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Abstract

We assesdhe validity of an extendedNijboerZernike approachbasedon recently found,

Besselseriesrepresentationsf diffraction integrals comprisingan arbitrary aberrationand
adefocuspart,for the computatiorof optical point spreadunctionsof circular, aberratedp-

tical systemsThesenew seriesrepresentationgield a flexible meango computeoptical point

spreadunctions,both accuratelyandefficiently, underdefocusandaberratiorconditionsthat
seento coveralmostall case®f practicalinterest.Becausef theanalyticnatureof theformu-

las, thereareno discretizatioreffectslimiting theaccurag asopposedo the morecommonly
usednumericalpackagedasedn strictly numericalintegrationmethodsInsteadwe have an

easilymanagedriterion, expressedn the numberof termsto beincludedin the Bessekeries
representationgjuaranteeinglesiredaccurag. For this reasonthe analyticmethodcanalso
sene asa calibrationtool for the numerically-basednethods. The analysisis not limited to

point-like objectsbut canalsobe usedfor extendedobjectsundervariousillumination condi-

tions. Thecalculationschemesaresimpleandpermitto tracetherelative strengthof thevarious
interferingcomplex amplitudetermswhich contribute to the final imageintensityfunction.

OCIS codes 000.3860000.4430050.1960070.2580,110.2990,110.3960



1 Intr oduction

In opticalimaging,anexactknowledgeof the opticalimpulseresponser pointspreadunction
is requiredfor thecalculationof theimageintensitypatternin thepresencef morecomplicated
objects.Analytical expressiongor thepointspreadunctionareavailablein somesimplecases
if the wave-frontexiting from the exit pupil is sphericalandthe transmissiorfunction of the
optical systemis uniform over a certainregion (e.g. an annularpupil). In all other cases,
numericalapproachesasedon integration of the complex amplitudeover the exit pupil area
areused.

An analyticalexpressiorfor theimpulseresponsén theaberration-freeasefor anout-of-
focuspositionhasbeenprovidedfor thefirst time by Lommel(seeRef.[1], Sec.8.8). Theim-
pulseresponsén the presencef (small) aberrationdasbeenstudiedby Nijboer andZernike
who usedorthogonalexpansionsnvolving Zernike polynomialsto evaluatethe impulsere-
sponse.Their approachposesproblemsif the wave-front aberrationfunction W approaches
valuesin excesof A\ /4, sayl ), becausef theappearancef productsof Zernike polynomials
in the higherorderexpansionterms;suchproductsseemedatheruntractableat thattime. We
remindthe readerthatthe NijboerZernike theoryis an approximatiorfor moderatevaluesof
the numericalaperture hot significantly larger thana value of 0.60. Beyond this value,the
guadraticapproximatiorto the pathlengthdifferenceoccurringin the exponentialof theinte-
grandof the diffraction integral is questionable.ln AppendixA we presenthe higherorder
wave-fronttermswhich areneededor a correctrepresentationf defocusingn high-aperture
systemsWith this extension the pathlengthdueto defocusings correctlyaccountedor if the
N A-valueapproache8.90. However, beyondthevalueof 0.70,a morerigoroustreatmenin-
volving thestateof polarizationof thefocusingwave is needed2]. Thepolarization-depeden
effectsbecomeclearly visible at aperturevaluesaslarge as0.8 . In this paper we will limit
oursehesto thescaladiffractionintegral althoughanextensionto thevectorialcasds possible
alongthelinesof ouranalysisthe numberof integralsto be evaluatedbeingsix (threefor each
orthogonabpolarizationstate)insteadof one.

The basicscalardiffractionintegral to be evaluatedfor obtainingthe spatialimpulsere-
sponsdJ(z,y) in imagespacereadyseeRef.[1], Sec.9.1)

Ulz,y) = % //1/2+u2<1 A(v, ) exp {i®(v, u) } exp {z’(y2 n HZ)f}

x exp[i2w(vx + py)]dvdy
1 2w
= % /0 pexp(ifp’) (/0 A(p,0) exp {i®(p, 0)}
x exp{i2nrpcos(f — @)} dﬂ) dp Q)

wherev andy arethe normalizedcoordinatesof a generalpoint on the exit pupil sphereand
(z,y) aretheimageplanecoordinategseeFig.(1)); with someliberal useof notation,we in-
troducedheamplitudetransmittancéunction A(p, ) of the opticalsystemandthewave-front
aberration®(p, 0), expressedn radians. The transformatiorfrom cartesiarto polar coordi-
natesontheexit pupil sphereandin theimageplaneis formally written asv + iy = pexp(i6)



andz + iy = rexp(i¢).

Thefactor f representshedefocusing f = 7/2 correspond$o onefocal depth).Within
the framavork of Zernike expansionsit is possibleto treatthe defocusingermandthe aber
rationalterm on an equalfooting. However, from the physicalpoint of view, the aberrational
termis an intrinsic error of the optical systemwhile the defocusingis a deliberatelyintro-
duceddefectwhich cantake on valuesthat arerelatively large with respecto the aberrations
of thesystem For thisreasona separatéreatmenis commonlypreferredandin this papemwe
largely adhereo this preference.

We referto Ref.[3] andRef.[1], Ch. 9, Secs.9.1-4andAppendix VIl for an extensve
expositionof the NijboerZernike theory As in Ref. [4], Sec. 1, we expandthe point spread
functionU of Eq.(1)as

1 X 5k 1 27
U) = 23 [ oo [ 0400+ 0
X exp{i2nrpcosf} d9> dp . 2

Here,the amplitudetransmissiorfunction A(p, 8) hasbeenput equalto unity. Next the aber
rationfunction® is representeds

8(p,0) = 3" Cnm R (p) cos b, ©)

whereR]"(p) arethe Zernike polynomials. The expansionin Eq.(3)is in termsof orthogonal
functionsR]"(p) cos m# ontheunit circle andcontainsonly termswith integersn, m > 0 such
thatn —m is evenand> 0. Whenaberrationaresmall,sothattruncationof theinfinite series
in Eq.(2) afterthetermwith &£ = 1 is allowed, we get (usingelementarypropertiesof Bessel
functions)to agoodapproximation

1
Ulz,y) ~ 2 /0 pexp(ifp®)Jo(2mpr)dp +

1
203 " | pexp(if )R (o) (2mpr)dpoos . (4)

Thereductionof the integralsin Eq.(4)is rathercumbersomeThe methodproposedy Nij-
boer seeRef.[1], Sec. 9.4 and Ref.[3], is basedon the expansionof exp(ifp?) asa series
involving Zernike polynomials.The methodrequiresan ad-hocmethodfor representingrod-
uctsof two Zernike polynomialsasa finite linear combinationof Zernike polynomialswith a
prescribedipperindex m. Finally, the basicidentity

/01 PR™(p)Jm 27 pr)dp = (—1) "7 Int1(27r)

(®)

2rr

is applied. However, to the knowledge of the authorsthe methodof representingoroducts
of Zernike polynomials,hasremainedmainly in a guess-and-trgtage andthusyields useful
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resultsonly for relatively smallvaluesof n andm. This problembecomesvenmoreserious
whenfirst orderconsiderationgsin Eq.(4)nolongersufiice sothatproductsof morethantwo
Zernike polynomialsoccurdueto termsat the right-handsideof Eq.(2)with & > 2 thatmust
beincluded.For thesereasonsthe NijboerZernike theoryis not satishctorywhenaberrations
anddefocusvaluesareconsideredhathave valuesof orderunity or larget

A differentapproachyielding valid resultswhenthe defocusparameters large, consists
of applyingcertainmethoddrom asymptoticanalysis.Thesemethodsareof limited usewhen
oneis interestedn accuratecomputationof the point spreadfunctions,especiallywhen f is
neitherverysmallor verylarge. For thelattercasesit hasbecomecommonpracticeto compute
theintegralsin Eq.(1)and/orEq.(2) by usingstrictly numericalintegrationmethods.In these
numericalmethodspnehasinevitably to copewith the problemof selectingintegrationgrids,
preferablycovering a squareregion in the (v, u)-planeso asto be ableto take advantageof
the computationakfficiengy of FFTs,to approximateantegralsof functionsthatareinherently
discontinuougviz. atthe edgesof the pupil v + x? < 1). In thefrequentlyoccurringcases
thatoneusesa commercialoftwarepackagdor evaluatingdiffractionintegrals(e.g. SOLID-
C [5]), one has, furthermore,normally only limited accesgo the sourcecodesand hence,
a quality assessmertf the obtainedresultsis not feasible. Moreover, the resultproducedby
thesesoftwarepackagess theimageintensitydistribution whereas knowledgeof thecomple
amplitudetermsyieldsa moreprofoundunderstandingf thefinal result.

In this papemwe proposdo usetheanalyticformulasof the Lommeltypethatwerefound
in Ref.[4] for integrals asthey occurin Eq.(4), andfor similar integralsasin Eq.(4), with
R (p) replaceddy themonomialp™ wheren —m > 0 andeven. As explainedin Ref.[4], Sec.
3, ary of theintegralsinvolving ®* in Eq.(2)canbereducedo afinite sumof integralsof the
type just mentioned whencewe have an analyticmeansto calculateU(z,y). Alternatively,
onecanfind it feasibleto developthe completecomplex pupil function A exp[i®] in Eq.(1)in
termsof Zernike polynomialsandthenwe arein a similar positionasin Eq.(4).

In this new approachthethrough-focusalculationof the point spreadunctionbecomes
feasiblefor much larger valuesof the wave-front aberrationfunction thanin the Nijboer
Zernike approach;both the defocusparameterand the aberrationterm may assumevalues
comparableo or evenlargerthan2r in termsof theinducedphaseaberratiorwithoutcompro-
misingtheaccurag. Of coursetheanalysisextensiely useshepropertieof Zernike polyno-
mials andsupposes circular geometryfor the exit pupil. However, in principle, nonuniform
amplitudedistributions are permitted,andtherefore,a noncircularpupil rim or a centralob-
structioncouldbeaccommodatedlbeitattheexpenseof anincreasediumberof higherorder
termsin theexpansion.In theanalysigoresentedh this papeytheazimuthaldependencef the
Zernike polynomialsis limited to a cosine-dependenceAn extensionto a generalorientation
of the wave-frontaberrationcaneasilybe included. Evenwith this extension,the calculation
schemeaccordingto our analysisremainsvery shortandits implementatiorinto a symbolic
programis easilyrealised.

This paperis organizedasfollows. In Section2, the basicformulasare presentedhat
are neededo treatthe variouspracticalexamplesin the subsequensections. In Section3,
we presentinterpretationsof our basicformulasin optical terms;this comprisesan analogy
of the formulasbetweerthe in-focusanddefocusedtasessymmetrypropertiesof theimage
intensitydistribution, and considerationsboutthe radial extent of the impulseresponsesin



Section4, we considercomputationalaspectsof our method,suchas a verification of the
cornvergenceanalysisdevelopedin AppendixB andsomebasicproblemsconcerningZernike
expansionsasin Eq.(4). We alsopresentin Section4 a numericalcomparisorof our method
with strictly numericalmethods sucha thoseembodiedby software packagesin Section5,
we study the imaging of an extendedobject for various coherenceconditions;the impulse
responsapproactclearly shavs the separaterigin of the backgroundntensitytermsandthe
coherence-basadérm of the intensity pattern. Finally, in Section6é we apply our analysisto
high-frequeng aberrationtermscorrespondindgo a scattering-typef imageblur. This type
of unsharpnesis presenin multi-componenbptical systemswith mary glass-aitransitions;
it alsoplaysarole in imagingthroughturbulentmedia,e.g. astronomicabbsenrationthrough
the atmosphere.We will shav that the impulseresponseapproachto this type of blurred
imagingis very robust and doesnot suffer from the numericalstability problemsassociated
with the standardapproach.Finally, in AppendixA, we analysethe defocusingtermin the
caseof a high numericalaperturesystemandwe presenthe expressiorfor the coeficientsof
higherorderradial Zernike polynomialswhich have to be includedin this case.In Appendix
B, the maximumabsolutevalueof the termsin the seriesexpansionfor the impulseresponse
is givenanda convergencecriterionfor therequirednumberof termsin the seriesexpansionis
developed.

2 Basicformulas for the computation of U(z, y)

In this sectionwe presenthe basicformulasto be usedfor the computatiorof U in theexam-
plesin the next sections We startby expandinga generapupil function A exp(i®) in termsof
Zernike polynomialsas

A(p, 0) expli®(p, 0 Z Bum BT (p) cos mb (6)

with coeficients3,,,, (n > m > 0, n — m even)thatarecomplec in general.The expansion
in Eq.(6) of Aexp(i®) canbe obtained,for instance by a leastsquaredit of a finite series
with sufficiently mary termsto a (measuredpupil function A exp(i®), a procedurenhich is
commonpracticefor expanding® itself. The efficient andreliable calculationof the coefi-
cients g, for a generalpupil function A exp(:®) is still understudyandwill be treatedin
moredetailin aforthcomingpublication.It canbe shavn thatthefield U asdefinedby Eq.(4)
is givenby

U(z,y) —22 Brm i Vam cosme (7

where )
Vi = [ pexp(is o) B3 (p) T (2pr)dp &)

for integersn, m > 0 with n — m > 0 andeven.
TheBessekeriegpresentatioffior V,,,,, hasbeengivenin Ref.[4] andreads

Vam = exp(if) Z —2if)i1 Z m+l+2j v) 9
1=1 =
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with v;; givenby

fuljz(—1)”(m+l+2j)<m+zj—+1l_1) (37_111) (L:;)/(qu;Jrj) . (10)

withl=1,2,...,5=0,...,p. In(9) and10we have set
n—m n+m
) q=
2 2
For the numberL of termsto be includedin theinfinite seriesover [ we have the following
rule. When L=25, the absoluteruncationerroris of the order10=° for all f, v, n, m specified
by

(11)

v =27r p=

|fl<2m, ©<20, 0<p<qg<6 . (12)

This is shavn in AppendixB, in fact, the analysisgiven therecanbe easilyadaptedso asto
yield atruncationcriterionwhendifferentrangeghanin (12) or differentaccurag is required.
Roughlyone cansaythat one getssuficient accurag whenthe numberLZ of includedterms
exceeds3f.

Returningto thecommonlyconsideredtasewhereA in Eq.(6) equalsunity andtheaber
rationphased is sufficiently small,onehasthefirst orderapproximation

U(z,y) =2V + 2i Z Opm 1" Vgm cosme (13)
n,m
with a,,,,, Nnow equalto the coeficientsin the Zernike expansionof @, the aberratiorfunction
in the pupil (seeEq.(8)).

To understandhow the separateaberrationtermsa,,,, R}’ (p) cos mé in the Zernike ex-
pansionof @ contritute to the higherordertermsk = 2, 3, . .. in theexpansionof U in Eq.(2),
it becomeswkwardto usethe V,,,,,-coeficients,astheresultwill involve productsof Zernike
polynomialsthat should be written as linear combinationswith an appropriateupperindex
m. The approachusedhere(Ref.[4], Sec. 3) statesthatary termk = 2,3, ... in the series
expansionof U in Eq.(2)is alinearcombinationof termsof theform

Twm cosmeo (14)
with .
Tom = /0 p" L exp(if p?)Jm (2mpr)dp (15)

wheren, m arenon-ngative integerssuchthatn — m > 0 andeven.
TheBesselkeriesrepresentationf T;,,, closelyresembleshe expressiorfor V,,,,, andis
givenin Ref.[4] as

Tym = exp(if) f:(—%f)“1 Ep: tzjw (16)
=0

I
=1 v

with the coeficientst;; givenby

- m+1+2f (p\(m+i+1-1 / qg+1l+j
(=) 2L T 17
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wherel = 1,2,...,7 = 0,...,p. Thetruncationrule for the Besselseriesrepresentationsf
T.m is thesameasfor the correspondingepresentationsf V,,,,,, seeEq.(12).

Forthecasehatasecondr higherorderapproximatiorof U is required onecanestablish
formulaswhich, unfortunatelybecomeathercomplicatedor increasingsaluesof k. In certain
specialcasessuchas

O(p,0) = ap’cosh, yp?cos20, opt, (18)

thatrepresen{uncorrectedroma,astigmatismandfourth ordersphericalaberrationrespec-
tively, a considerableshort-cutof the generalprogramis possible. In Ref.[4], Sec.4,sucha
thing is donefor thefirst two casesn Eq.(18),andthisyieldsexpansions

Jj=0 j=0

with Cj, D; expressse@xplicitly in termsof the coeficientsTy,,, in Eq.(15).In Section4 we
shallusesuchanexpansionfor thethird case(sphericalaberration).

3 Physicalinterpretation of the basicformulas

In this sectionwe shaw, startingfrom the aberration-freecase,how the complex amplitude
of an aberratedmpulseresponsas built up from variousinterferingterms. We considerin
this sectionthe casethatthe aberrationphase® hasbeenexpandedn a Zernike seriesasin
Eq.(3),with |®| sufiiciently small sothatlinearizationasin Eq.(13)is allowed. The explicit
formin Eq.(9)of theV,,,,, attheright-handsideof Eq.(7)shavs a clearseparatiorbetweerthe
defocusinghroughpowers fi~! of f andtheradialdependencthroughfinite seriesinvolving
Besselfunctions J;, 4425 (v), evaluatedat the agumentv = 2zr. Finally, the azimuthal
dependenci theseriedn Eq.(7)is representely thefactorscos m¢. Evidently aseparation
of variablesaswe have herehasadwantagesbothin termsof physicalinterpretatiorandfrom
acomputationapoint of view.

Beforepresentingour obserationson thethrough-focugespons@f anaberratedptical
system,we briefly recall the relationshipbetweenour normalizedimage plane coordinates
(z,y) with defocusparameterf andthereal spacemagecoordinateg X, Y, Z) in thelateral
andaxial direction:

Tz = XNTA (20)
NA
= Y—
Y )

v = 2m\/z%+y?

Fo= 2%2(1 —V1- NA?)

In AppendixA, it is shawvn that,in caseof systemawith a high numericalaperturethedefocus
term can be thoughtto be composedf a quadraticterm and a term, representedby radial
Zernike polynomialsR9,, with n > 2, thatcanbeincorporatedn the aberratiorphase.

8



3.1 Impulseresponsan focus(f = 0)

Referringto Eqgs.(4)and(5), theaberration-freeasewith f = 0 leadsto thewell-knovn Airy
function S

Ulz,y) = 2# . (21)
Thecentralspotis surroundedy a darkring, correspondingo thefirst minimumof J; (v).
Thein-focusamplitudedistribution in the presencef smallaberrationsvasalreadygiven by
Nijboer[3]: usingtheidentity in Eq.(5)this yieldsfor smallaberrations

U(z,y) =2 <M + Zim"'l U (1) 7 JM_TI(U) Cos m¢> . (22)

v
n,m

3.2 Impulse reponsen the presenceof defocus(f # 0)

In this subsectiorwe concentrateon the physicalinterpretationof the quantitiesV,,,,, when
f # 0 andtheaberratioris small.

The out-of-focusimpulseresponsef a slightly aberratedptical systemcanbe written
perEg.(13)as

U(z,y) =2 (Voo + Z ™ Vi cos m¢> , (23)
n,m
where,asin the seriesin Eq.(22),the summationindicesn,m > 0 andn —m > 0 and
even. The quantitiesV,,,,, dependon f andv asshavn in Eq.(9)with appropriatecoeficients
vy; asgivenin Eq.(10). The closeresemblancdetweenEgs.(22)and (23) stemsfrom the
representationf U in thedefocusedtasein termsof the functionsV,,,, thatsubstitutefor the
functions(—1)“z" J,41(v) /v in thein-focussituation. It is easilyverified, seeEqs.(5,9-10),
thatfor f = 0, the functionsV,,,, reduceto the correspondingxpressionscomprisingthe
Bessefunctionsof ordern + 1.

The above formulasfor U(z,y) alsoleadto the symmetrypropertiesfor the intensity
I(z,y) = |U(z,y)|*> whichwerealreadyenumeratedh Ref.[1], Ch.9.4,andwhich we briefly
recallfor asingleaberratiortermay,,, R;)' (p) cos me:

e Theverticalaxisis anm-fold symmetryaxis;in particular for m = 0 circularsymmetry
is present.

e Whenmis odd,theplanez = 0 is asymmetryplane.

e Whenm is even,theintensityat a positiongiven by the cylindrical coordinates, ¢, zg
is alsofoundatthe positionv, ¢ + 7/m, —z.

e Whenm = 0, nosymmetrywith respecto the planez = 0 is obsered.

¢ Whenm is evenandthe aberrationcoeficient «,,,, is replacedy —ay,,,, the intensity
distribution remainsthe samewhen f is replacedby — f; in the casethatm is odd and
anm IS replacedy —ay,m,, theintensitiesat ¢ and¢ + w arethesame.



We finally remarkthatthe formulasalsoyield a goodestimateof the radial extentof the
impulserespons@ncethe maximumorderof the radial Bessefunction hasbeenestablished.
Thefirst zeroof theBessefunctionof ordern is foundatacoordinatesaluegivenby v ~ n+3,
andthis yields an estimateof the lateral extent of the aberratedpoint spreadfunction. For
low agumentvalues,the function J,, (v) of ordern is proportionalto v™. In this respectijt is
interestingo notethatin thepresencef nonzerovaluesof m, theexpressiongor V,,,,, (Eq.(9))
andT,,, (Eq.(16))containBessefunctionswith aminimumindex valueof m + 1. Thisvalue
m + 1 indicateghatthe contritution to thetotal amplitudeof the point spreadunctionis small
for low v-valuesandthatthe spreadtypically to a v-valueof m + 4) of theimpulseresponse
increasesvhentheazimuthalindex m of the coeficientsa,,,,, or 3,,, becomedarger.

In Fig.(2) we have presentedhe functionV,,,,, for variouscombinationof n andm and,
in eachcase for a defocusparameteralue0 and=. Both therealandimaginarypartof V,,,,
have beendisplayed,aswell asits modulussquaredV;,,,,|> which correspondso the image
spacdntensitywhenonly thesingleaberratiorterm R (p) cos m¢ would be present.

4 Computational aspectsand numerical comparison

In this sectionwe restrictoursehesto the scalardiffractionintegral with the resultingimpulse
responsaiven by Eq.(1). We first give a numberof computationatonsiderationgoncerning
the seriesrepresentations1 Eq.(9). As an examplewe considerthe casethat the aberration
Aexp(i®) is givenas

2T
L, ®(p) = augRi(p) = = (6p" =6 +1),  0<p<1, (24)

A

andwe presentspecificcorvergenceresultsfor V, 5. Next a comparisorof our methodwith

strictly numericalmethodsis madefrom a numericalpoint of view. Againwe take Eq.(24)as
an example. The coeficient ay o in (24) is chosen2x /6 sincethis correspondso the ’just’

diffraction-limitedcasein thebest-focugosition.

4.1 Computational aspects

We startby verifying the rule of thumbdevelopedin AppendixB thatthe numberL of terms
thatshouldbeincludedin Eq.(9)for accurag 10~* shouldbe of the order3f. In Table1 we
presenthe quantity

MaXy<so | [Vao(L)|” = [Vao(40)”| (25)

with f = 27 asafunctionof L. HereV, (L) is theright-handsideseriesin Eq.(9),truncated
after L terms;we take V, ((40) asreference.

As to thecomputatiorof the coeficientsv;; andthe Bessefunctions.J, (v) thatoccurat
theright-handsideof Eq.(9)we have thefollowing commentsFor low valuesof [ andj we can
usethebinomialfunction’choosek from »’ sincewe have presentedhev;; asa combination
of binomials. For the casethatv;; is neededor very large valuesof [ and; (we have notseen
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suchlargevaluesin our simulations)wve maynotethat,seeEq.(10),

et = () (CT) e

satisfiegherecursion

I+1D)(I+a)(l+D)
{l—c)(l+d+1)

For the computationof the Besselfunction one can usethe recursionformulasas given in
Ref.[6], 9.1.270n p. 361 (whenthesearenot alreadypresenin the software ervironmentof

theuser).
A furtherissueis the computatiorof the coeficients 3, in theexpansion

A(p,0) exp[i®(p,0)] = > Bum By (p) cosmb . (28)

B(l + 1;a,b,c,d) :== B(l;a,b,c,d) . 27)

We are presentlyin the processof investigatingmethodsto do this accuratelyandefficiently,
see for instanceRef.[7].

Considerthe exampleof sphericalaberratiorin Eq.(24). We have ananalyticexpression
for U(z,y), in this casein termsof the T,,,,,’s of Eqs.(15-17);this expressionfollows in a
similar fashionasthe explicit expressionsn Ref.[4], Sec. 4 for comaandastigmatism(also
seeEqs.(18-19)).Thereholds

& (6iou)”
U(x,y) = 2exp(icso) Y T’Tuc,o ) (29)

k=0
wherethe Ty o arecomputedwith defocusparametelrf — 6ay o insteadof f. Usingasimple
leastsquaresit methodwherewe includedattheright-handsideof Eq.(28)all termsinvolving
RS, (p) with n < N, we found the following result. The maximumintensity deviation for
valuesof f equalto —2, 0 and+2w accordingo

maX,| <30 ‘|U|2 - |UN|2‘ ) (30)

wherethe index N refersto the numberof includedtermsin Eq.(28),decreaseto a level of
10~8 for N=6 (the maximumdegreen is limited to 12). Hencewe seea quite satishctory
10~® accurayg with arelatively modestumberof termsat the right-handsideof Eq.(28).

4.2 Comparisonwith strictly numerical methods

In this subsectionwe presentheresultsof a comparisorof our methodandtwo purelynumer
ical methodgto evaluateU. For this comparisorwe considerthe examplein Eq.(24),andwe
usetheanalyticformulain Eq.(29)or theUy of Eq.(30)with N=6 (thelatterUy canbeidenti-
fied with thetrue U for the presenpurposesseeendof Subsectiort.1). A comparisorpurely
in termsof CPU-timeis not feasibleat this momentsincewe are still investigatingmethods
for the accurateandefficient determinatiorof the 5,,,,,. Therefore we focushereon different
aspect®f sucha comparison.
Therearethefollowing advantage®f our method.
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1. Therepresentationf U asaseriesn Eq.(7)with theV,,,,,’sasgivenin Egs.(8-10)ields
a certainphysicalinterpretatioraswell ascomputationahdwantagesseethe beginning
of Sec.3.

2. The U obtainedin our methodis the complex amplitudeof the responsef the system
when a true delta function hasbeenpresentedasinput. Software packagesiormally
deliver intensitiesandusefinite-extent’delta’-functions.

3. Aside from the issuehow mary termsshouldbe includedin the seriesin Eq.(7), the
computationof the termsthemseles can be donewith prescribedaccurag usingthe
convergenceanalysis(the 3 f-rule) of AppendixB. The sourcecodesof a (commercial)
packagerenormallynotreadilyavailable , whenceaquality assessmeiig moredifficult
here.

4. Ourcodesarerelatively simple

We have computed! (z,y) = |U(z,y)|? with the aberrationterm given by Eq.(24)and
f=0and+2r by usingatypical integrationprocedurébasedon a setof grid pointson a polar
meshin the pupil. With thenumberof grid points N, equalto 10, theintensityvaluesdiffered
by 5.10~° from the true ones proving the limitation of the general-purposstrictly numerical
methodto an accurag of the orderof 1/N,. Fig.(3) illustratesthis resultby meansof the
dashedcurve (analyticresult,seeEq.(29))andthe curve with the opencircles(strictly numeri-
cal method)which bothapplyto thetrue deltafunctionresponseThe maximumdifferenceof
approximatelyl0—* betweerbothcurvesis notvisible in the Figure.

A secondcomparisorwasmadeby usingthe softwarepackagesOLID-C[5], afrequently
usedsimulationtool for optical imagingin lithography As notedin 2) above, we have to
consideran extendedobject,andfor this we take a rectangulacontacthole with sidelengths
of 300nmin anopaquemask.Recallingour conventionsasgivenby Eq.(20),we have chosen
awavelengthA=248 nm, N A=0.20, the aberrationA exp(i®) is the one of Eq.(24),andthe
defocugparameteequalsf=—2m, 0, 2. In ourmethodwe mustconvolve thecomples impulse
responsé&/ with thestepfunctionC thatassumethevaluel in thecontactholeand0 outsideit.
We have carriedoutthis corvolution by filling the contactholewith m? points(m=3,5,9,15,25
and50). Theeffect of using625insteadof 225 pointswasonly noticeableatthe 10—° intensity
level. In Fig.(3) we have displayedcross-sectionsf the intensity profiles|U @ C|? with C
the stepfunctiondescribingthe contacthole and® denotingcorvolution, andtheintensityas
obtainedby the SOLID-C software packagdall intensitylevelshave beennormalizedo unity,
theon-axisvaluefor thein-focus,aberration-fregase).Inspectiorof the computediatashavs
thatthe deviationsbetweerthe analyticallybasedcalculationsandthe SOLID-C resultsareof
the orderof 0.001 to 0.002; the curvesin Fig.(3) shav this difference(dravn curwe for the
analyticallybasedcomputationandopensquaredor the SOLID-C results). The deviation of
the SOLID-Cresultsis mostpronouncedtlow v-values.

12



5 Imageformation by an extendedobject

In the caseof image formation by an extendedobject, the illumination mode of the object
playsanimportantrole. For the generalcaseof anobjectF'(zo, yo), illuminatedin a partially
coherentay, theintensitydistribution in theimageplaneis givenby:

I(z,y) = ////u(wo — x4, 90 — Yo) F (o, yo) F* (20, y) X
Uz — z0,y — yo) U™ (x — x4,y — yo)dzodzydyodyy (31)

whereU(z,y) is theimpulseresponseyiven by e.g. Eq.(23)and u(zo, yo) is the mutualco-
herencdunction (seeRef.[1], Sec.10.5.3.).This functionis derived from the sourceintensity
functionwith theaid of the Zernike-van Cittert theoremaccordingto

1(p(zo)+iq(vo
(o, yo) = [ 1(p: et 100 dpdg ; (32)

Il I(p, q)dpdg
with I(p,q) the intensity distibution of the source,obsered on the exit pupil sphereof the

imagingsystemjzg, yo) aregenerahormalizedcoordinatesn theimageplane.
In the caseof a standardillumination function with circular symmetry the coherence

factoro is commonlyusedwhich givesthe ratio betweerthe sourceradiusandthe exit pupil
radius.In thiscasethemutualcoherencéunctionis givenby thecircularly symmetricfunction

_ 2Ji(ov)
v

p(v) (33)

We note that other commonlyusedillumination modessuchas quadrupole annularor
decenteredsourceconfigurationdead to comparableanalytical mutual coherenceunctions
1(zo, Yo)-

We will now analyzesomesituationswhich arefrequentlyencounteredh optical lithog-
raphy rangingfrom coherentlyilluminatedobjectsto the caseof full incoherencen theillu-
mination.Notethatin ouranalysighevalueof ¢ is notlimited to unity but canbe extendedo
values> 1.

5.1 Coherentimaging

In high-resolutioropticallithography oneoftenenhancetheimagedfeaturedy manipulating
phasestructureon the mask. In the caseof afairly coherenimagingprocesqo «1), phase
shifting featureson the maskare mosteffective; thefully coherenttasewith o = 0 thenis a
fair approximation(the sourceis a deltafunctionI(p, q¢) = d(p, ¢). Thecorrespondingnutual
coherencéunction u(xg, yo) equalsunity andtheimageplaneintensityis givenby

I(*’L‘ay) = |F($an0) ® U($an0)|2 . (34)
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5.2 Incoherentimaging

In optical lithography the imagingof a so-calledbinary maskrequiresa valueof o ~ 1 and
theimagingprocessanbeapproximatedy thefully incoherentaser = oo wherethesource
intensity equalsunity up to infinity. The mutual coherencdunction nov becomesa delta
function: u(zg, yo) = d(zo, yo) andtheimageintensitydistribution is givenby

I(z,y) = |F(z0,90)]> ® U (z0,%0)* - (35)
Thisresultsin anoptical systenthatis now linearin intensity

5.3 Partially coherentimaging

We now simulatethe lithographicimaging processby meansof a sequencef spatialdelta-
functionsthat have imaging propertiessimilar to contactholes. The exact shapeof small
contactholesis not very important,it is the areathat determinegheir relative weightin the
imaging process. Therefore,we approximatean array of contactholesby an array of delta
functions,eachhaving a complex amplitude:

F(z0,90) = Y An6(T0 — an, Y0 — bn) - (36)

UsingEq.(31),we obtaintheimagespacentensitydistribution
I(z,y) = Z An Ay, pan — @my by — b)U (T — an,y — bp)U™(x — an,y — by) . (37)
n,m

Here,theimageformationis essentiallya nonlineamprocessandit cannot bewrittenin terms
of aconvolution.

In Fig.(4) we presenthe resultsof applying Eq.(37)to the configurationof two closely
spacecdontactholeswith aseparatiorf 0.2 um in anopaquemask.Theaerialimageintensity
is depictedaccordingto the analyticapproach.One contacthole is consideredo introduce
a phaseshift of 7. For this reason the intensity exactly midway the two holesis zeroin the
coherentase As thecoherencef theimagingis decreaseb increases)heinterferenceerm
weightedby 1(2a, 0) graduallyvanishesandthe individual intensity profilescorrespondingo
eachobjectmemge. In the Figure, we have also depictedthe intensity profiles producedby
the software packageSOLID-C which hereusedfinite size contactholesasthe input pattern
(circularholeswith adiametenf 100nm). FromFig.(4),oneconcludeghattheapproximation
of the contactholesby meansof a mathematicatieltafunctionis fully justified here;in each
figurethedeviationsbetweerthe analyticalandthe SOLID-C curvesdo not exceedthetypical
valueof 0.01. The adwantageof the analyticalapproacthis the clearrelationshipbetweerthe
interferingtermswhich generatehe final imageintensity pattern. During the designprocess
of e.g. phase-andamplitude-assistethasks,a valuableinsightis obtainedin therelationship
betweenthe modulationdepthandsteepnessf theimageintensity patternandthe parameter
choicesfor the masktransmissiorfunction. The extensionto larger arraysof contactholes
andthe inclusion of defocusand aberrationds straightforvard. In eachcase,startingwith
the fully coherentcase,the interferenceeffects canbe studiedusingthe analytic expression
for the complex amplitude. The behaior in the partially coherentcaseis thenobtainedasan
intermediatesituationbetweerthefully coherentandtheincoherentase.
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6 The impulseresponsén the presenceof high-frequencyaberra-
tion terms

In this sectionwe presenta computationakesultwhich is relatedto a high-frequeng wave-
front perturbation. It frequentlyoccursin practicethat the wave-front aberrationcan not be
adequatelyescribedy the standardseriesof low-frequeng Zernike polynomials[8]. These
Zernike polynomialsare capableof describingthe wave-frontsemeging from anoptical sys-
temtowardsthe axial andoff-axis field points. Alternatively, if anopticalsystemsuffersfrom
alack of rotationalsymmetrydueto minutetilting andcentringerrorsof the constitutve ele-
ments the wave-frontcorverging to animagepoint on axis shavs smallbasicresidualaberra-
tion termswhich canalsobe easilyrepresentetty meansof lower orderZernike coeficients.
Ontheotherhand manufcturingimperfectionof the opticalsurfaces sphericabr aspherical,
mayturn up in the wave-frontemeging from the optical systemashigherfrequeng compo-
nentsin thewave-frontexpansionwhich areoutsidethe scopeof the standardseriesof Zernike
polynomialg[9]. Thesehigh-frequeng wave-frontperturbationslsoconstitutea seriougprob-
lemin thefrequentlyusednumericalapproacHor the calculationof the diffractionimagethat
is basedon the FastFourier Transformmethod(FFT). Quickly varying patternsin the pupil
function of the optical systemcomplicatethe samplingof the pupil function. Moreover, the
extentof thediffractionimagein theimageplaneis enlagedby the high-frequeng contentin
the pupil functionandthis requiresmary moresamplingpointsin theimageplane.In practice,
the numberof requiredsamplingpointsin pupil andimageplanemay exceedpracticalvalues
like 210 or, ultimately 2'2 in onedimension.

Whenusingour approactbasedon the expansionof the comple pupil functionin terms
of Zernike polynomials,we exploit the simplerelationshipof Eq.(5)to translatethe presence
of a Zernike polynomialof radial ordern into animageplaneamplitudedistribution given by
a function of the type J,,+1(v) /v (no defocusing).In the defocusedcase the functionsV,,,
from Eq.(23)areneeded.

In Fig.(5) we presenta calculatedintensity patternin the presenceof a set of high-
frequeng Zernike coeficients up to ordern=25 which, in total, producean rms wave-front
aberrationof 1/(27)=0.159 \. The low-intensity part of the calculatedpatternoutsidethe
centrallobe resemblesa specklepattern;this can be explained by the uncorrelatedhature
of the high orderZernike coeficients a,,,, of eachpolynomialcontrikution a,, Z17(p, 6) =
anm R (p) cos(mb).

7 Conclusion

We have implementedur extendedNijboer-Zernike analysidfor the calculationof the diffrac-
tion pointspreadunctionin thecaseof bothsmallandlarge aberratiorvalues.Throughouthe
analysisthedefocusingeffectis takenasanindependenparametethatcanbeincrementedo
several focal depthswithout ary corvergenceproblems.The numberof requiredtermsin the
seriesexpansionfor the complex amplitudein the imagespacecanbe estimatecby meansof
somesimple expressionsvhich comprisethe value of the aberrationtermsor the defocusing
parameter In practice,the typical numberL of termsneededamountsto 25, yielding an ac-
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curay of 10~% in theimageplaneintensitywhile anextensionof L to 40 bringsusbelow the
10~ value. Variouscomparisonsvith numericallybasedntegrationschemesave beencar

ried out shaving thatanaccuray in intensityin theregion of 10~° to 10~3 is typical for these
methods.This demonstratethatour analyticalapproachalsohasthe capabilityof servingasa
referencdor thesenumericalmethods.

The applicationof the analysisto the impulseresponseof an optical systemleadsto
effective calculationschemesvhereonecanfully exploit theseparatiorf radialandazimuthal
dependenca the expressionsWe caneasilyextendour analysisto the casewherethe wave-
front aberrationis accompaniedy a nonuniformamplitudedistribution in the exit pupil of
the optical system. An extensionto the vectorialtreatmentof diffraction phenomenat high
valuesof the numericalaperturehasnot beencarriedout so far, but the basicapproachcan
equallybeappliedin this case the maindifferencebeingthe numberof diffractionintegralsto
beevaluated(six insteadof one).

We have studiednotonly theimageof apointobject,but alsotheimagingof extendedob-
jectwhich areilluminatedin a general partially coherentmanner The analyticalexpressions
permitaseparaténspectionof the varioustermscontrituting to the complex imageamplitude.
This possibilitycanbe exploitedfor the effective designof morecomplicatedbjectstructures,
e.g.phase-andamplitude-shiftingnasksin opticalmicrolithography Moreover, we think that
our methodpresents seriousadwantagewhendealingwith high-frequeng aberratiorterms.
Thesamplingproblemin pupil andimageplaneencountereth e.g.the FFT-approachs absent
whenusingour analyticexpressions.

Acknowledgement

Theauthorswould lik e to thankthereviewersof this paperfor theircommentsandrecommen-
dationswhich hada beneficialeffect on the presentatiomf the subjectof this paper

16



Appendix A: The defocusing term as a function of numerical
aperture

In Fig.(6) a sphericalwave-frontthroughP corvermgestowardsthe realimagepoint M,. The
defocusedmageis capturedn a planethroughM; andthe axial defocusdistanceis z. The
wave-front deviation Wy asa function of defocusis given by the optical distancePQ. To
calculatethis distancewe applythe cosinerule in triangle P My My

(Wy+ R1)? + 22+ 2(W; + Ry)zcosp = R3 . (A1)

Usingthepropertythat,for all realisticsituationsthewave-frontdeviation W, is muchsmaller

thanRR;, we obtain
Wf:z[l—cosp]:z[l—\/l—sian] . (A.2)

Thenormalizedcoordinateon theexit pupil spherehroughO andP is givenby theratio of the
sineof agenerafkay andthesineof themaginalray, p = (sinp)/so wheresy = sinpyg = N A,
andthe wave-frontdeviation W; now becomes

102 i 4 ;.6
sin Sin sin

2 8 16
= lzs%p2 + 1zsép4 + izsgp6 + (A.3)
2 8 16

The completephaseterm for defocusis obtainedby multiplying W; with the wave number
k =2/

Eq.(A.3)shavsthatfor largervaluesof thenumericalaperureN A = s( attheimageside,
the defocusingterm resultingfrom the wave-front deviation W; is not well approximatedy
+kzs3p?. A considerablenhancemeris obtainedby replacingl — 1/1 — sin? p in Eq.(A.2)

by its leastsquaresjuadraticapproximationby -+ 51p2. This thenleadsto the optimal second
orderapproximation

Wi z (ZA)() + 81p2) (A.4)

anda correspondingpproximationkz (130 + Blpz) for the defocusingerm. It thusturnsout
that we obtain averageapproximationerrors having at sy=0.82 the samevalue as what we

would obtainfor sp=0.60whenwe approximatel — /1 — sin® p by $s30°.
A furtherextensionof this methodologyallowing even highervaluesof sy, is to develop

theremainingapproximatiorerrorl — /1 — sin® p — by — 51p2 in aseriednvolving theradial

Zernike polynomialsR,, (p) with n = 2,3, - - andto incorporatethis errorin the aberration
phase®. Onehasin fact,with p = (sinp)/so asabove,

1 s 1 1—c¢o\™ ! 1 11—\t
\/1—sinp?=—=(1— — R
sinp? = =51 =) 2, l?n— 1 (1 +co) 2n + 3 <1+c0> an(P) -

n=0
(A.5)
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wherecy = cos pg. Thetermswith n = 3,4, --- in theright-handsideare sufficiently small
for valuesof the numericalapertures, aslarge as0.90thatthey canbe considerechssmall
aberrationg| f| aslargeas2r).

Althoughthecorrectrepresentationf thedefocugermathighvaluesof NV A isimportant,
it is not a sufiicient extensionto correctlydescribethe impulseresponsen this regime. The
radiometriceffectswithin the high numericalaperturebeamhave to betakeninto account.By
adoptinga comple-valued parameterf, theseradiometricamplitudevariationson the pupil
spherecanbe accommodatedOf coursejin afinal step,the vectorialtreatmeniof wave prop-
agationasdescribedn Ref.[2] hasto beused.

Appendix B: Analysisof V,,,,, and T,

B.1. BoundsonV,,, and T,

Thereholdsfor all f,v andall allowedn, m

My (v) My (v)
< .
Vanl € 57+ [Taml < 5755 ®1)
where
M, (v) = max |Im(u)] <1 . (B.2)
0<u<w

Theboundsin (B.1) follow easilyfrom theintegral representations Egs.(8),(15)wherefor
thefirst boundwe alsousethat

1 1
/ pIRT(p) dp =
0

k1) (B.3)

togethemwith the Cauchy-Schwarzinequality

B.2. Truncation of infinite series.

We considerthe seriesrepresentation®) and(16) of V,,,,, andT,,,,, for therangeof f,v,n,m
(p, ¢) indicatedin Eg.(12). The mainresultis asfollows. In therelevantrangeit is sufficient
to includethefirst 25 termsof theinfinite seriesover to guarante@bsoluteaccurag of order
10~5. Moreover, thetruncationerrorsarein all case®f thesameorderof magnitudeor smaller
thanthetruncationerrorfor the series

e ~1 Jl( )

Voo = Too = exp(if) Y _(—2if)"
=1
Let usfirst considerthe corvergencebehaior of the seriesin Eq.(B.4). It follows from the
basicpropertiesof the Besselfunctions,suchas 9.1.30in Ref.[6], thatv~'.J;(v) is positive
anddecreasingn v € [0,20] when! >20. Hencethe seriesin Eq.(B.4)exhibits worst case
convergencebehaior atv =0 wherewe have
Ji(v) 2"

= — B.5
’Ul v=0 l! I ( )

(B.4)
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sothat . - -
Violv = 0) = 5 exp(if) Y I — (8.6)
1=1 :

The corvergenceanalysisof the seriesin Eq.(B.6) canbe given by using Stirling’s formula
for 1! . Thusthe terms(—if)!=!/I! have modulusof orderlessthanunity from | = |ef]
onwards. For f=2r we have |ef|=17, and (2r)!~1/I! decreasefrom 6.10~* at! = 20 to
9.10~7 atl = 25. As arule of thumbwe getthatthe numberL of termsto beincludedshould
besomevhatlargerthanef; normally L > 3 f sufiices.

We next comparghecorvemgencebehaior for thegeneratased/,;,,, T to thestandard
seriesVyg, Tog. Hereit is enoughto restrictattentionto V,,,,,. Thisis possiblesinceonegets
from Eq.(10)andEq.(17)that

_ =1t (g+5)!
oglp! (I=1-=p+ !’

andtheright-handsideof Eq.(B.7)>1 for all I, p, g thatsatisfyl — 1 — p > g. We shallthus
considertthe quantity seeEq.(9)andEq.(B.4)

=Ly, .
‘ L i=0,....,p , (B.7)

ty;

17" vy Jipmey2;(v)
Ji(v)

’ j:O,---,p, (B8)

Qlj:‘

andouraimis to bound}>%_, Qi;.
Noting that! is large comparedo m, j, ¢ we have from Eq.(10)andthe definitionsof p
andgq that

|~ (I m+ )l —1+,)! <p><q+j>

(I+qg+i)l—1+75-p)'\J p

exp (~(¢+ 1)p/1) @ <" ”) - (B.9)

p

Q

Furthermordhereis theinequality

Js(v) < v/s
Tsa(v) ~ 14+ V1= (v/s)2

Thelatterinequalityfollows from Ref.[6], secondormulain 9.1.73for thecontinuedraction
expansionof Js(v)/Js_1(v), combinedwith the continuedractionexpansion

1 1 c c c 1
Y R L L <e< - . B.11
2 Vi 7 12 1= 1= » 0sesy (B.11)

Applying (B.10) repeatedlywe thusgetthat

0< 0<v<s . (B.10)

OSJH‘LQJ'(U)S[)WH—QJ L 0<wv<l, (B.12)
Ji(v)
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where 1)
b= 1+VI-@/(+1))2 (8.13)

Combining(B.9) and(B.12)andusingm = ¢ — p we get

i . < exp(—(¢+1)p/l) i <><q+]>bq P2y (B.14)

Themaximumoverp = 0, . .., g of the seriesat theright-handsideof (B.14) occursatp = gq.
A numericalinspectionof the quantity

exp (—(q+ Da/l) Y- (j) (‘””)b” - (B.15)

i=0 7

for the worstcasel=24, v=20 (sothatb=1/2) andp = ¢ = 0,1,...,6, yieldsa boundof the
order10for theleft-handsideof Eq.(B.14).Thisis sufficient for our purposes.

We have obsered numericallythat the absolutecon/ergencebehaior of the seriesfor
V.m 1S actuallybetterthanwhatonemight expectfrom the foregoing analysis.Thereasorfor
thisis thatsomeof the estimategin particular(B.12)) arecrudewhile the variousworstcases
do notoccursimultaneously

We may notethatthetruncationanalysiscanbe extendedto the casef differentranges
for thevariousparameterandvariables.Thisis basedn the obserationthat

2q+1
Z q> <q+J)sz L 2p?) ~ (b++ 1+b2) B.16
jz:% (J' q fall 2]~ 2(mbg)3 (1 +b2)7 (519

wherePF, is theLegendrgpolynomialof degreeg, with asymptotidehaior asgivenin Ref.[10,
Thm. 8.2.1.Accordinglyonefindsthatfor largel theworstcasequantityin Eq.(B.15)behaes

likeexp{—(q +1/2)(q¢ + 1/2 —v)/l}.
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Table Caption

Table1

The convergenceof the analyticallycalculatedmageintensityI(z, y) = |U(z,)|? asafunc-
tion of the numberof termsL includedin the seriesexpansionfor the amplitudeU (intenal
o] <30).

Figure Captions

Figurel

Geometryof the wave propagatingrom the exit pupil (centerat Eq) towardstheimageplane
(centerat Py). Thediameterof theexit pupil is 2py andthe distancerom pupil to imageplane
is R. Thereal-spacémageplanecoordinatesare (X,Y’). In this papey the exit pupil coor
dinatesarenormalisedo unity by meansof the valueof py anddenotedby (v, 1); theimage
planecoordinatesare normalizedwith the aid of the diffraction unit, A\/N A, anddenotedby
(z,y). NA(= po/R) is theimage-sidenumericalapertureof the optical system.

Figure 2

Therealpart(left-handcolumn),imaginarypart(centralcolumn)andthe squaredmodulusor
intensity (right-handcolumn)of variousradial functionsV,,,,, have beendisplayed eachtime
for two valuesof the defocusparameterf (dravn cune: f = 0, dasheccune: f = «). From
top to bottom,thevaluesof theindices(n, m) are,respectiely, (0,0), (2,2), (3,1) and(4,0).

Figure3

Cross-sectionsf the imageintensity for a deltafunction object (labels’ExtendedNijboer
Zernike' and’numericalintegration’) and for a rectangularcontacthole in the objectplane
(ExtendedNijboerZernike, 0.3 um hole’ and’SOLID-C, 0.3 um hole). The aberratiorterm
is fourth-ordersphericalaberrationand the magnitudeis given by the value of au o (27/6),
correspondingo the’just’ diffraction-limitedcase.Thedeviationsbetweertheanalyticalcom-
putationandthe strictly numericalintegrationmethod(typically 5.10~°) arenot visible in the
figure;the deviationsbetweerthe dataobtainedfor the contacthole (typically 0.001to 0.002)
areespeciallyisible for low valuesof theradialcoordinatey.

Figure4

Aerial imageintensity calculationdue to a maskwith two contactholes(diameter0.1 um,
spacing0.2 um). Solid lines: calculatedusing Eqgs.(9)-(10)for the functionsV,,,,; Dashed
lines: SOLID-C package\=0.248um, N A=0.6,in-focussituation. The typical differencein
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normalizedntensitybetweerthetwo resultingcurvesamountgo 0.01.

Figure5

The imageplaneintensity distribution in the caseof a setof high-frequeng Zernike coefi-
cientsthatrepresenthe resultof e.g. manugcturingerrorsin the wave-frontexiting from an
optical system. A setof coeficientsin the rangeg=6....,12 hasbeenintroduced(n ranges
from 6 to 24, m from 0 to 12). The centralmaximumhasbeentruncatedin the plot. Note
thatthe diffractedintensityis concentratedavithin a circle givenby v = n + 3, the extent of
the highestorderBesselfunction presenin theimageplaneintensityfunction. The numerals
representinghe intensityin the contourplot area measurdor the relative intensityandhave
to be multiplied by 10—2.

Figure 6

Thewave-frontdeviation PQ in the caseof defocusing.Thesphericawave (radiusR,, center
of curvature M) is projectedon a defocusedmageplanethrough M; and perpendiculato

theaxis OM,. The apertureangleis denotedby p. The defocusdistancez hasbeenheavily

exaggeratedh thefigure.
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Corvergenceof analyticalcalculation

L | Maximumintensitydifference
10 5.0 x 10°

15 1.5 x 102

20 8.4 x10°°

25 7.2x10°8

30 5.1 x 10~ 11

35 7.7 x 107

Tablel:
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