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Abstract
We assessthe validity of an extendedNijboer-Zernike approachbasedon recently found,
Besselseriesrepresentationsof diffraction integrals comprisingan arbitrary aberrationand
a defocuspart,for thecomputationof opticalpoint spreadfunctionsof circular, aberratedop-
tical systems.Thesenew seriesrepresentationsyield aflexible meansto computeopticalpoint
spreadfunctions,bothaccuratelyandefficiently, underdefocusandaberrationconditionsthat
seemto coveralmostall casesof practicalinterest.Becauseof theanalyticnatureof theformu-
las,thereareno discretizationeffectslimiting theaccuracy asopposedto themorecommonly
usednumericalpackagesbasedon strictly numericalintegrationmethods.Instead,we have an
easilymanagedcriterion,expressedin thenumberof termsto beincludedin theBesselseries
representations,guaranteeingdesiredaccuracy. For this reason,theanalyticmethodcanalso
serve asa calibrationtool for the numerically-basedmethods.The analysisis not limited to
point-like objectsbut canalsobeusedfor extendedobjectsundervariousillumination condi-
tions.Thecalculationschemesaresimpleandpermitto tracetherelativestrengthof thevarious
interferingcomplex amplitudetermswhichcontributeto thefinal imageintensityfunction.

OCIS codes: 000.3860,000.4430,050.1960,070.2580,110.2990,110.3960
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1 Intr oduction

In opticalimaging,anexactknowledgeof theopticalimpulseresponseor pointspreadfunction
is requiredfor thecalculationof theimageintensitypatternin thepresenceof morecomplicated
objects.Analyticalexpressionsfor thepointspreadfunctionareavailablein somesimplecases
if thewave-front exiting from theexit pupil is sphericalandthe transmissionfunctionof the
optical systemis uniform over a certainregion (e.g. an annularpupil). In all other cases,
numericalapproachesbasedon integrationof thecomplex amplitudeover theexit pupil area
areused.

An analyticalexpressionfor theimpulseresponsein theaberration-freecasefor anout-of-
focuspositionhasbeenprovidedfor thefirst timeby Lommel(seeRef.[1], Sec.8.8). Theim-
pulseresponsein thepresenceof (small)aberrationshasbeenstudiedby Nijboer andZernike
who usedorthogonalexpansionsinvolving Zernike polynomialsto evaluatethe impulsere-
sponse.Their approachposesproblemsif the wave-front aberrationfunction

�
approaches

valuesin excessof ����� , say1 � , becauseof theappearanceof productsof Zernikepolynomials
in thehigher-orderexpansionterms;suchproductsseemedratheruntractableat thattime. We
remindthereaderthat theNijboer-Zernike theoryis anapproximationfor moderatevaluesof
the numericalaperture,not significantly larger thana valueof 0.60 . Beyond this value,the
quadraticapproximationto thepathlengthdifferenceoccurringin theexponentialof the inte-
grandof the diffraction integral is questionable.In AppendixA we presentthe higherorder
wave-front termswhich areneededfor a correctrepresentationof defocusingin high-aperture
systems.With thisextension,thepathlengthdueto defocusingis correctlyaccountedfor if the���

-valueapproaches0.90. However, beyondthevalueof 0.70,amorerigoroustreatmentin-
volving thestateof polarizationof thefocusingwaveis needed[2]. Thepolarization-dependent
effectsbecomeclearly visible at aperturevaluesaslarge as0.8 . In this paper, we will limit
ourselvesto thescalardiffractionintegralalthoughanextensionto thevectorialcaseis possible
alongthelinesof ouranalysis,thenumberof integralsto beevaluatedbeingsix (threefor each
orthogonalpolarizationstate)insteadof one.

Thebasicscalardiffraction integral to beevaluatedfor obtainingthespatialimpulsere-
sponse	�
������� in imagespacereads(seeRef.[1], Sec.9.1)	�
��������� �� �������������! #" � 
%$&��'(�*),+&-/.10324
%$5��'(�76(),+&-98*0!
%$5:<;='>:1�@?BAC ),+&-(D 0FE � 
%$&�G;='#���IHKJ*$5JL'� �� �

"
MON ),+&-(
0F? N : �QP � :@RM � 
 N �TS*�*),+&-/.1032/
 N �TS*�76C ),+&-4.10FE �VU NXW,Y[Z 
\S^]`_#�76�J*SbaBJ N � (1)

where $ and ' arethenormalizedcoordinatesof a generalpoint on theexit pupil sphereand
�(���5� arethe imageplanecoordinates(seeFig.(1)); with someliberal useof notation,we in-
troducedtheamplitudetransmittancefunction

� 
 N �TS*� of theopticalsystemandthewave-front
aberration,24
 N �TS*� , expressedin radians.The transformationfrom cartesianto polar coordi-
natesontheexit pupil sphereandin theimageplaneis formally writtenas $^;c0I'd� N ),+&-(
0IS*�
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and ��;=0e�G� U ),+Q-(
03_V� .
Thefactor ? representsthedefocusing( ?f� � ��E correspondsto onefocaldepth).Within

theframework of Zernike expansions,it is possibleto treatthedefocusingtermandtheaber-
rationaltermon anequalfooting. However, from thephysicalpoint of view, theaberrational
term is an intrinsic error of the optical systemwhile the defocusingis a deliberatelyintro-
duceddefectwhich cantake on valuesthatarerelatively largewith respectto theaberrations
of thesystem.For this reason,aseparatetreatmentis commonlypreferredandin thispaperwe
largely adhereto thispreference.

We refer to Ref.[3] andRef.[1], Ch. 9, Secs.9.1-4andAppendixVII for an extensive
expositionof theNijboer-Zernike theory. As in Ref. [4], Sec.1, we expandthepoint spread
function 	 of Eq.(1)as	�
�������g� ��ihjk�l M 0 km�n �

"
MoN ),+&-(
0F? N : �QP � :@RM 2 k 
 N �TSp;q_#�C ),+Q-/.r0FE �VU NXW,Y[Z S&6sJLSbaXJ N t (2)

Here,theamplitudetransmissionfunction
� 
 N �TS*� hasbeenput equalto unity. Next theaber-

rationfunction 2 is representedas24
 N �TS*�u� jv*w xzy v�xp{ xv 
 N � W,Y[Z}| S~� (3)

where { xv 
 N � aretheZernike polynomials.Theexpansionin Eq.(3)is in termsof orthogonal
functions{ xv 
 N � W,Y[Z�| S ontheunit circleandcontainsonly termswith integers�u� |��o� such
that �~] | is evenand �o� . Whenaberrationsaresmall,sothattruncationof theinfinite series
in Eq.(2)after the termwith

m � �
is allowed,we get (usingelementarypropertiesof Bessel

functions)to agoodapproximation	~
�(���5�g� E � "M�N ),+Q-(
03? N : �7� M 
%E � N U �3J N ;E�0 jv*w x 0 x y v�x �
"
M N ),+&-(
0F? N :r� { xv 
 N �7� x 
%E � N U �3J N�W,Y[Z�| _ t (4)

The reductionof the integralsin Eq.(4) is rathercumbersome.Themethodproposedby Nij-
boer, seeRef.[1], Sec. 9.4 andRef.[3], is basedon the expansionof ),+&-(
0F? N : � asa series
involving Zernike polynomials.Themethodrequiresanad-hocmethodfor representingprod-
uctsof two Zernike polynomialsasa finite linearcombinationof Zernike polynomialswith a
prescribedupperindex | . Finally, thebasicidentity� "MON { xv 
 N �7� x 
%E � N U �3J N ��
3] � ���r���� � v �(" 
%E �VU �E �VU (5)

is applied. However, to the knowledgeof the authorsthe methodof representingproducts
of Zernike polynomials,hasremainedmainly in a guess-and-trystage,andthusyieldsuseful
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resultsonly for relatively smallvaluesof � and | . This problembecomesevenmoreserious
whenfirst orderconsiderationsasin Eq.(4)no longersufficesothatproductsof morethantwo
Zernike polynomialsoccurdueto termsat theright-handsideof Eq.(2)with

m � E thatmust
beincluded.For thesereasons,theNijboer-Zernike theoryis notsatisfactorywhenaberrations
anddefocusvaluesareconsideredthathave valuesof orderunity or larger.

A differentapproach,yielding valid resultswhenthedefocusparameteris large,consists
of applyingcertainmethodsfrom asymptoticanalysis.Thesemethodsareof limited usewhen
oneis interestedin accuratecomputationof the point spreadfunctions,especiallywhen ? is
neitherverysmallor verylarge.For thelattercases,it hasbecomecommonpracticeto compute
the integralsin Eq.(1)and/orEq.(2)by usingstrictly numericalintegrationmethods.In these
numericalmethods,onehasinevitably to copewith theproblemof selectingintegrationgrids,
preferablycovering a squareregion in the 
%$&��'(� -planeso asto be ableto take advantageof
thecomputationalefficiency of FFTs,to approximateintegralsof functionsthatareinherently
discontinuous(viz. at theedgesof thepupil $ : ;O' :~� �

). In thefrequentlyoccurringcases
thatoneusesacommercialsoftwarepackagefor evaluatingdiffractionintegrals(e.g.SOLID-
C [5]), one has, furthermore,normally only limited accessto the sourcecodesand hence,
a quality assessmentof theobtainedresultsis not feasible.Moreover, the resultproducedby
thesesoftwarepackagesis theimageintensitydistributionwhereasaknowledgeof thecomplex
amplitudetermsyieldsamoreprofoundunderstandingof thefinal result.

In thispaperweproposeto usetheanalyticformulasof theLommeltypethatwerefound
in Ref.[4] for integrals as they occur in Eq.(4), and for similar integrals as in Eq.(4), with{ xv 
 N � replacedby themonomialN v where�9] |��o� andeven.As explainedin Ref.[4], Sec.
3, any of theintegralsinvolving 2 k in Eq.(2)canbereducedto a finite sumof integralsof the
type just mentioned,whencewe have an analyticmeansto calculate 	~
�(���5� . Alternatively,
onecanfind it feasibleto developthecompletecomplex pupil function

� ),+Q-�D 032XH in Eq.(1)in
termsof Zernike polynomialsandthenwe arein asimilarpositionasin Eq.(4).

In thisnew approach,thethrough-focuscalculationof thepoint spreadfunctionbecomes
feasiblefor much larger valuesof the wave-front aberrationfunction than in the Nijboer-
Zernike approach;both the defocusparameterand the aberrationterm may assumevalues
comparableto or evenlargerthan E � in termsof theinducedphaseaberrationwithoutcompro-
misingtheaccuracy. Of course,theanalysisextensively usesthepropertiesof Zernikepolyno-
mialsandsupposesa circulargeometryfor theexit pupil. However, in principle,nonuniform
amplitudedistributionsarepermitted,andtherefore,a noncircularpupil rim or a centralob-
structioncouldbeaccommodated,albeitat theexpenseof anincreasednumberof higherorder
termsin theexpansion.In theanalysispresentedin thispaper, theazimuthaldependenceof the
Zernike polynomialsis limited to a cosine-dependence.An extensionto a generalorientation
of thewave-frontaberrationcaneasilybe included.Evenwith this extension,thecalculation
schemeaccordingto our analysisremainsvery shortandits implementationinto a symbolic
programis easilyrealised.

This paperis organizedasfollows. In Section2, the basicformulasarepresentedthat
areneededto treat the variouspracticalexamplesin the subsequentsections. In Section3,
we presentinterpretationsof our basicformulasin optical terms; this comprisesan analogy
of the formulasbetweenthe in-focusanddefocusedcases,symmetrypropertiesof the image
intensitydistribution, andconsiderationsaboutthe radialextent of the impulseresponses.In
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Section4, we considercomputationalaspectsof our method,suchas a verification of the
convergenceanalysisdevelopedin AppendixB andsomebasicproblemsconcerningZernike
expansionsasin Eq.(4). We alsopresentin Section4 a numericalcomparisonof our method
with strictly numericalmethods,sucha thoseembodiedby softwarepackages.In Section5,
we study the imaging of an extendedobject for variouscoherenceconditions; the impulse
responseapproachclearlyshows theseparateorigin of thebackgroundintensitytermsandthe
coherence-basedterm of the intensitypattern. Finally, in Section6 we apply our analysisto
high-frequency aberrationtermscorrespondingto a scattering-typeof imageblur. This type
of unsharpnessis presentin multi-componentopticalsystemswith many glass-airtransitions;
it alsoplaysa role in imagingthroughturbulentmedia,e.g.astronomicalobservation through
the atmosphere.We will show that the impulseresponseapproachto this type of blurred
imaging is very robust anddoesnot suffer from the numericalstability problemsassociated
with the standardapproach.Finally, in AppendixA, we analysethe defocusingterm in the
caseof a high numericalaperturesystemandwe presenttheexpressionfor thecoefficientsof
higher-orderradialZernike polynomialswhich have to be includedin this case.In Appendix
B, themaximumabsolutevalueof the termsin theseriesexpansionfor the impulseresponse
is givenandaconvergencecriterionfor therequirednumberof termsin theseriesexpansionis
developed.

2 Basicformulas for the computation of ���!���L���
In this sectionwe presentthebasicformulasto beusedfor thecomputationof 	 in theexam-
plesin thenext sections.Westartby expandingageneralpupil function

� ),+Q-(
0@2�� in termsof
Zernike polynomialsas� 
 N �TSQ�*),+Q-�D 0324
 N �TSQ�IHV� jv*w x�� v�x�{ xv 
 N � W,Y[Z�| S (6)

with coefficients � v�x ( � ��|���� , ��] | even) thatarecomplex in general.Theexpansion
in Eq.(6) of

� ),+Q-�
032�� canbe obtained,for instance,by a leastsquaresfit of a finite series
with sufficiently many termsto a (measured)pupil function

� ),+Q-�
032�� , a procedurewhich is
commonpracticefor expanding 2 itself. The efficient andreliablecalculationof the coeffi-
cients � v�x for a generalpupil function

� ),+&-(
032 � is still understudyandwill be treatedin
moredetail in a forthcomingpublication.It canbeshown thatthefield 	 asdefinedby Eq.(4)
is givenby 	~
�(���5�<�¡E jv*w x � v�x 0 x¡¢ v�x W,Y[Z�| _ � (7)

where ¢ v�x � � "MON ),+&-(
0F? N :1� { xv 
 N �7� x 
%E � N U �3J N (8)

for integers�u� |��o� with �f] |��o� andeven.
TheBesselseriespresentationfor

¢ v�x hasbeengivenin Ref.[4] andreads¢ v�x �£),+&-(
0F?>� hj ¤ l " 
3]pE�0F?>� ¤¦¥
"O§j¨ l M&© ¤ ¨ � x

� ¤ � : ¨ 
 © �ª © ¤ (9)
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with © ¤ ¨ givenby

© ¤ ¨ ��
3] � � § 
 | ; ª ;�E�«*�5¬ | ;c«^; ª ] �ª ] �  ¬ «^; ª ] �ª ] �® ¬ ª ] �¯ ]d« p° ¬Q± ; ª ;c«ª  � (10)

with
ª � � �7EQ� t�t�t �I«�� � � t�t�t � ¯ . In (9) and10 wehave set© ��E �VU � ¯ � �f] |E � ± � �z; |E t (11)

For the number ² of termsto be includedin the infinite seriesover
ª

we have the following
rule. When ² =25, theabsolutetruncationerror is of theorder1� ¥�³ for all ?�� © ���u� | specified
by ´ ? ´ � E � � © � E � � � � ¯ � ± �¶µ t (12)

This is shown in AppendixB, in fact, the analysisgiven therecanbe easilyadaptedsoasto
yield a truncationcriterionwhendifferentrangesthanin (12)or differentaccuracy is required.
Roughlyonecansaythatonegetssufficient accuracy whenthenumber ² of includedterms
exceeds3? .

Returningto thecommonlyconsideredcasewhere
�

in Eq.(6)equalsunity andtheaber-
rationphase2 is sufficiently small,onehasthefirst orderapproximation	~
�(���5�B��E ¢ M�M ;qE�0 jvLw x y v�x 0 x ¢ v�x W,Y[Z�| _ � (13)

with y v�x now equalto thecoefficientsin theZernike expansionof 2 , theaberrationfunction
in thepupil (seeEq.(8)).

To understandhow the separateaberrationterms y v�xp{ xv 
 N � W,Y[Z}| S in the Zernike ex-
pansionof 2 contributeto thehigherorderterms

m ��EQ�7·Q� t�t�t in theexpansionof 	 in Eq.(2),
it becomesawkwardto usethe

¢ v�x -coefficients,astheresultwill involve productsof Zernike
polynomialsthat shouldbe written as linear combinationswith an appropriateupperindex| . The approachusedhere(Ref.[4], Sec. 3) statesthat any term

m �¸EQ�7·Q� t�t�t in the series
expansionof 	 in Eq.(2)is a linearcombinationof termsof theform¹ v�x W,Y[Z�| _ � (14)

with ¹ v�x � � "M�N v �(" ),+&-�
0F? N : �7� x 
%E � N U �3J N (15)

where�u� | arenon-negative integerssuchthat �f] |��o� andeven.
TheBesselseriesrepresentationof

¹ v�x closelyresemblestheexpressionfor
¢ v�x andis

givenin Ref.[4] as ¹ v�x �º),+Q-(
03?>� hj ¤ l " 
3]�E�0F?>� ¤¦¥
"�§j¨ l M&» ¤ ¨ � x

� ¤ � : ¨ 
 © �© ¤ (16)

with thecoefficients » ¤ ¨ givenby

» ¤ ¨ ��
3] � � ¨ | ; ª ;�E�«± ; � ¬ ¯ «  ¬ | ;c«^; ª ] �ª ] � p° ¬ ± ; ª ;¼«± ; �½ � (17)
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where
ª � � �7EQ� t�t�t �I«�� � � t�t�t � ¯ . The truncationrule for theBesselseriesrepresentationsof¹ v�x is thesameasfor thecorrespondingrepresentationsof

¢ v�x , seeEq.(12).
For thecasethatasecondorhigherorderapproximationof 	 is required,onecanestablish

formulaswhich,unfortunately, becomerathercomplicatedfor increasingvaluesof
m
. In certain

specialcases,suchas 24
 N �TS*�u� y NQ¾#W,Y[Z S�� ¿ N : W,Y[Z E�S�� À NLÁ � (18)

that represent(uncorrected)coma,astigmatismandfourth ordersphericalaberration,respec-
tively, a considerableshort-cutof the generalprogramis possible. In Ref.[4], Sec.4,sucha
thing is donefor thefirst two casesin Eq.(18),andthisyieldsexpansions	~
�(���5�B� hj¨ l MÃÂ ¨ y ¨ � hj¨ l M�Ä ¨ ¿ ¨ � (19)

with Â ¨ , Ä ¨ expresssedexplicitly in termsof thecoefficients
¹ v�x in Eq.(15).In Section4 we

shallusesuchanexpansionfor thethird case(sphericalaberration).

3 Physical interpretation of the basicformulas

In this sectionwe show, startingfrom the aberration-freecase,how the complex amplitude
of an aberratedimpulseresponseis built up from variousinterfering terms. We considerin
this sectionthe casethat the aberrationphase2 hasbeenexpandedin a Zernike seriesasin
Eq.(3),with

´ 2 ´ sufficiently small so that linearizationasin Eq.(13)is allowed. The explicit
form in Eq.(9)of the

¢ v�x at theright-handsideof Eq.(7)showsaclearseparationbetweenthe
defocusingthroughpowers ? ¤¦¥ " of ? andtheradialdependencethroughfinite seriesinvolving
Besselfunctions � x � ¤ � : ¨ 
 © � , evaluatedat the argument © �ÅE �VU . Finally, the azimuthal
dependencein theseriesin Eq.(7)is representedby thefactorsW,Y[Z�| _ . Evidently, aseparation
of variablesaswe have herehasadvantages,bothin termsof physicalinterpretationandfrom
acomputationalpoint of view.

Beforepresentingour observationson thethrough-focusresponseof anaberratedoptical
system,we briefly recall the relationshipbetweenour normalizedimageplanecoordinates
�(���5� with defocusparameter? andtherealspaceimagecoordinates
Æs�TÇX�!È^� in the lateral
andaxialdirection: � � Æ �d�� (20)� � Ç �d��© � E �ÊÉ � : ;q� :? � E � � È9
 � ]oË � ] ��� : � t
In AppendixA, it is shown that,in caseof systemswith ahighnumericalaperture,thedefocus
term can be thoughtto be composedof a quadraticterm and a term, representedby radial
Zernike polynomials{ M: v with � � E , thatcanbeincorporatedin theaberrationphase.
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3.1 Impulse responsein focus( ÌÊÍÏÎ )
Referringto Eqs.(4)and(5), theaberration-freecasewith ?�� � leadsto thewell-known Airy
function 	~
�(���5�<�¡E � " 
 © �© t (21)

Thecentralspotis surroundedby adarkring, correspondingto thefirst minimumof � " 
 © � .
The in-focusamplitudedistribution in thepresenceof smallaberrationswasalreadygivenby
Nijboer [3]: usingtheidentity in Eq.(5)this yieldsfor smallaberrations	�
�������B�¡EG¬ � " 
 © �© ; jv*w x 0 x

�("
y v�x 
3] � ���1�b�� � v �(" 
 © �© W,Y[Z�| _  t (22)

3.2 Impulse reponsein the presenceof defocus( Ì�ÐÍÑÎ )
In this subsectionwe concentrateon the physicalinterpretationof the quantities

¢ v�x when?`Ò� � andtheaberrationis small.
The out-of-focusimpulseresponseof a slightly aberratedoptical systemcanbe written

perEq.(13)as 	�
�������<�ºEG¬ ¢ M�M ; jv*w x 0 x
�("
y v�x ¢ v�x W,Y[Z5| _  � (23)

where,as in the seriesin Eq.(22), the summationindices �u� | �Ó� and �=] | �Ô� and
even. Thequantities

¢ v�x dependon ? and © asshown in Eq.(9)with appropriatecoefficients© ¤ ¨ as given in Eq.(10). The closeresemblancebetweenEqs.(22)and (23) stemsfrom the
representationof 	 in thedefocusedcasein termsof thefunctions

¢ v�x thatsubstitutefor the
functions 
3] � � �r���� � v �(" 
 © ��� © in thein-focussituation.It is easilyverified,seeEqs.(5,9-10),
that for ?�� � , the functions

¢ v�x reduceto the correspondingexpressionscomprisingthe
Besselfunctionsof order �z; � .

The above formulasfor 	~
�(���5� also lead to the symmetrypropertiesfor the intensityÕ 
�������X� ´ 	~
�(���5� ´ : which werealreadyenumeratedin Ref.[1], Ch.9.4,andwhich we briefly
recallfor asingleaberrationterm y v�x { xv 
 N � W,Y[Z�| _ :Ö Theverticalaxisis an | -fold symmetryaxis;in particular, for | � � circularsymmetry

is present.Ö Whenm is odd,theplane×~� � is asymmetryplane.Ö When | is even,the intensityat a positiongivenby thecylindrical coordinates© �7_(�T× M
is alsofoundat theposition © �7_Ã; � � | ��]�× M .Ö When | � � , no symmetrywith respectto theplane×~� � is observed.Ö When | is evenandtheaberrationcoefficient y v�x is replacedby ] y v�x , the intensity
distribution remainsthesamewhen ? is replacedby ]�? ; in thecasethat | is oddandy v�x is replacedby ] y v�x , theintensitiesat _ and _G; � arethesame.
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We finally remarkthat theformulasalsoyield a goodestimateof theradialextentof the
impulseresponseoncethemaximumorderof theradialBesselfunctionhasbeenestablished.
Thefirst zeroof theBesselfunctionof order� is foundatacoordinatevaluegivenby © �£�u;9· ,
and this yields an estimateof the lateral extent of the aberratedpoint spreadfunction. For
low argumentvalues,the function � v 
 © � of order � is proportionalto © v . In this respect,it is
interestingto notethatin thepresenceof nonzerovaluesof | , theexpressionsfor

¢ v�x (Eq.(9))
and

¹ v�x (Eq.(16))containBesselfunctionswith aminimumindex valueof | ; � . Thisvalue| ; � indicatesthatthecontribution to thetotalamplitudeof thepointspreadfunctionis small
for low © -valuesandthat thespread(typically to a © -valueof | ;�� ) of theimpulseresponse
increaseswhentheazimuthalindex | of thecoefficients y v�x or � v�x becomeslarger.

In Fig.(2)we have presentedthefunction
¢ v�x for variouscombinationsof � and | and,

in eachcase,for a defocusparametervalue � and � . Both therealandimaginarypartof
¢ v�x

have beendisplayed,aswell asits modulussquared́
¢ v�x ´ : which correspondsto the image

spaceintensitywhenonly thesingleaberrationterm { xv 
 N � W,Y[Z�| _ wouldbepresent.

4 Computational aspectsand numerical comparison

In this sectionwe restrictourselvesto thescalardiffractionintegral with theresultingimpulse
responsegivenby Eq.(1). We first give a numberof computationalconsiderationsconcerning
the seriesrepresentationsin Eq.(9). As an examplewe considerthe casethat the aberration� ),+&-(
032�� is givenas�ºØ � � 24
 N �B� y Á w M { MÁ 
 N �B� E �µ 
 µ N Á ] µ N :<; � ��� � � N � � � (24)

andwe presentspecificconvergenceresultsfor
¢ Á w M . Next a comparisonof our methodwith

strictly numericalmethodsis madefrom a numericalpoint of view. Again we take Eq.(24)as
an example. The coefficient y Á w M in (24) is chosenE � � µ sincethis correspondsto the ’just’
diffraction-limitedcasein thebest-focusposition.

4.1 Computational aspects

We startby verifying therule of thumbdevelopedin AppendixB that thenumber² of terms
thatshouldbeincludedin Eq.(9)for accuracy

� � ¥ Á shouldbeof theorder ·b? . In Table1 we
presentthequantity

maxÙ ÚrÙ  ¾ M�ÛÛÛ ´ ¢ Á w M 
\²�� ´ : ] ´ ¢ Á w M 
� � � ´ : ÛÛÛ � (25)

with ?d��E � asa functionof ² . Here
¢ Á w M 
\²�� is theright-handsideseriesin Eq.(9),truncated

after ² terms;we take
¢ Á w M 
� � � asreference.

As to thecomputationof thecoefficients © ¤ ¨ andtheBesselfunctions � v 
 © � thatoccurat
theright-handsideof Eq.(9)wehavethefollowing comments.For low valuesof

ª
and« wecan

usethebinomialfunction’choose
m

from � ’ sincewe have presentedthe © ¤ ¨ asa combination
of binomials.For thecasethat © ¤ ¨ is neededfor very largevaluesof

ª
and « (we have not seen
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suchlargevaluesin oursimulations)we maynotethat,seeEq.(10),Ü 
 ªFÝTÞ �7ß��Tà��TJQ��áâ�i¬ Þ ; ª ] �ª ] �� ¬ ßu; ª ] �ª ] �� ¬ ª ] �à �° ¬ J^; ªª  (26)

satisfiestherecursionÜ 
 ª ; � ÝTÞ �7ß��Tà��TJ&�ãáâ� 
 ª ; � �,
 ª ; Þ �,
 ª ;�ß��ª 
 ª ]`à��,
 ª ;�J^; � � Ü 
 ª3ÝTÞ �7ß��Tà��TJ&� t (27)

For the computationof the Besselfunction one can usethe recursionformulasas given in
Ref.[6], 9.1.27on p. 361 (whenthesearenot alreadypresentin thesoftwareenvironmentof
theuser).

A furtherissueis thecomputationof thecoefficients � v�x in theexpansion� 
 N �TS*�*),+&-�D 0324
 N �TS*�IHV� jv*w x � v�xp{ xv 
 N � W,Y[Z}| S t (28)

We arepresentlyin theprocessof investigatingmethodsto do this accuratelyandefficiently,
see,for instance,Ref.[7].

Considertheexampleof sphericalaberrationin Eq.(24).We have ananalyticexpression
for 	�
������� , in this casein termsof the

¹ v�x ’s of Eqs.(15-17);this expressionfollows in a
similar fashionasthe explicit expressionsin Ref.[4], Sec. 4 for comaandastigmatism(also
seeEqs.(18-19)).Thereholds	�
�������B�¡E�),+&-�
0 y Á w M � hjk�l M 
 µ 0 y Á w M � km�n ¹ Á k w M � (29)

wherethe
¹ Á k w M arecomputedwith defocusparameter?ä] µ y Á w M insteadof ? . Usinga simple

leastsquaresfit methodwhereweincludedat theright-handsideof Eq.(28)all termsinvolving{ M: v 
 N � with � � �
, we found the following result. The maximumintensitydeviation for

valuesof ? equalto ]�E � , � and ;/E � accordingto

maxÙ ÚrÙ  ¾ M�ÛÛÛ ´ 	 ´ : ] ´ 	uå ´ : ÛÛÛ � (30)

wherethe index
�

refersto thenumberof includedtermsin Eq.(28),decreasesto a level of� � ¥�æ for
�

=6 (the maximumdegree � is limited to 12). Hencewe seea quite satisfactory� � ¥�æ accuracy with a relatively modestnumberof termsat theright-handsideof Eq.(28).

4.2 Comparison with strictly numerical methods

In thissubsectionwepresenttheresultsof acomparisonof ourmethodandtwo purelynumer-
ical methodsto evaluate 	 . For this comparisonwe considertheexamplein Eq.(24),andwe
usetheanalyticformulain Eq.(29)or the 	 å of Eq.(30)with

�
=6 (thelatter 	 å canbeidenti-

fiedwith thetrue 	 for thepresentpurposes;seeendof Subsection4.1).A comparisonpurely
in termsof CPU-timeis not feasibleat this momentsincewe arestill investigatingmethods
for theaccurateandefficient determinationof the � v�x . Therefore,we focushereon different
aspectsof suchacomparison.

Therearethefollowing advantagesof ourmethod.
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1. Therepresentationof 	 asaseriesin Eq.(7)with the
¢ v�x ’sasgivenin Eqs.(8-10)yields

a certainphysicalinterpretationaswell ascomputationaladvantages,seethebeginning
of Sec.3.

2. The 	 obtainedin our methodis thecomplex amplitudeof the responseof thesystem
when a true delta function hasbeenpresentedas input. Softwarepackagesnormally
deliver intensitiesandusefinite-extent ’delta’-functions.

3. Aside from the issuehow many termsshouldbe includedin the seriesin Eq.(7), the
computationof the termsthemselves canbe donewith prescribedaccuracy using the
convergenceanalysis(the ·b? -rule) of AppendixB. Thesourcecodesof a (commercial)
packagearenormallynotreadilyavailable,whenceaqualityassessmentis moredifficult
here.

4. Ourcodesarerelatively simple

We have computed
Õ 
�(���5��� ´ 	~
�(���5� ´ : with theaberrationterm given by Eq.(24)and? =0 and ç4E � by usinga typical integrationprocedurebasedon a setof grid pointson a polar

meshin thepupil. With thenumberof grid points
�éè

equalto
� � Á , theintensityvaluesdiffered

by ê t � � ¥�ë from thetrueones,proving thelimitation of thegeneral-purposestrictly numerical
methodto an accuracy of the orderof

� � ��è . Fig.(3) illustratesthis result by meansof the
dashedcurve (analyticresult,seeEq.(29))andthecurve with theopencircles(strictly numeri-
cal method)whichbothapplyto thetruedeltafunctionresponse.Themaximumdifferenceof
approximately

� � ¥ Á betweenbothcurvesis not visible in theFigure.
A secondcomparisonwasmadeby usingthesoftwarepackageSOLID-C[5], afrequently

usedsimulationtool for optical imaging in lithography. As notedin 2) above, we have to
consideranextendedobject,andfor this we take a rectangularcontactholewith sidelengths
of 300nm in anopaquemask.Recallingourconventionsasgivenby Eq.(20),wehave chosen
a wavelength � =248nm,

���
=0.20, the aberration

� ),+Q-�
032�� is the oneof Eq.(24),andthe
defocusparameterequals? = ]�E � , � , E � . In ourmethodwemustconvolve thecomplex impulse
response	 with thestepfunction Â thatassumesthevalue

�
in thecontactholeand� outsideit.

Wehavecarriedout thisconvolution by filling thecontactholewith | : points( | =3,5,9,15,25
and50). Theeffectof using625insteadof 225pointswasonly noticeableat the

� � ¥�ë intensity
level. In Fig.(3) we have displayedcross-sectionsof the intensityprofiles

´ 	�ì Â ´ : with Â
thestepfunctiondescribingthecontactholeand ì denotingconvolution, andtheintensityas
obtainedby theSOLID-Csoftwarepackage(all intensitylevelshavebeennormalizedto unity,
theon-axisvaluefor thein-focus,aberration-freecase).Inspectionof thecomputeddatashows
thatthedeviationsbetweentheanalyticallybasedcalculationsandtheSOLID-C resultsareof
the orderof �&tí�b� � to �&tí�b� E ; the curves in Fig.(3) show this difference(drawn curve for the
analyticallybasedcomputationandopensquaresfor theSOLID-C results).Thedeviation of
theSOLID-Cresultsis mostpronouncedat low © -values.
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5 Image formation by an extendedobject

In the caseof imageformation by an extendedobject, the illumination modeof the object
playsanimportantrole. For thegeneralcaseof anobject îÃ
� M ��� M � , illuminatedin a partially
coherentway, theintensitydistribution in theimageplaneis givenby:Õ 
�������B� ������� '<
� M ]Ê��ïM ��� M ]Ê�QïM �3îÃ
� M ��� M �3îéðb
��ïM ���QïM � C	~
�ä]Ê� M ���9]Ê� M �7	^ðb
�ä]c��ïM ���9]Ê�QïM �3J[� M J[��ïM JL� M J[�QïM � (31)

where 	�
������� is the impulseresponsegiven by e.g. Eq.(23)and '<
� M ��� M � is themutualco-
herencefunction(seeRef.[1], Sec.10.5.3.).This functionis derivedfrom thesourceintensity
functionwith theaid of theZernike-vanCittert theoremaccordingto'<
� M ��� M �<�òñ¦ñ Õ 
 ¯ � ± �@ó1ôöõ § õâ÷1ø!ù

� ô¦ú!õâûTøTùF�3J ¯ J ±ñüñ Õ 
 ¯ � ± �3J ¯ J ± � (32)

with
Õ 
 ¯ � ± � the intensitydistibution of the source,observed on the exit pupil sphereof the

imagingsystem;( � M ��� M � aregeneralnormalizedcoordinatesin theimageplane.
In the caseof a standardillumination function with circular symmetry, the coherence

factor ý is commonlyusedwhich givestheratio betweenthesourceradiusandtheexit pupil
radius.In thiscase,themutualcoherencefunctionis givenby thecircularlysymmetricfunction'<
 © �B� E*� " 
\ý © �ý © t (33)

We notethat othercommonlyusedillumination modessuchasquadrupole,annularor
decenteredsourceconfigurationslead to comparableanalyticalmutual coherencefunctions'<
� M ��� M � .

We will now analyzesomesituationswhich arefrequentlyencounteredin optical lithog-
raphy, rangingfrom coherentlyilluminatedobjectsto thecaseof full incoherencein the illu-
mination.Notethatin ouranalysisthevalueof ý is not limited to unity but canbeextendedto
values� � .
5.1 Coherent imaging

In high-resolutionopticallithography, oneoftenenhancestheimagedfeaturesby manipulating
phasestructureson themask.In thecaseof a fairly coherentimagingprocess( ý`þ 1), phase
shifting featureson themaskaremosteffective; the fully coherentcasewith ý�� � thenis a
fair approximation(thesourceis adeltafunction

Õ 
 ¯ � ± �B��ÀQ
 ¯ � ± � . Thecorrespondingmutual
coherencefunction '<
� M ��� M � equalsunity andtheimageplaneintensityis givenbyÕ 
�������B� ´ îÃ
� M ��� M �#ì¶	~
� M ��� M � ´ : t (34)
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5.2 Incoherent imaging

In optical lithography, the imagingof a so-calledbinarymaskrequiresa valueof ýOÿ �
and

theimagingprocesscanbeapproximatedby thefully incoherentcaseýd��� wherethesource
intensity equalsunity up to infinity. The mutual coherencefunction now becomesa delta
function: '<
� M ��� M �B�¡ÀQ
� M ��� M � andtheimageintensitydistribution is givenbyÕ 
�������B� ´ îÃ
� M ��� M � ´ : ì ´ 	~
� M ��� M � ´ : t (35)

This resultsin anopticalsystemthatis now linearin intensity.

5.3 Partially coherent imaging

We now simulatethe lithographicimagingprocessby meansof a sequenceof spatialdelta-
functions that have imaging propertiessimilar to contactholes. The exact shapeof small
contactholesis not very important,it is the areathat determinestheir relative weight in the
imagingprocess.Therefore,we approximatean arrayof contactholesby an arrayof delta
functions,eachhaving acomplex amplitude:îÃ
� M ��� M �B� j v � v ÀQ
� M ] Þ v ��� M ]`ß v � t (36)

UsingEq.(31),we obtaintheimagespaceintensitydistributionÕ 
�������B� jv*w x � v � ðx '<
 Þ v ] Þ x �7ß v ]`ß x �7	~
�ä] Þ v ���9]`ß v �7	 ð 
�ä] Þ v ���9]`ß v � t (37)

Here,theimageformationis essentiallya nonlinearprocessandit cannot bewritten in terms
of aconvolution.

In Fig.(4) we presentthe resultsof applyingEq.(37)to theconfigurationof two closely
spacedcontactholeswith aseparationof 0.2 ' | in anopaquemask.Theaerialimageintensity
is depictedaccordingto the analyticapproach.Onecontacthole is consideredto introduce
a phaseshift of � . For this reason,the intensityexactly midway the two holesis zeroin the
coherentcase.As thecoherenceof theimagingis decreased( ý increases),theinterferenceterm
weightedby '<
%E Þ � � � graduallyvanishesandtheindividual intensityprofilescorrespondingto
eachobjectmerge. In the Figure,we have alsodepictedthe intensityprofilesproducedby
thesoftwarepackageSOLID-C which hereusedfinite sizecontactholesasthe input pattern
(circularholeswith adiameterof 100nm). FromFig.(4),oneconcludesthattheapproximation
of thecontactholesby meansof a mathematicaldeltafunction is fully justifiedhere;in each
figurethedeviationsbetweentheanalyticalandtheSOLID-Ccurvesdonotexceedthetypical
valueof 0.01. Theadvantageof theanalyticalapproachis theclearrelationshipbetweenthe
interferingtermswhich generatethefinal imageintensitypattern.During thedesignprocess
of e.g. phase-andamplitude-assistedmasks,a valuableinsight is obtainedin therelationship
betweenthemodulationdepthandsteepnessof the imageintensitypatternandtheparameter
choicesfor the masktransmissionfunction. The extensionto larger arraysof contactholes
and the inclusion of defocusandaberrationsis straightforward. In eachcase,startingwith
the fully coherentcase,the interferenceeffectscanbe studiedusingthe analyticexpression
for thecomplex amplitude.Thebehavior in thepartially coherentcaseis thenobtainedasan
intermediatesituationbetweenthefully coherentandtheincoherentcase.
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6 The impulse responsein the presenceof high-fr equencyaberra-
tion terms

In this sectionwe presenta computationalresultwhich is relatedto a high-frequency wave-
front perturbation.It frequentlyoccursin practicethat the wave-front aberrationcannot be
adequatelydescribedby thestandardseriesof low-frequency Zernike polynomials[8]. These
Zernike polynomialsarecapableof describingthewave-frontsemerging from anopticalsys-
temtowardstheaxial andoff-axis field points.Alternatively, if anopticalsystemsuffersfrom
a lack of rotationalsymmetrydueto minutetilting andcentringerrorsof theconstitutive ele-
ments,thewave-frontconverging to animagepoint onaxisshows smallbasicresidualaberra-
tion termswhich canalsobeeasilyrepresentedby meansof lower orderZernike coefficients.
Ontheotherhand,manufacturingimperfectionsof theopticalsurfaces,sphericalor aspherical,
may turn up in thewave-frontemerging from theoptical systemashigher-frequency compo-
nentsin thewave-frontexpansionwhichareoutsidethescopeof thestandardseriesof Zernike
polynomials[9]. Thesehigh-frequency wave-frontperturbationsalsoconstituteaseriousprob-
lem in thefrequentlyusednumericalapproachfor thecalculationof thediffractionimagethat
is basedon the FastFourier Transformmethod(FFT). Quickly varying patternsin the pupil
function of the optical systemcomplicatethe samplingof the pupil function. Moreover, the
extentof thediffractionimagein theimageplaneis enlargedby thehigh-frequency contentin
thepupil functionandthis requiresmany moresamplingpointsin theimageplane.In practice,
thenumberof requiredsamplingpointsin pupil andimageplanemayexceedpracticalvalues
like 2

" M
or, ultimately, 2

" : in onedimension.
Whenusingourapproachbasedon theexpansionof thecomplex pupil functionin terms

of Zernike polynomials,we exploit thesimplerelationshipof Eq.(5)to translatethepresence
of a Zernike polynomialof radialorder � into animageplaneamplitudedistribution givenby
a function of the type � v �(" 
 © ��� © (no defocusing).In the defocusedcase,the functions

¢ v�x
from Eq.(23)areneeded.

In Fig.(5) we presenta calculatedintensity patternin the presenceof a set of high-
frequency Zernike coefficientsup to order � =25 which, in total, producean rms wave-front
aberrationof

� �&
%E � � =0.159 � . The low-intensity part of the calculatedpatternoutsidethe
central lobe resemblesa specklepattern; this can be explainedby the uncorrelatednature
of thehigh orderZernike coefficients y v�x of eachpolynomialcontribution y v�x È xv 
 N �TS*�4�y v�x { xv 
 N � W,Y[Z 
 | S*� .
7 Conclusion

Wehave implementedourextendedNijboer-Zernike analysisfor thecalculationof thediffrac-
tion pointspreadfunctionin thecaseof bothsmallandlargeaberrationvalues.Throughoutthe
analysis,thedefocusingeffect is takenasanindependentparameterthatcanbeincrementedto
several focal depthswithout any convergenceproblems.Thenumberof requiredtermsin the
seriesexpansionfor thecomplex amplitudein the imagespacecanbeestimatedby meansof
somesimpleexpressionswhich comprisethe valueof theaberrationtermsor thedefocusing
parameter. In practice,the typical number² of termsneededamountsto 25, yielding an ac-
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curacy of
� � ¥�ë in theimageplaneintensitywhile anextensionof ² to 40 bringsusbelow the� � ¥ " M value.Variouscomparisonswith numericallybasedintegrationschemeshave beencar-

riedoutshowing thatanaccuracy in intensityin theregionof
� � ¥�ë to

� � ¥ ¾ is typical for these
methods.Thisdemonstratesthatouranalyticalapproachalsohasthecapabilityof servingasa
referencefor thesenumericalmethods.

The applicationof the analysisto the impulseresponseof an optical systemleadsto
effectivecalculationschemeswhereonecanfully exploit theseparationof radialandazimuthal
dependencein theexpressions.We caneasilyextendour analysisto thecasewherethewave-
front aberrationis accompaniedby a nonuniformamplitudedistribution in the exit pupil of
the optical system.An extensionto thevectorial treatmentof diffraction phenomenaat high
valuesof the numericalaperturehasnot beencarriedout so far, but the basicapproachcan
equallybeappliedin thiscase,themaindifferencebeingthenumberof diffractionintegralsto
beevaluated(six insteadof one).

Wehavestudiednotonly theimageof apointobject,but alsotheimagingof extendedob-
ject which areilluminatedin a general,partially coherentmanner. Theanalyticalexpressions
permitaseparateinspectionof thevarioustermscontributing to thecomplex imageamplitude.
Thispossibilitycanbeexploitedfor theeffectivedesignof morecomplicatedobjectstructures,
e.g.phase-andamplitude-shiftingmasksin opticalmicrolithography. Moreover, we think that
our methodpresentsa seriousadvantagewhendealingwith high-frequency aberrationterms.
Thesamplingproblemin pupil andimageplaneencounteredin e.g.theFFT-approachis absent
whenusingouranalyticexpressions.
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Appendix A: The defocusing term as a function of numerical
aperture

In Fig.(6) a sphericalwave-front through
�

convergestowardsthe real imagepoint � : . The
defocusedimageis capturedin a planethrough � " andthe axial defocusdistanceis × . The
wave-front deviation

���
asa function of defocusis given by the optical distance

���
. To

calculatethisdistance,we applythecosinerule in triangle
� � " � :
 ��� ; { " � : ;q× : ;�E5
 ��� ; { " �3× W,Y[Z ¯ � { :: t (A.1)

Usingthepropertythat,for all realisticsituations,thewave-frontdeviation
���

is muchsmaller
than { " , we obtain ��� �º× D � ] W,Y[Z ¯ H��¡× � � ] É � ] Z
	�� : ¯� t (A.2)

Thenormalizedcoordinateontheexit pupil spherethrough� and
�

is givenby theratioof the
sineof ageneralrayandthesineof themarginal ray, N ��
 Z
	�� ¯ ����� M where� M � Z
	�� ¯ M � �d� ,
andthewave-frontdeviation

���
now becomes��� � ×ä¬ Z
	�� : ¯E ; Z�	�� Á ¯� ; Z
	�� ³ ¯� µ ; t¦t¦t � �E ×��r:M N : ; �� ×�� Á M N Á ; �� µ ×�� ³M N ³ ;������ t (A.3)

The completephaseterm for defocusis obtainedby multiplying
���

with the wave numberm ��E � �b� .
Eq.(A.3)showsthatfor largervaluesof thenumericalaperure

��� ��� M attheimageside,
thedefocusingtermresultingfrom thewave-frontdeviation

���
is not well approximatedby

"
: m ×�� :M N : . A considerableenhancementis obtainedby replacing

� ] É � ] Z
	�� : ¯ in Eq.(A.2)

by its leastsquaresquadraticapproximation�ß M ;��ß " N : . This thenleadsto theoptimalsecond
orderapproximation ��� ��×�� �ß M ; �ß " N :�� (A.4)

anda correspondingapproximation
m × � �ß M ;��ß " N : � for thedefocusingterm. It thusturnsout

that we obtain averageapproximationerrorshaving at � M =0.82 the samevalue as what we

wouldobtainfor � M =0.60whenwe approximate
� ] É � ] Z�	�� : ¯ by

"
: � :M N : .A furtherextensionof this methodology, allowing evenhighervaluesof � M , is to develop

theremainingapproximationerror
� ] É � ] Z
	�� : ¯ ] �ß M ] �ß " N : in aseriesinvolving theradial

Zernike polynomials{ M: v 
 N � with ����EQ�7·Q������� andto incorporatethis error in theaberration
phase2 . Onehasin fact,with N � 
 Z
	�� ¯ ����� M asabove,É � ] Z�	�� ¯ : � ] �E 
 � ]`à M � hjv l M! �E��f] � P � ]Êà M� ;=à M a v

¥ " ] �E��z;O· P � ] à M� ;qà M a v
�("#" { M: v 
 N �=�

(A.5)
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where à M � W,Y[Z ¯ M . The termswith ��� ·Q���5������� in the right-handsidearesufficiently small
for valuesof the numericalaperture� M aslarge as0.90 that they canbe consideredassmall
aberrations(

´ ? ´ aslargeas E � ).
Althoughthecorrectrepresentationof thedefocustermathighvaluesof

���
is important,

it is not a sufficient extensionto correctlydescribethe impulseresponsein this regime. The
radiometriceffectswithin thehighnumericalaperturebeamhave to betakeninto account.By
adoptinga complex-valuedparameter? , theseradiometricamplitudevariationson the pupil
spherecanbeaccommodated.Of course,in a final step,thevectorialtreatmentof wave prop-
agationasdescribedin Ref.[2] hasto beused.

Appendix B: Analysisof $&%(' and )*%('
B.1. Boundson + v�x and , v�x
Thereholdsfor all ?�� © andall allowed �u� |´ ¢ v�x ´ � � x 
 © �E�- �z; � � ´ ¹ v�x ´ � � x 
 © �E��z;�E � (B.1)

where � x 
 © �B� max� �/.�� © ´ � x 
 . � ´ � � t (B.2)

Theboundsin (B.1) follow easilyfrom the integral representationsin Eqs.(8),(15),wherefor
thefirst boundwe alsousethat� "M N ´ { xv 
 N � ´ : J N � �E5
�z; � � � (B.3)

togetherwith theCauchy-Schwarzinequality.

B.2. Truncation of infinite series.

Weconsidertheseriesrepresentations(9) and(16)of
¢ v�x and

¹ v�x for therangeof ?�� © ���u� |
(̄ � ± ) indicatedin Eq.(12). Themainresultis asfollows. In the relevant rangeit is sufficient
to includethefirst 25 termsof theinfinite seriesover

ª
to guaranteeabsoluteaccuracy of order

1� ¥�³ . Moreover, thetruncationerrorsarein all casesof thesameorderof magnitudeor smaller
thanthetruncationerrorfor theseries¢ M�M � ¹ M�M �£),+&-(
0F?>� hj ¤ l " 
3]pE�0F?>� ¤¦¥

" � ¤ 
 © �© ¤ t (B.4)

Let us first considerthe convergencebehavior of the seriesin Eq.(B.4). It follows from the
basicpropertiesof the Besselfunctions,suchas 9.1.30in Ref.[6], that © ¥�¤ � ¤ 
 © � is positive
anddecreasingin ©10 [ � �7E � H when

ª � 20. Hencethe seriesin Eq.(B.4)exhibits worst case
convergencebehavior at © � 0 wherewe have� ¤ 
 © �© ¤ ÛÛÛÛ Ú l M � E ¥�¤ª3n � (B.5)

18



sothat ¢ M�M 
 © � � �<� �E ),+Q-�
0F?>� hj ¤ l " 
3]�0F?>�
¤ü¥ "ª3n t (B.6)

The convergenceanalysisof the seriesin Eq.(B.6)canbe given by usingStirling’s formula
for

ª3n
. Thus the terms 
3]�0F?>� ¤¦¥ " � ª3n have modulusof order lessthan unity from

ª � 2\ór?43
onwards. For ? = E � we have 2\ór?43 =17, and 
%E � � ¤¦¥ " � ª3n decreasesfrom 6 t � � ¥ Á at

ª � E � to
9 t � � ¥65 at

ª ��Ebê . As a rule of thumbwe getthatthenumber² of termsto beincludedshould
besomewhat largerthan ó�? ; normally ² � ·b? suffices.

Wenext comparetheconvergencebehavior for thegeneralcases
¢ v�x ,

¹ v�x to thestandard
series

¢ M�M , ¹ M�M . Hereit is enoughto restrictattentionto
¢ v�x . This is possiblesinceonegets

from Eq.(10)andEq.(17)thatÛÛÛÛÛ ª
¥ " © ¤ ¨» ¤ ¨ ÛÛÛÛÛ � 
 ª ] � � n± n ¯ n 
 ± ;c«*� n
 ª ] � ] ¯ ;c«*� n � «~� � � t�t�t � ¯ � (B.7)

andtheright-handsideof Eq.(B.7) � 1 for all
ª � ¯ � ± thatsatisfy

ª ] � ] ¯ � ± . We shall thus
considerthequantity, seeEq.(9)andEq.(B.4)� ¤ ¨ � ÛÛÛÛÛ ª

¥ " © ¤ ¨ � ¤ � x � : ¨ 
 © �� ¤ 
 © � ÛÛÛÛÛ � «~� � � t�t�t � ¯ � (B.8)

andouraim is to bound 7 § ¨ l M � ¤ ¨ .
Noting that

ª
is large comparedto | �I«b� ± we have from Eq.(10)andthedefinitionsof ¯

and ± that ÛÛÛ ª
¥ " © ¤ ¨ ÛÛÛ � 
 ª ; | ;c«*� n 
 ª ] � ;c«*� n
 ª ; ± ;Ê«*� n 
 ª ] � ;Ê«/] ¯ � n ¬ ¯ «  ¬ ± ;c«¯ � ),+&-9
3]9
 ± ; � � ¯ � ª �o¬ ¯ «  ¬ ± ;¼«¯  t (B.9)

Furthermorethereis theinequality� � ��8r
 © ���8 ¥ " 
 © � � © ���� ; Ë � ]¶
 © ����� : � � � © � � t (B.10)

Thelatterinequalityfollows from Ref.[6], secondformulain 9.1.73,for thecontinuedfraction
expansionof � 8 
 © ���L� 8 ¥ " 
 © � , combinedwith thecontinuedfractionexpansion�E ]�9 �� ] ào� à� ] à� ] à� ] t�t�t � � � à � �� t (B.11)

Applying (B.10) repeatedlywe thusgetthat� � � ¤ � x � : ¨ 
 © �� ¤ 
 © � � ß x � : ¨ � � � © � ª � (B.12)
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where ßO� © �&
 ª ; � �� ; Ë � ]£
 © �&
 ª ; � ��� : t (B.13)

Combining(B.9) and(B.12)andusing | � ± ] ¯ weget§j¨ l M � ¤ ¨ � ),+&-�
3]�
 ± ; � � ¯ � ª �
§j¨ l M ¬ ¯ «  ¬&± ;c«¯  ß ú ¥ § � : ¨ t (B.14)

Themaximumover ¯ � � � t�t�t � ± of theseriesat theright-handsideof (B.14)occursat ¯ � ± .
A numericalinspectionof thequantity),+&-�
3]�
 ± ; � � ± � ª � új¨ l M ¬&±«  ¬&± ;c«±  ß : ¨ t (B.15)

for theworstcase
ª
=24, © =20 (so that ß =1/2) and ¯ � ± � � � � � t�t�t � µ , yieldsa boundof the

order10 for theleft-handsideof Eq.(B.14).This is sufficient for ourpurposes.
We have observed numericallythat the absoluteconvergencebehavior of the seriesfor¢ v�x is actuallybetterthanwhatonemight expectfrom theforegoinganalysis.Thereasonfor

this is thatsomeof theestimates(in particular(B.12))arecrudewhile thevariousworstcases
do notoccursimultaneously.

Wemaynotethat thetruncationanalysiscanbeextendedto thecasesof differentranges
for thevariousparametersandvariables.This is basedon theobservationthatúj¨ l M ¬Q±«  ¬&± ;c«±  ß!: ¨ � � ú 
 � ;qEbß!:r�<� � ßB; - � ;�ß : � : ú �("E5
 � ß ± ��:� 
 � ;�ß : ��:; � (B.16)

where
� ú is theLegendrepolynomialof degree± , with asymptoticbehavior asgivenin Ref.[10],

Thm. 8.2.1.Accordinglyonefindsthatfor large
ª
theworstcasequantityin Eq.(B.15)behaves

like ),+&-#.[]�
 ± ; � ��E[�,
 ± ; � ��E/] © ��� ª 6 .
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TableCaption

Table1

Theconvergenceof theanalyticallycalculatedimageintensity
Õ 
�������<� ´ 	�
������� ´ : asa func-

tion of thenumberof terms ² includedin theseriesexpansionfor theamplitude 	 (interval´ © ´ � 30).

FigureCaptions

Figure 1

Geometryof thewave propagatingfrom theexit pupil (centerat D M ) towardstheimageplane
(centerat

� M ). Thediameterof theexit pupil is E N M andthedistancefrom pupil to imageplane
is { . The real-spaceimageplanecoordinatesare 
Æd�TÇG� . In this paper, the exit pupil coor-
dinatesarenormalisedto unity by meansof thevalueof N M anddenotedby 
%$&��'(� ; the image
planecoordinatesarenormalizedwith theaid of thediffraction unit, �}� ��� , anddenotedby
�(���5� . �d� ( � N M � { � is theimage-sidenumericalapertureof theopticalsystem.

Figure 2

Therealpart (left-handcolumn),imaginarypart(centralcolumn)andthesquaredmodulusor
intensity(right-handcolumn)of variousradial functions

¢ v�x have beendisplayed,eachtime
for two valuesof thedefocusparameter? (drawn curve: ?¼� � , dashedcurve: ?¼� � ). From
top to bottom,thevaluesof theindices 
�u� | � are,respectively, 
 � � � � , 
%EQ�7E[� , 
%·Q� � � and 
�5� � � .
Figure 3

Cross-sectionsof the imageintensity for a delta function object (labels’ExtendedNijboer-
Zernike’ and ’numerical integration’) and for a rectangularcontacthole in the objectplane
(’ExtendedNijboer-Zernike, 0.3 ' m hole’ and’SOLID-C, 0.3 ' m hole). Theaberrationterm
is fourth-ordersphericalaberrationand the magnitudeis given by the valueof y Á w M ( E � � µ ),
correspondingto the’just’ diffraction-limitedcase.Thedeviationsbetweentheanalyticalcom-
putationandthestrictly numericalintegrationmethod(typically ê t � � ¥�ë ) arenot visible in the
figure;thedeviationsbetweenthedataobtainedfor thecontacthole(typically 0.001to 0.002)
areespeciallyvisible for low valuesof theradialcoordinate© .
Figure 4

Aerial imageintensity calculationdue to a maskwith two contactholes(diameter0.1 ' | ,
spacing0.2 ' | ). Solid lines: calculatedusingEqs.(9)-(10)for the functions

¢ v�x ; Dashed
lines: SOLID-C package,� =0.248 ' | ,

�d�
=0.6,in-focussituation.Thetypical differencein
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normalizedintensitybetweenthetwo resultingcurvesamountsto 0.01.

Figure 5

The imageplaneintensitydistribution in the caseof a setof high-frequency Zernike coeffi-
cientsthat representthe resultof e.g. manufacturingerrorsin thewave-frontexiting from an
optical system. A setof coefficients in the range ± =6,t�t�t ,12 hasbeenintroduced( � ranges
from 6 to 24, | from 0 to 12). The centralmaximumhasbeentruncatedin the plot. Note
that thediffractedintensityis concentratedwithin a circle given by © �Ñ�f;º· , theextentof
thehighestorderBesselfunctionpresentin the imageplaneintensityfunction. Thenumerals
representingthe intensityin thecontourplot area measurefor the relative intensityandhave
to bemultipliedby 1� ¥ : .
Figure 6

Thewave-frontdeviation
���

in thecaseof defocusing.Thesphericalwave (radius{ : , center
of curvature � : ) is projectedon a defocusedimageplanethrough � " andperpendicularto
theaxis �E� : . Theapertureangleis denotedby ¯ . Thedefocusdistance× hasbeenheavily
exaggeratedin thefigure.
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