A NEW CRITERION FOR GABOR FRAMES

KARLHEINZ GRÖCHENIG AND A. J. E. M. JANSSEN

Abstract. We give a new criterion for the invertibility of the Gabor frame operator in the irrational case. It is sufficient to verify the invertibility of a single (infinite) matrix.

We give a new criterion for the invertibility of the Gabor frame operator in the irrational case. Usually this is the difficult case because Zak transform methods do not apply and thus explicit calculations are no longer applicable. However, in the irrational case it is sufficient to verify the invertibility of a single infinite matrix. This fact is not so surprising for the operator algebraist because the associated operator algebras, the so-called irrational rotation algebras or non-commutative tori, are simple whereas in the rational case they have a different structure [1, Ch. 6] or [11]. Also for the applied mathematician the main result of this note is not entirely unexpected and can be made plausible by the Zibulski-Zeevi representation of the Gabor frame operator in the rational case. Indeed, in dimension d = 1 when αβ = p/q with p, q ∈ N relatively prime, it suffices to inspect the spectra of the relevant Zibulski-Zeevi matrices in any rectangle in the Zak transform domain with side lengths 1/q and 1/p [4, 14]. When p, q → ∞, as would be the case when we were to approximate an irrational number αβ by rationals p/q, then the area of the rectangle to be checked tends to 0. A similar reduction of the checking problem was noted in [6, Section 3.6] where an algorithm based on the matrices of type (3) below was proposed to decide for which lattice parameters the characteristic function χ_{[0,c]} forms a Gabor frame.

We denote time-frequency shifts by M_ωT_xf(t) := e^{2πiω·t}f(t − x) for t, x, ω ∈ R^d . For a given window function g ∈ L^2(R^d ) and lattice parameters α, β > 0, we consider the Gabor system G(g, α, β) = {M_{βn}T_{αk}g : k, n ∈ Z^d} and the associated Gabor frame operator S defined by

(1) Sf = ∑ k,n∈Z^d ⟨f, M_{βn}T_{αk}g⟩M_{βn}T_{αk}g If S is invertible on L^2(R^d ), then G(g, α, β) is a Gabor frame or Weyl-Heisenberg frame. Following the established literature we will use the following practical class of windows: we say that g belongs to the Wiener amalgam space W := W (C, ℓ^1), if g is continuous and if the norm

(2) ‖g‖_W = ∑ k∈Z^d sup t∈[0,1]^d |g(t + k)| is finite.

Key words and phrases. Gabor frames, duality principle, irrational case. 1

The literature contains a number of sufficient conditions and a few necessary and sufficient conditions for the invertibility of S (see, e.g., [3], in particular Prop. 6.3.4 and Thm. 7.4.3). In this note we work with the representation of S in terms of Ron-Shen matrices that are defined as follows. Set

(3) G_{jl}(x) = ∑ k∈Z^d ḡ(x − l β − αk) g(x − j β − αk)

and for each x in the cube [0, α]^d let G(x) be the operator (matrix) acting on c = (c_k)_{k∈Z}d ∈ ℓ^2(Z^d) with finite support by matrix multiplication

(4) (G(x)c)_j = ∑ l∈Z^d G_{jl}(x)c_l

Note that each G(x) is a positive operator in the sense that ⟨G(x)c, c⟩ ≥ 0 for all c ∈ ℓ^2(Z^d) with finite support.

If αβ is irrational and g reasonably nice, then we have the following criterion for G(g, α, β) to be a Gabor frame.

Theorem 1. Assume that g ∈ W (C, ℓ^1). If αβ ∉ Q, then the following are equivalent:

(i) S is invertible on L^2(R^d ).

(ii) There exist constants a, b > 0 such that for all x ∈ [0, α]^d

(5) a Id_ℓ2 ≤ G(x) ≤ b Id_ℓ2

(iii) There exists a > 0 such that for all x ∈ [0, α]^d (6) ∑ k∈Z^d | ∑ l∈Z^d g(x − l β − αk) c_l|^2 ≥ a‖c‖^2 c ∈ ℓ^2(Z^d) .

(iv) There exists a single ξ ∈ [0, α]^d such that G(ξ) is invertible on ℓ^2(Z^d). If any of these conditions is satisfied, then all operators G(x) have the same spectrum, in short σ(G(x)) = σ(G(ξ)) for all x ∈ R^d .

The theorem is a summary of known results, see [3, Ch. 6 and 7] for details and precise references. The novelty is the new condition (iv).

The equivalence (i) ⇐⇒ (ii) is well known and was proved in [12] and [2, Thm. 3.2] (however, for g ∈ S_0 only). It holds without any restriction on αβ < 1 and for arbitrary g ∈ L^2(R^d ) (in this case (5) needs to hold for almost all x). We remark that criterion (iii) is particularly useful to verify that certain Gabor systems are Gabor frames, see [6, Section 3] and [5, 7].

The equivalence of (ii) and (iii) is a consequence of the following calculation ⟨G(x)c, c⟩ = ∑ j∈Z^d ∑ l∈Z^d G_{jl}(x)c_lc̄_j

= ∑ j∈Z^d ∑ l∈Z^d ∑ k∈Z^d ḡ(x − l β − αk) g(x − j β − αk)c_lc̄_j

= ∑ k∈Z^d | ∑ l∈Z^d g(x − l β − αk) c̄_l|^2 Here the interchange of the order of summation is perfectly justified because we may assume that c has finite support.

The implication (iii) =⇒ (iv) is obvious.

In the remainder of this note we prove the decisive implication (iv) =⇒ (ii). We need the following lemma which can be traced back to Walnut [13], see also [3], p. 116, Step 2.

Lemma 1. Let g, γ ∈ W and define the modified matrices G(x) = G^{g,γ} (x) by their entries

(7) G_{jl}(x) = ∑ k∈Z^d ḡ(x − l β − αk) γ(x − j β − αk) Then (8) ∑ l∈Z^d |G_{jl}(x)| ≤ (β + 1)^d (^1_α + 1)^d ‖g‖_W ‖γ‖_W

for all x ∈ R^d , and the same estimate holds for the sum ∑ j∈Z^d|Gjl(x)|. By Schur’s test (e.g., [3, Lemma 6.2.1]) the operator norm of G(x) acting on ℓ^2(Z^d) is bounded by

‖G(x)‖_{op} ≤ (β + 1)^d (^1_α + 1)^d ‖g‖_W ‖γ‖_W

Consequently we can choose the bound b = (β + 1)^d (^1_α + 1)^d ‖g‖_W ‖γ‖_W in (5) and the upper estimate is always satisfied. Thus we need only take care of the lower bound.

To show the existence of a uniform lower bound a > 0, we proceed in two steps.

Step 1. Let τ_n, n ∈ Z^d, be the translation operator on ℓ^2(Z^d) defined by

(9) (τ_nc)_l = c_{l−n} for c ∈ ℓ^2(Z^d)

The definition of G(x) implies that for all n ∈ Z^d we have

(10) G_{jl}(x − n β ) = G_{j+n,l+n}(x) .

Now observe that for all finitely supported c, d ∈ ℓ^2(Z^d) we have ⟨G(x − n β )c, d⟩ = ∑ j,l∈Z^d G_{jl}(x − n β )c_ld̄_j = ∑ j,l∈Z^d G_{j+n,l+n}(x)c_ld̄_j = ∑ j,l∈Z^d G_{jl}(x)c_{l−n}d̄_{j−n} = ⟨G(x)τ_nc, τ_nd⟩ This property implies that (11) G(x − n β ) = τ_{−n}G(x)τ_n Since τ_n is unitary on ℓ^2(Z^d), conjugation by τ_n does not change the spectrum and thus all operators G(x −^n_β ) for n ∈ Z^d possess the same spectrum σ(G(x)).

Since we have assumed the existence of a ξ ∈ R^d such that (12) a Id_ℓ2 ≤ G(ξ) ≤ b Id_ℓ2 , we conclude that a Id_ℓ2 ≤ G(ξ − n β ) ≤ b Id_ℓ2 for all n ∈ Z^d .

Now G(x) = G(x + α) for all x ∈ R^d and αβ is irrational. By Kronecker’s theorem [9] the set {x = ξ −^n_β ( mod α) : n ∈ Z^d} is therefore dense in the cube [0, α]^d. So far we have shown that (5) holds for a dense subset of [0, α]^d.

Step 2. To show that (5) holds for all x ∈ [0, α]^d, we use an approximation argument. We will show that the map x → G(x) is uniformly continuous in the operator norm. In other words, we show that for all ϵ > 0 there is a δ > 0 such that (13) ‖G(x) − G(x^′)‖_{op} < ϵ for |x − x^′| < δ . If in this case we choose ϵ = a/2 where a is the lower bound in (12), then for |x − x^′| < δ we obtain ⟨G(x^′)c, c⟩ = ⟨G(x)c, c⟩ − ⟨(G(x) − G(x^′))c, c⟩ ≥ a‖c‖^2 − ‖G(x) − G(x^′)‖_{op}‖c‖^2 ≥ a 2 ‖c‖^2 , p or equivalently G(x^′) ≥^a_2 Id_ℓ2 for |x − x^′| < δ. Since we know from Step 1 that G(x) ≥ a Id_ℓ2 on a dense subset of [0, α]^d , we are done.

Since the map T → σ(T ) from bounded selfadjoint operators endowed with the operator topology into compact sets of R endowed with the Hausdorff topology is continuous, (13) implies that the spectrum σ(G(x)) is independent of x. More precisely, let d(A, B) = max ( sup_{a∈A} inf_{b∈B} |a − b| ; sup_{b∈B} inf_{a∈A} |a − b| ) be the Hausdorff distance between the closed sets A, B ⊆ R. If T_1, T_2 are bounded selfadjoint operators on some Hilbert space, then the perturbation result [8, Thm. 4.10,p. 291] states that d(σ(T_1), σ(T_2)) ≤ ‖T_1 − T_2‖_{op} .

Given x ∈ R^d , there exist ℓ, n ∈ N^d such that |x − (ξ − n/β − ℓα)| < δ and (13) implies that ‖G(x) − G(ξ − n/β − ℓα)‖_{op} < ϵ. Consequently d ( σ(G(x)), σ(G(ξ)) ) = d ( σ(G(x)), σ(G(ξ − n/β − ℓα)) ) < ϵ . Since ϵ > 0 was arbitrary, we obtain that d ( σ(G(x)), σ(G(ξ)) ) = 0, and the equality of the spectra σ(G(x)) = G(ξ)) follows.

So it remains to prove the following lemma.

Lemma 2. If g ∈ W , then the map x → G(x) from R^d into the bounded operators on ℓ^2(Z^d) is uniformly continuous in the operator norm.

Proof. For x^′ = x + h set γ(t) = T_{−h}g(t) = g(x + h). Then we have G^{g,g}_{jl} (x + h) = ∑ k∈Z^d ḡ(x + h − l β − αk) g(x + h − j β − αk) = G^{γ,γ}_{jl} (x) . By the usual product trick we can write the difference G(x + h) − G(x) as G^{g,g}(x + h) − G^{g,g}(x) = G^{γ,γ} (x) − G^{g,g}(x) = G^{γ,γ−g}(x) + G^{γ−g,g}(x) . Now Lemma 1 implies that ‖G^{g,g}(x + h) − G^{g,g}(x)‖_{op} ≤ ‖G^{γ,γ−g}(x)‖_{op} + ‖G^{γ−g,g}(x)‖_{op} ≤ (β + 1)^d( 1 α + 1)^d ( 2‖γ‖_W ‖γ − g‖_W ) (14)

We know that translation is uniformly bounded and strongly continuous on W , i.e., ‖T_xg‖_W ≤ C‖g‖_W for all x ∈ R^d and ‖T_hg − g‖_W → 0 as |h| → 0 [10, Ex. 1.5.3]. Since γ = T_{−h}g, (14) implies that

(15) lim_{h→0} ‖G^{g,g}(x + h) − G^{g,g}(x)‖_{op} = 0 ,

which is the statement of the lemma.

References

[1] K. R. Davidson. C^∗-algebras by example. American Mathematical Society, Providence, RI, 1996.

[2] H. G. Feichtinger and K. Gröchenig. Gabor frames and time-frequency analysis of distributions. J. Functional Anal., 146(2):464–495, 1997.

[3] K. Gröchenig. Foundations of Time-Frequency Analysis. Birkhäuser, Boston, 2001. [4] A. J. E. M. Janssen. The duality condition for Weyl-Heisenberg frames. In Gabor analysis and algorithms, pages 33–84. Birkhäuser Boston, Boston, MA, 1998.

[5] A. J. E. M. Janssen. On generating tight Gabor frames at critical density. Submitted to J.

Fourier Anal. Appl., 2001.

[6] A. J. E. M. Janssen. Zak transforms with few zeros and the tie. In Advances in Gabor Analysis. Birkhäuser Boston, Boston, MA, 2002.

[7] A. J. E. M. Janssen and T. Strohmer. Hyperbolic secants yield Gabor frames. Submitted to Appl. Comp. Harm. Anal., 2001.

[8] Tosio Kato. Perturbation theory for linear operators. Springer-Verlag New York, Inc., New York, 1966.

[9] L. Kuipers and H. Niederreiter. Uniform distribution of sequences. Pure and Applied Mathematics. Wiley-Interscience [J. Wiley & Sons], New York, 1974.

[10] Hans Reiter and Jan D. Stegeman. Classical harmonic analysis and locally compact groups.

The Clarendon Press Oxford University Press, New York, second edition, 2000. [11] Marc A. Rieffel. Projective modules over higher-dimensional noncommutative tori. Canad.

J. Math., 40(2):257–338, 1988.

[12] A. Ron and Z. Shen. Weyl–Heisenberg frames and Riesz bases in L_2(R^d ). Duke Math. J., 89(2):237–282, 1997.

[13] D. F. Walnut. Continuity properties of the Gabor frame operator. J. Math. Anal. Appl., 165(2):479–504, 1992.

[14] M. Zibulski and J. J. Zeevi. Oversampling in the Gabor scheme. IEEE Trans. Signal Proc., 41(8):2679–2687, 1993.

Department of Mathematics, The University of Connecticut, Storrs, CT 06269- 3009, USA

Philips Research Laboratories, Prof. Holstlaan 4, 5656 AA Eindhoven, The Netherlands

E-mail address: GROCH@MATH.UCONN.EDU,a.j.e.m.janssen@philips.com