_1 0 Φ^{−1/2}(ν)(Zg)(t − n, ν) dν | | | | 2 + ∞∑ n=−∞ | | | | ∫_1 0 Φ^{−1/2}(ν)(Zg)(t + 1/2 − n, ν) dν | | | | 2

= ∫_1 0 Φ^{−1}(ν)(|(Zg)(t, ν)|^2 + |(Zg)(t + 1/2, ν)|^2) dν =: H(t). (24)

By^1_2 - (and thus 1-) periodicity of H and (16) we then get

Z(O_{1/2}F^{−1}O_1Fg)(t, ν) = Z [ (F^{−1}O_1Fg)

(^1_2 H)^{1/2} ] (t, ν) = ( 1 2 H(t) )_{−1/2} Z(F^{−1}O_1Fg)(t, ν). (25)

Finally, an application of (17) using (23) yields the desired result. □

We now show the results stated in the beginning of this section. Assume that we have a g such that

h^{(F AB)} generates a tight frame for a = 1/2, b = 1. Then we have that

|(Zh^{(F AB)})(t, ν)|^2 + |(Zh^{(F AB)})(t + 1/2, ν)|^2 = c (26)

for some constant c. From the Lemma we thus see that |(Zg)(t, ν)|^2 + |(Zg)(t + 1/2, ν)|^2 = c 2 Φ(ν)

∫_1 0 (|(Zg)(t, μ)|^2 + |(Zg)(t + 1/2, μ)|^2)Φ^{−1}(μ) dμ (27)

showing that the left-hand side of (27) has a factorization as in (21).

Conversely, assume that (21) holds with a 1-periodic Ψ and a^1_2 -periodic K. Then we have from (18)

that

Ψ(ν)

∫_{1/2} 0 K(t) dt = ∫_1 0 |(Zg)(t, ν)|^2 dt = ∞∑ k=−∞ |(Fg)(ν − k)|^2 = Φ(ν), (28)

with Φ as in the Lemma. We thus get from the Lemma that

|(Zh^{(F AB)})(t, ν)|^2 + |(Zh^{(F AB)})(t + 1/2, ν)|^2 =

Ψ(ν)K(t)Φ^{−1}(ν) 1 2 ∫_1 0 Ψ(μ)K(t)Φ^{−1}(μ) dμ

= 2. (29)

Hence, h^{(F AB)} generates a tight frame for a = 1/2, b = 1.

Finally, when h^{(F AB)} generates a tight frame, we see from (27) and the Lemma that (Zh^{(F AB)})(t, ν) = (Zg)(t, ν)Φ^{−1/2}(ν) (^1_c Φ^{−1}(ν)(|(Zg)(t, ν)|^2 + |(Zg)(t + 1/2, ν)|^2))^{1/2} = c^{1/2} (Zg)(t, ν) (|(Zg)(t, ν)|^2 + |(Zg)(t + 1/2, ν)|^2)^{1/2}

. (30)

This shows that h^{(F AB)} coincides, within a constant (see (10)), with the canonical tight frame generating h.

We finally note that the formulation of the FAB-method, as well as the results of this section, admit straightforward generalization to the case that the oversampling factor a^{−1} is an integer ≥ 2.

4 Application to gaussian g

In this section, we show that the FAB-method applied to a gaussian g_α(t) = (2α)^{1/4}e^{−παt2} indeed yields a tight frame generating h^{(F AB)} which coincides (up to a factor) with the canonical tight frame generating h. It is for all this enough to show that (21) holds with Ψ and K periodic functions of period 1 and 1/2, respectively. It follows from (15) for general g that

|(Zg)(t, ν)|^2 + |(Zg)(t + 1/2, ν)|^2 = 2 ∞∑ k,l=−∞ (g, g_{k,2l})e^{4πilt−2πikν} . (31) For g = g_α and x, y ∈ IR we have (g, g_{x,y}) = e^{− 12 παx2− 12 πα−1y2} e^{−πixy}. (32) Hence, when x = k, y = 2l with k, l ∈ ZZ, the phase factor e^{−πixy} in the right-hand side expression in (32) equals unity, and we get ∞∑ k,l=−∞ (g, g_{k,2l})e^{4πilt−2πikν} = ∞∑ k=−∞ e^{− 12 παk2−2πikν} ∞∑ l=−∞ e^{−2πα−1 l2+4πilt}, (33) which is the desired factorization.

We finally note that gaussians g are among the very few functions for which a factorization as in (21) holds, see [8] for some more examples.

5 Conclusion

We proved that the tight Gabor frame generated by the FAB-method applied to the gaussian is equal to the canonical tight Gabor frame associated to the gaussian. Hence, the FAB-method is equivalent to applying the positive definite inverse square root of the Gabor frame operator to the initial window function. We furthermore showed that for general windows g the FAB-method yields a tight Gabor frame (and, indeed, the canonical tight frame) if and only if |(Zg)(t, ν)|^2 + |(Zg)(t + 1/2, ν)|^2 is separable, and thereby characterized all window functions for which the FAB-method works (i.e. yields a tight Gabor frame). It appears that the Zak transform based method is more general since it does not impose any restrictions on the initial window function.

References

[1] J. J. Benedetto and D. F. Walnut. Gabor frames for L^2 and related spaces. In J. J. Benedetto and M. W. Frazier, editors, Wavelets: Mathematics and Applications, pages 97–162. CRC Press, Boca Raton (FL), 1994.

[2] H. Bölcskei and F. Hlawatsch. Discrete Zak transforms, polyphase transforms, and applications. IEEE Trans.

Signal Processing, 45(4):851–866, April 1997. [3] I. Daubechies. Ten Lectures on Wavelets. SIAM, 1992.

[4] H. G. Feichtinger and T. Strohmer, editors. Gabor Analysis and Algorithms: Theory and Applications. Birkhäuser, Boston (MA), 1998.

[5] C. E. Heil and D. F. Walnut. Continuous and discrete wavelet transforms. SIAM Rev., 31(4):628–666, Dec. 1989. [6] A. J. E. M. Janssen. The Zak transform: A signal transform for sampled time-continuous signals. Philips J.

Research, 43(1):23–69, 1988.

[7] A. J. E. M. Janssen. Signal analytic proofs of two basic results on lattice expansions. Applied and Computational Harmonic Analysis, 1:350–354, 1994.

[8] A. J. E. M. Janssen. Some Weyl-Heisenberg frame bound calculations. Indag. Mathem., 7(2):165–183, 1996. [9] A. J. E. M. Janssen. The duality condition for Weyl-Heisenberg frames. In H. G. Feichtinger and T. Strohmer, editors, Gabor Analysis and Algorithms: Theory and Applications, pages 33–84. Birkhäuser, Boston (MA), 1998.

[10] H. J. Landau. On the density of phase-space expansions. IEEE Trans. Inf. Theory, 39:1152–1156, 1993. [11] B. LeFloch, M. Alard, and C. Berrou. Coded orthogonal frequency division multiplex. Proc. of IEEE, 83(6):982– 996, June 1995.

[12] C. Roche and P. Siohan. Bancs de filtres modulés de type IOTA/EGF: Le cas orthogonal. Technical Report 5225, CNET, Feb. 1998.

[13] P. Siohan and C. Roche. Analytical design for a family of cosine modulated filter banks. In Proc. IEEE ISCAS-98, volume 5, pages 150–153, Monterey, CA, May 1998.

[14] M. Zibulski and Y. Y. Zeevi. Oversampling in the Gabor scheme. IEEE Trans. Signal Processing, 41(8):2679–2687, Aug. 1993.

[15] M. Zibulski and Y. Y. Zeevi. Analysis of multiwindow Gabor-type schemes by frame methods. Applied and Computational Harmonic Analysis, 4(2):188–221, April 1997.