A Discrete Queue, Fourier Sampling on Szegö Curves, and Spitzer Formulas

A.J.E.M. Janssen Philips Research Laboratories WY-81, 5656 AA Eindhoven, The Netherlands e-mail: a.j.e.m.janssen@philips.com

J.S.H. van Leeuwaarden EURANDOM, P.O. Box 513 5600 MB Eindhoven, The Netherlands e-mail: j.s.h.v.leeuwaarden@tue.nl

June 2003

Abstract

We consider a discrete-time multi-server queue for which the moments of the stationary queue length can be expressed in terms of series over the zeros in the closed unit disk of a queue-specific characteristic function. In many important cases these zeros can be considered to be located on a queue-specific curve, called generalized Szegö curve. By adopting a special parametrization of these Szegö curves, the relevant zeros occur as equidistant samples of a 2π-periodic function whose Fourier coefficients can be determined analytically. Thus the series occurring in the expressions for the moments can be written as Fourier aliasing series with terms given in analytic form. This gives rise to formulas for e.g. the mean and variance of the queue length that are reminiscent of Spitzer’s identity for the moment generating function of the steady-state waiting time for a G/G/1 queue. Indeed, by considering the queue under investigation as a G/G/1 queue, the new formulas for the mean and variance also follow from Spitzer’s identity. The approach in this paper can also be used to compute the probability distribution function of the queue length in analytic form.

Keywords: Discrete-time queue, multi-server, Szegö curve, Spitzer’s identity, Fourier sampling.

AMS 2000 Subject Classification: 42A16, 42A32, 30C15, 94A20, 90B22.

1 Introduction and motivation

We consider a discrete-time queue (in queueing theory language a multi-server queue, see [6]), defined by the recursion

X_{n+1} = max{X_n − s, 0} + A_n , n ∈ Z . (1.1)

Here X_n is the queue length at the beginning of time slot n, A_n is a non-negative discrete random variable denoting the number of arriving customers at the end of slot n, and s is the (constant) number of customers that can be processed within one time slot. It is assumed that the A_n form an i.i.d. sequence of random variables with probabilities a_j = P (A = j), j = 0, 1, ... , such that ∑ j a_j = 1 and

E(A) = ∞∑ j=0 j a_j < s . (1.2)

Under this assumption the system defined by (1.1) is stable and the stationary probability distribution of the X_n exists. We denote this stationary distribution by X with probabilities x_j = P (X = j) = lim_{n→∞} P (X_n = j), j = 0, 1, ... , satisfying ∑ j x_j = 1. We shall also assume that the generating function

A(z) := ∞∑ j=0 a_j z^j (1.3)

is analytic in a disk |z| < 1 + ε with ε > 0. Then the generating function

X(z) := ∞∑ j=0 x_j z^j (1.4)

is analytic in a disk |z| < 1 + ε with ε > 0 as well, and it is an elementary exercise in queueing theory to show that the generating functions A(z) and X(z) satisfy (see e.g. [2])

X(z) =

A(z)

∑_{s−1}

j=0 (z^s − z^j) x_j z^s − A(z)

(1.5)

in a disk |z| < 1 + ε with ε > 0. We refer to [7] for the general theory of Markov chains (of which the system in (1.1) is an example), and to [4] for the theory and applications of queueing systems. In Sec. 7 we shall relate the queueing system under investigation to what is called in queueing theory a G/G/1 queue.

It follows from Rouché’s theorem, applied to z^s − A(z) on circles |z| = 1 + ε with ε > 0, and the assumption (1.2), that the equation

A(z) = z^s (1.6)

has exactly s roots z_0 = 1, z_1, ..., z_{s−1} in |z| ≤ 1. Also, there is an ε > 0 such that (1.6) has no roots for 1 < |z| < 1 + ε. Denote the mean and variance of A by μ_A and σ^2_A, so that

μ_A = ∞∑ j=0 j a_j = A^′(1) , (1.7)

σ^2_A = ∞∑ j=0 (j − μ_A)^2 a_j = A^{′′}(1) + A^′(1) − (A^′(1))^2 , (1.8) and similarly for X. Now a careful but otherwise elementary analysis of the relation (1.5) around z = 1, using the analyticity of A(z) and X(z) in a disk |z| < 1 + ε with ε > 0, yields

μ_X = 1 2 μ_A + σ^2_A 2(s − μ_A) − 1 2 (s − 1) + s−1∑ k=1 1 1 − z_k

, (1.9)

σ^2_X = σ^2_A +

A^{′′′}(1) − s(s − 1)(s − 2) 3(s − μ_A) + A^{′′} − s(s − 1) 2(s − μ_A)

+ (A′′(1) − s(s − 1)

2(s − μ_A)

)_2 − s−1∑ k=1 z_k (1 − z_k)^2

. (1.10)

See e.g. [2], and also the beginning of Sec. 6 for some aspects of this analysis.

The two series at the right-hand sides of (1.9) and (1.10) can be evaluated by numerically computing the zeros z_k, k = 1, . . . , s. The feasibility of this approach depends on A and how large s is. In [5] these two series are bounded in a relatively simple form in terms of the first three moments of A. This gives considerable insight into the behaviour of these series, but the bounds are not always as tight as one wishes. As an alternative, one can try to consider the z_k’s as equidistant samples z(2πk/s) of a 2π-periodic, complex-valued function parametrizing the ”curve” {z | |z| ≤ 1, |A(z)|^{1/s} = |z|}, and apply Fourier sampling theory. In this paper we work out this point of view in all detail, and we succeed in obtaining analytical expressions for the two series. The resulting formulas for μ_X and σ^2_X , see formulas (3.6-3.7) below, are reminiscent of the expressions for the mean and variance of the steady-state waiting time for a general G/G/1 queue, see [1], (8). These formulas explicitly involve the power series coefficients of A^l(z), l = 0, 1, . . ., around z = 0, and are therefore termed formulas of Spitzer type, since they follow from Spitzer’s identity, see [15], [1], (7), and (3.9) below.

That methods from analytic function theory play a crucial role in queueing theory is evident, notably from the work of Pollaczek [10, 11], also see [1, 14]. In [1] it is pointed out that Spitzer’s identity can be derived from one of Pollaczek’s identities, see [1], (3), and this bridges a gap between the analytic function theory approach and the combinatorial approach as embodied by Spitzer’s identity.

In the present paper we fully exploit the discrete nature of the queues under study, and we bridge the gap between the analytic function approach, as embodied by the formulas (1.9- 1.10), and formulas of Spitzer type, by considering the relevant zeros as sample points on, what we call generalized Szegö curves. This approach yields the desired analytic expressions for the two series as well as for the probabilities x_j, j = 0, ..., s − 1, that occur at the righthand side of (1.5), and x_s. From x_j, j = 0, 1, ..., s , all x_j with j = s + 1, s + 2, ... can be determined recursively using (1.5). In [8] we compare the analytic method thus obtained for computing the probabilities x_j to methods with a more numerical character.

2 Overview

We now sketch our approach to obtain analytic expressions for series ∑ k g(z_k) with z_k the roots of A(z) = z^s in |z| ≤ 1. We shall throughout assume that a_0 > 0. This involves no essential limitation: if a_0 were zero we would replace the distribution {a_i} by {a^′_i} where a^′_i = a_{i−m}, a_m being the first non-zero entry of {a_i}, and a corresponding decrease in the maximum number of customers served per slot according to s^′ = s − m.

We consider for w in a neighbourhood of 0 the equation

z A^{−1/s}(z) = w , (2.1)

where at the left-hand side of (2.1) we have taken the principal value of the root. Let g be analytic in a neighbourhood of z = 0. By the Lagrange inversion theorem, see [17], § 7.32, there is a neighbourhood of w = 0 such that the equation (2.1) has a unique solution z = z_0(w). Furthermore, the function g(z_0(w)) has the power series expansion

g(z_0(w)) = g(0) + ∞∑ l=1 c_l(g) w^l , (2.2)

where for l = 1, 2, ...

c_l(g) = 1 l! ( d dz )_{l−1} [A^{l/s}(z) g^′(z)] (z = 0) = 1 l C_zl−1 [A^{l/s}(z) g^′(z)] . (2.3)

We have used here the short-hand notation C_zj [f(z)] for the coefficient of z^j in f(z). We denote c_l := c_l(g_0) ; g_0(z) = z , (2.4) and we let R be the radius of convergence of the series

z_0(w) = ∞∑ l=1 c_l w^l . (2.5)

We shall show in Sec. 4 that the mapping w, |w| < R → z_0(w) is analytic and injective.

Now assume that R > 1. Then we can consider the equation (2.1) and its unique solution z_0(w) with w = e^{iα}, α ∈ [0, 2π]. Accordingly, we let

z(α) := z_0(e^{iα}) , α ∈ [0, 2π] . (2.6)

The s roots z = z_k, k = 0, 1, ..., s − 1 , of the equation A(z) = z^s with z_0 = 1, |z_k| ≤ 1, k = 1, ..., s − 1 , are distinct and are obtained as

z_k = z(2πk/s) = z_0(e^{2πik/s}) , k = 0, 1, ..., s − 1 . (2.7)

Furthermore, with (2.6) we have a parametrization of a Jordan curve with 0 in its interior. Finally, when g is analytic in an open neighbourhood of {z_0(w)||w| ≤ 1}, then the 2π-periodic function α → g(z(α)) has the Fourier series representation

g(z(α)) = g(0) + ∞∑ l=1 c_l(g) e^{ilα} , α ∈ [0, 2π] , (2.8)

with c_l(g) given in (2.3).

The assumption R > 1 is, for instance, satisfied when A(z) is zero-free in |z| ≤ 1. An example of this is the Poisson case,

a_j = e^{−λ} λ^j j! , j = 0, 1, ... ; A(z) = e^{λ(z−1)} , (2.9) with 0 ≤ E(A) = λ < s. There are also non-trivial examples of distributions A with generating functions that do have zeros in the unit disk for which R > 1. See Example 4.5 at the end of Sec. 4 where we consider the binomial distribution

a_j = ( n j ) q^j (1 − q)^{n−j}, j = 0, ..., n; a_j = 0, j = n + 1, ... , (2.10)

so that A(z) = (1 − q + qz)^n , (2.11)

with E(A) = nq < s.

With R > 1 and g analytic in an open neighbourhood of {z_0(w) | |w| ≤ 1} there follows from the Fourier series representation (2.8) and elementary Fourier sampling theory that

s−1∑ k=0 g(z_k) = s−1∑ k=0 g(z(2πk/s)) = s g(0) + s ∞∑ l=1 c_{ls}(g) , (2.12)

with c_l(g) given by (2.3). Thus

s−1∑ k=0 g(z_k) = s g(0) + ∞∑ l=1 1 l C_zls−1 [A^l(z) g^′(z)] . (2.13)

Note that the right-hand side series in (2.13) has terms that involve integral powers of A only. In fact, when g is analytic in a disk |z| < 1+ε with ε > 0 and A satisfies the assumptions of Sec. 1, then the numbers C_zls−1 [A^l(z) g^′(z)] decay exponentially fast, irrespective whether R > 1 or not. Hence in these cases the right-hand side of (2.13) makes sense regardless whether R > 1 or not. It therefore seems a plausible conjecture that (2.13) holds for these more general A and somewhat different type of g.

Some of the g’s we are interested in fail to be analytic at z = 1, but become so after proper regularization. This is, for instance, the case with

g(z) = 1 1 − z , z (1 − z)^2

(2.14)

that occur in (1.9) and (1.10). In Sec. 5 we regularize the g’s in (2.14) by subtracting B 1 − z A^{−1/s}(z) , C (1 − z A^{−1/s}(z))^2 + D 1 − z A^{−1/s}(z)

(2.15)

with properly chosen B and C, D. Indeed, since A(1) = 1, proper choice of B and C, D cancels the poles of the g’s at z = 1. Furthermore

z A^{−1/s}(z)|_{z=zk} = e^{2πik/s} , k = 1, ..., s ,

and in Sec. 5 we present an identity for the series

∑_{s−1} k=1 (1 − e^{2πik/s})^{−m}, m = 1, 2 , which shows that regularization of the g’s in (2.14) according to (2.15) may maintain the analytic nature of the expressions for ∑ g(z_k). For this it is also required that the c_l, with regularized g’s, are still expressible in analytic form. That this happens to be the case is also shown in Sec. 5.

We now give a short survey of the paper. In Sec. 3 we present the main results of this paper. In Sec. 4 we give the details regarding the parametrization in (2.5) of the Jordan curve {z | |z| = |A^{1/s}(z)|, |z| ≤ 1} in case that R > 1. We call curves of this type generalized Szegö curves, the curve {z | |z| = |e^{ϑ(z−1)}|, |z| ≤ 1} as considered in [15] with ϑ = 1 being the prototype of these curves. In Sec. 5 we give the details of our approach to find analytic expressions for

∑_{s−1} k=1 (1 − z_k)^{−1},

∑_{s−1} k=1 z_k(1 − z_k)^{−2}, and we present the resulting expressions for μ_X and σ^2_X . In Sec. 6 we give explicit expressions for the probabilities x_j, j = 0, 1, ..., s , by using the approach of this paper. In Sec. 7 we view the queue in (1.1) as a G/G/1 queue, and we present Spitzer’s formula for the moment generating function of the steady-state waiting time for this case. This connection yields alternative proofs of the results in Secs. 5, 6 without the assumption that R > 1. Hence, this completes the process of bridging a gap between two sets of formulas that exist for the mean and variance of the waiting times in certain discrete-time queues.

3 Results

We have the following main results, using the short-hand notation C_zj [f(z)] for the coefficient of z^j in f(z).

Theorem 3.1. Under the assumptions on A as made in Sec. 1 there holds

s−1∑ k=1 1 1 − z_k = 1 2 (s − 1) + 1 2 μ_A − σ^2_A 2(s − μ_A) + ∞∑ l=1 1 l ∞∑ j=ls

(j − ls) C_zj [A^l(z)] . (3.1)

Theorem 3.2. Under the assumptions on A as made in Sec. 1 there holds

s−1∑ k=1 z_k (1 − z_k)^2 = − 1 12 C(s − 1)(s − 5) + 1 2 D(s − 1) − g^R_2 (1) − s(C + D)

− ∞∑ l=1 1 l ∞∑ j=ls

(j − ls)^2 C_zj [A^l(z)] , (3.2)

where C and D are given by C = ( 1 − 1 s μ_A

)_2

, C + D = 1 s σ^2_A , (3.3) and g^R_2 (1) = a^{[2]} +^1_3 a^{[3]} 1 + a^{[1]} + a^{[1]} +^1_2 a^{[2]}

1 + a^{[1]} ( 1 − a^{[1]} +^1_2 a^{[2]} 1 + a^{[1]} ) (3.4)

with a^{[i]} the i^{th} derivative of A^{−1/s}(z) at z = 1, i = 1, 2, 3. Alternatively, one has for the constant on the first line of (3.2) − 1 12 C(s − 1)(s − 5) + 1 2 D(s − 1) − g^R_2 (1) − s(C + D)

= A^{′′′}(1) − s(s − 1)(s − 2) 3(s − μ_A) + A^{′′}(1) − s(s − 1) 2(s − μ_A) + (A′′ − s(s − 1) 2(s − μ_A)

)_2

. (3.5)

Theorems 3.1-3.2 are proved in Sec. 5 under the assumption that R > 1, where R is the radius of convergence of the power series of z_0(w) in (2.5). In Sec. 4 we shall show that C_zj [A^l(z)], j ≥ ls, can be estimated in such a way that the two infinite series at the righthand sides of (3.1) and (3.2) converge absolutely under the assumptions on A of Sec. 1 alone (no assumption on R required). A further observation is that from Thms. 3.1-3.2 and (1.9), (1.10)

μ_X = μ_A + ∞∑ l=1 1 l ∞∑ j=ls

(j − ls) C_zj [A^l(z)] , (3.6)

σ^2_X = σ^2_A + ∞∑ l=1 1 l ∞∑ j=ls

(j − ls)^2 C_zj [A^l(z)] . (3.7)

These two results can be proved directly, under the assumptions on A of Sec. 1, by using Spitzer’s identity, see [13] and [4], p.339. To that end, we introduce the process

W_{t+1} = max(W_t + A_{t−1} − s, 0) , (3.8)

and W its stationary distribution, i.e. P (W = j) = lim_{t→∞} P (W_t = j). Observe that from (1.1) it follows that X_t = W_t + A_{t−1}. Spitzer’s identity now reads

E(e^{−uW} ) = exp

{^∞∑ l=1 1 l E(e^{−u max(Sl,0)} − 1) } , Re u ≥ 0 , (3.9)

where S_l =

∑_l i=1 (A_i − s). This will be detailed in Sec. 7.

In Sec. 6 we consider the stationary queue length distribution {x_i}, for which we have the following result.

Theorem 3.3. Under the assumptions on A as made in Sec. 1 there holds

c := s−1∑ j=0 x_j = exp { − ∞∑ l=1 1 l ∞∑ j=ls

C_zj [A^l(z)] } , (3.10)

d := s∑ j=0 x_j = exp { − ∞∑ l=1 1 l ∞∑ j=ls+1

C_zj [A^l(z)] } , (3.11)

x_i = d C_vi [ A(v) exp

{^{s−1}∑ j=1 v^j ∞∑ l=1 1 l C_zls+j [A^l(z)] }] , (3.12)

for i = 0, 1, ..., s − 1. Hence, and in particular,

x_0 = a_0d = a_0 exp { − ∞∑ l=1 1 l ∞∑ j=ls+1

C_zj [A^l(z)] } , (3.13)

x_s = d − c = d ( 1 − exp { − ∞∑ l=1 1 l C_zls [A^l(z)] }) . (3.14)

From the x_j, j = 0, 1, ..., s , all other x_j’s can be computed recursively, for it follows from (1.5) that

X(z) − c A(z) = A(z) ∞∑ j=0 x_{j+s} z^j (3.15)

with c given in (3.10).

As with Thms. 3.1-3.2 the proof of Thm. 3.3 is first given under the assumption that the radius of convergence R of the series in (2.5) is larger than one. This latter assumption can, however, be removed by directly using Spitzer’s identity.

4 Fourier sampling on Szegö curves

In 1924, Szegö [15] showed that the zeros of the normalized partial sums

s_n(nz) = n∑ k=0 (nz)^k k! , n = 0, 1, ... , (4.1)

of e^z tend to what nowadays is called the Szegö curve

S := {z ∈ C | |z| = |e^{z−1}|, |z| ≤ 1} . (4.2)

This Szegö curve attracts attention to this date of researchers in approximation theory, see e.g. [12, 16, 18] and the references therein.

Curves of the Szegö type occur in the present context as follows. When A(z) is as in Sec. 1, the roots z_k of A(z) = z^s in the unit disk all lie in the set

S_{A,s} := {z ∈ C | |z| = |A^{1/s}(z)|, |z| ≤ 1} . (4.3)

In the case that A(z) = exp(λ(z − 1)), the generating function of a Poisson distribution, with A^′(1) = λ < s, we get the set

S_ϑ := {z ∈ C | |z| = |e^{ϑ(z−1)}|, |z| ≤ 1} , (4.4)

where ϑ := λ/s. Interestingly, in this case some of the quantities that occur in Sec. 3, such as d of (3.11), can be expressed in terms of the s_n(nz) in (4.1). The set S in (4.2) occurs as the limit case where ϑ = 1.

We start this section by proving the claims on the mappings z_0(w) and z(α) made in Sec. 2 under the assumption that the power series ∞∑ l=1 c_lw^l ; c_l = 1 l C_zl−1 [A^{l/s}(z)] , (4.5)

has radius of convergence R > 1. We have assumed that A(z) is analytic in a disk |z| < 1 + ε, and also that a_j ≥ 0, A^′(1) < s, and a_0 > 0. Let ε > 0 be such that A(z) is analytic in |z| < 1 + ε. Let

G_ε :=

{^∞∑ l=1 c_lw^l | |w| < R } ∩ {z | |z| < 1 + ε} . (4.6)

Define

z_0(w) := ∞∑ l=1 c_lw^l , |w| < R , (4.7)

and let H_ε := z^←_0 (G_ε) = {w ∈ C | |w| < R, |z_0(w)| < 1 + ε} .

Lemma 4.1. With the above assumptions and definitions the following holds. The function A is analytic and zero-free on G_ε. Taking the principal s^{−1}-root of A(z), z ∈ G_ε, there holds

z_0(w) A^{−1/s}(z_0(w)) = w , w ∈ H_ε , (4.8)

and z_0(w) is the unique solution of the equation z A^{−1/s}(z) = w with w ∈ H_ε and z ∈ G_ε. This unique z_0(w) is positive for w ∈ (0, 1] and satisfies z_0(1) = 1. For α ∈ [0, 2π] we have that z(α) is the unique solution z in |z| ≤ 1 of

z A^{−1/s}(z) = e^{iα} . (4.9)

The set {z(α) | α ∈ [0, 2π]} is a Jordan curve with 0 in its interior. Finally, the roots z_k of the equation A(z) = z^s, k = 0, 1, ..., s − 1 , occur as z(2πk/s) and are distinct.

Proof. Evidently, A is analytic on G_ε ⊂ {z | |z| < 1 + ε}. Since z_0(w) A^{−1/s} (z_0(w)) = w holds in a neighbourhood of w = 0, we have by analyticity that

z^s_0(w) = w^s A(z_0(w)) , w ∈ H_ε . (4.10)

Suppose that w ∈ H_ε, w ≠ 0, and that A(z_0(w)) = 0. Then it follows from (4.10) that z_0(w) = 0, whence that A(0) = 0 = a_0 ≠ 0. Contradiction. So A(z_0(w)) ≠ 0 for w ∈ H_ε. We can therefore take the principal s^{−1}-root of A(z) for z ∈ G_ε which is analytic on G_ε. By analyticity we then have that z_0(w) A^{−1/s}(z_0(w)) = w holds on all of H_ε, and not just in a neighbourhood of w = 0. That is, (4.8) holds. From (4.8) it readily follows that z_0 is injective on H_ε. Also when w ∈ H_ε we have that z_0(w) is the unique solution z ∈ G_ε of the equation z A^{−1/s}(z) = w.

The function z ∈ [0, 1 + δ] → z A^{−1/s}(z) is strictly increasing for some δ > 0. Indeed, when z ∈ (0, 1] we have that

(z A^{−1/s}(z))^′ = 1 s A^{− 1s −1}(z) [s A(z) − z A^′(z)]

= 1 s A^{− 1s −1}(z) ∞∑ j=0 (s − j) a_j z^j ≥ 1 s A^{− 1s −1}(z) z^s ∞∑ j=0 (s − j) a_j > 0 , (4.11)

since A^′(1) < s. Moreover A(1) = 1. It thus follows that z_0(w) increases from 0 to 1 as w increases from 0 to 1.

We consider now w = e^{iα} with α ∈ [0, 2π], and let z(α) be the unique solution of (4.9). We shall show that |z(α)| ≤ 1. To that end we observe that there is a δ > 0 such that |A(z)| ≠ |z|^s when 1 < |z| < 1 + ε (this follows from the assumptions that a_j ≥ 0, A^′(1) < s). Since z(0) = z_0(1) = 1 and z(α) depends continuously on α ∈ [0, 2π] we see that |z(α)| ≤ 1, α ∈ [0, 2π], indeed. Furthermore, z(0) = z(2π) and z(α) ≠ z(β) when 0 ≤ α < β < 2π, while the mapping r ∈ [0, 1] → {z_0(r e^{iα}) | α ∈ [0, 2π]} is a homotopy between {0} and {z(α) | α ∈ [0, 2π]}. Hence {z(α) | α ∈ [0, 2π]} is indeed a Jordan curve with 0 in its interior.

Finally consider (4.9) with α = 2πk/s, k = 0, 1, ..., s − 1. Evidently, the z(2πk/s) are distinct and have modulus ≤ 1, as follows from the above. Also, any z(2πk/s) is a root of the equation A(z) = z^s, see (4.9). Hence, the sets {z_k | k = 0, ..., s − 1} and {z(2πk/s) | k = 0, ..., s − 1} coincide. □

Note. 1. We have |A(z)|^{1/s} >, =, < |z| according as z, |z| ≤ 1, is inside, on, outside the Jordan curve {z(α) | α ∈ [0, 2π]}.

2. As is implicit in the proof of Lemma 4.1 we have the following geometric condition which is equivalent with R > 1: There is a Jordan curve J with S_{A,s} in its interior such that A(z) is zero-free on and inside J while |A(z)| < |z|^s on J. Also see [8], Subsec. 3.1 for this matter.

Lemma 4.2. Assume that A satisfies the conditions in Sec. 1 and that A(z) is zero-free in |z| < 1 + ε, where ε > 0. Then C_zl−1 [A^{l/s}(z)] decays exponentially.

Proof. We have by Cauchy’s theorem

C_zl−1 [A^{l/s}(z)] = 1 2πi ∫ |z|=r

A^{l/s}(z) z^l dz , l = 1, 2, ... , (4.12)

for any r ∈ (0, 1 + ε). Noting that there is a δ > 0 such that | |A(z) z^s | | ≤ A(|z|) |z|^s

< 1 , 1 < |z| < 1 + δ , (4.13)

we see that for any r ∈ (1, 1 + δ)

|C_zl−1 [A^{l/s}(z)]| ≤ r

(A(r))^{l/s}

r^l ≤ r ((A(r) r^s

)_{1/s})_l , (4.14)

and this decays exponentially fast as l → ∞. □

The convergence rate of the series that appear in (3.6)-(3.14) can be read off from the following result.

Lemma 4.3. Assume that A satisfies the conditions of Sec. 1 with ε > δ > 0 such that A(z) is analytic in |z| < 1 + ε and |A(z)| < |z|^s in 1 < |z| < 1 + δ (no assumption on R). Let h be analytic in |z| < 1 + ε. Then for any r ∈ (1, 1 + δ) we have

|C_zj [A^l(z) h(z)]| ≤

(A(r)

r^s

)_l M

r^{j−ls}

, l = 1, 2, ..., j ≥ ls , (4.15)

where M = max {|h(z)| | |z| = r}.

Proof. This follows, in a similar fashion as Lemma 4.2, from Cauchy’s theorem and A^′(1) < s. □

Example 4.4. Consider the Poisson case A(z) = exp(λ(z − 1)) with 0 ≤ λ < s. We have pictured in Fig. 1 the set S_ϑ in (4.4) for a number of values of ϑ := λ/s (although not permitted, ϑ = 1 is included). The dots on the curves indicate the roots z_k for the case s = 20; this will be discussed at the end of this section. We compute

c_l = 1 l C_zl−1 [A^{l/s}(z)] = 1 l C_zl−1 [e^{ϑl(z−1)}] = e^{−lϑ}

(lϑ)^{l−1} l! (4.16)

for l = 1, 2, ... . Hence S_ϑ has the parametric representation

z_ϑ(α) = ∞∑ l=1 e^{−lϑ}

(lϑ)^{l−1} l! e^{ilα} , α ∈ [0, 2π] . (4.17)

We observe that c_l is accurately approximated, using Stirling’s formula, by

c_l ≈

(ϑ e^{1−ϑ})^l ϑl √ 2πl , l = 1, 2, ... , (4.18)

where we note that ϑ e^{1−ϑ} increases from 0 to 1 as ϑ increases from 0 to 1. Hence, even for ϑ = 1 the representation in (4.17) makes sense.

Example 4.5. Consider the binomial case A(z) = (p + qz)^n where p, q ≥ 0, p + q = 1 and A^′(1) = nq < s. We compute in this case

c_l = 1 l C_zl−1 [A^{l/s}(z)] = 1 l C_zl−1 [(p + qz)^{nl/s}]

= 1 l p^{nls −l+1} q^{l−1} ( nl/s l − 1 ) , l = 1, 2, ... , (4.19)

where we have used the notation ( α k ) = α(α − 1) · ... · (α − k + 1) k! = Γ(α + 1) Γ(α − k + 1) Γ(k + 1)

. (4.20)

Let β := n/s. When β = 1 we have

c_l = p q^{l−1} , l = 1, 2, ... , (4.21)

and there is exponential decay (when β = 1 we have q < s/n = 1). When β > 1, one has by Stirling’s formula for Γ(x + 1),

c_l ≈ p q 1 β − 1 1 l √ 2πl p^{l(β−1)} q^l ( β β − 1

)_{1/2} [ ββ (β − 1)^{β−1}

]_l , (4.22)

whence there is exponential decay when β^β (β − 1)^{β−1} p^{β−1} q < 1 . (4.23)

For fixed p, q, the quantity at the left-hand side of (4.23) is maximal as a function of β at β = 1/q, with the value 1. Hence, since β = n/s < 1/q, we have exponential decay. Finally, when 0 < β < 1, one has again by Stirling’s formula and the formula Γ(x) Γ(1−x) = π/ sin πx,

c_l ≈ p q 1 (1 − β)^2

(−1)^l sin πlβ l √_1

2 πl p^{l(β−1)} q^l((1 − β)β)^{1/2}((1 − β)^{1−β} β^β)^l , (4.24)

PSfrag replacements

Figure 1: S_ϑ for Poisson case, ϑ = .1, .5, 1. The dots indicate z_0, . . . , z_{19} for s = 20.

PSfrag replacements

Figure 2: S_{A,s=2n} for binomial case, q = .82. The dots indicate z_0, . . . , z_{19} for s = 20.

whence there is exponential decay when

p^{β−1} q(1 − β)^{1−β} β^β < 1 . (4.25)

Note that the left-hand side of (4.25) increases from 0 to ∞ when q increases from 0 to 1 (p = 1 − q). In the critical case, where we have = instead of < in (4.25), there is still a l^{−3/2}-decay of the c_l. This critical case also arises in the following way. With β = n/s we consider the equation |p + qz|^β = |z| (4.26)

for negative z = −r ∈ [−1, 0). When 0 < β < 1 and p/q < 1 this equation has at least one and at most three roots z ∈ [−1, 0]. The critical case now occurs when (4.26) has three roots of which two of them coincide.

In Figs. 2-4 we consider the case that β =^1_2 and s = 20. The critical case now occurs for q_0 = 2( √ 2 − 1) = 0.828427125. We have plotted the set

S_{A,s=2n} = {z | |z| ≤ 1, |p + qz|^{1/2} = |z|} (4.27)

for q = 0.82, 2( √ 2 − 1), 0.83. We observe that S_{A,s} turns from a smooth Jordan curve containing 0 (Fig. 2) into two separate closed curves when q passes q_0 (Fig. 4).

Lemma 4.6. Assume that A satisfies the assumptions of Sec. 1 and that the radius of convergence, R, of the series in (4.5) > 1. Also assume that g is analytic in an open neighbourhood of {z_0(w) | |w| ≤ 1}. Then c_l(g) = l^{−1} C_zl−1 [A^{l/s}(z) g^′(z)] has exponential decay, and there is an R_g > 1 such that

g(z_0(w)) = g(0) + ∞∑ l=1 c_l(g) w^l , |w| < R_g , (4.28)

PSfrag replacements

Figure 3: S_{A,s=2n} for binomial case, q = 2( √ 2 − 1). The dots indicate z_0, . . . , z_{19} for s = 20.

PSfrag replacements

Figure 4: S_{A,s=2n} for binomial case, q = .83. The dots indicate z_0, . . . , z_{19} for s = 20.

with absolute convergence at the right-hand side of (4.28). In particular, we have

g(z(α)) = g(0) + ∞∑ l=1 c_l(g) e^{ilα} , α ∈ [0, 2π] , (4.29)

with absolute convergence at the right-hand side of (4.29).

Proof. There is an R_1, 1 < R_1 < R, such that g is analytic in {z_0(w) | |w| < R_1}. With 1 < R_2 < R_1 and C_2 = {z_0(R_2 e^{iα}) | α ∈ [0, 2π]}, a Jordan curve with 0 in its interior, we have by Cauchy’s theorem for l = 1, 2, ...

C_zl−1 [A^{l/s}(z) g^′(z)] = 1 2πi ∫ C_2

A^{l/s}(z) g^′(z) z^l dz . (4.30)

On C_2 we have |A(z)/z^s| = R^{−s}_2 , whence

|C_zl−1 [A^{l/s}(z) g^′(z)]| ≤ M R^{−l}_2 , l = 1, 2, ... , (4.31)

where M = max {|g^′(z)| | z ∈ C_2}. This shows exponential decay of c_l(g). From this (4.28) easily follows with R_g = R_2 since g(z_0(w)) = g(0) +

∑_∞

l=1 c_l(g) w^l holds in a neighbourhood of 0 by Lagrange’s theorem. Finally, (4.29) is a direct consequence of (4.28). □

Note. As one sees from the proof of Lemma 4.6 a geometric reformulation of the condition R > 1 reads: there is a Jordan curve J with 0 in its interior such that A(z) is zero-free on and inside J while |A(z)| < |z|^s on J.

We now make some comments on equidistant sampling of functions g(z(α)) under the conditions of Lemma 4.6. The zeros z_k = z(2πk/s), k = 0, 1, ..., s − 1 , can be computed from

(4.29) by taking g(z) = z and α = 2πk/s. Hence

z_k = z(2πk/s) = ∞∑ l=1 1 l C_zl−1 [A^{l/s}(z)] e^{2πikl/s} , k = 0, 1, ..., s − 1 . (4.32)

As mentioned earlier, the z_k are displayed as dots for

(a) A(z) = exp(λ(z − 1)), s = 20, λ = 2, 10, 20,

(b) A(z) = (p + qz)^n, s = 20, n = 10, q = 0.82, 2( √ 2 − 1), 0.83,

in Fig. 1 and Figs. 2-4, respectively. For all cases, except the last one in (b) we can use (4.32); for the latter case we had to use a different (numerical) procedure.

When the conditions of Lemma 4.6 are satisfied, we see immediately from (4.29) and

s−1∑ k=0 e^{2πikl/s} = { s , l = 0(mod s) ,

0 , l ≠ 0(mod s) ,

(4.33)

that_{s−1} ∑ k=0 g(z_k) = s−1∑ k=0 g((z(2πk/s)) = s g(0) + s ∞∑ l=1 c_{ls}(g) . (4.34)

5 Expressing ∑ (1 − z_k)^{−1} and ∑ z_k(1 − z_k)^{−2} in terms of aliasing series

In this section we express the series

s−1∑ k=1 1 1 − z_k , s−1∑ k=1 z_k (1 − z_k)^2

, (5.1)

in terms of aliasing series under the conditions on A of Sec. 1 and the assumption that the series in (4.5) has radius of convergence R > 1.

To apply Lemma 4.6, we need to regularize the functions

g_1(z) = 1 1 − z

, g_2(z) = z (1 − z)^2 = 1 (1 − z)^2 − 1 1 − z

, (5.2)

at z = 1. This must be done in a clever way so that the regularized functions are manageable. We consider g_1 and g_2 on and around the Szegö curve S_{A,s} = {z_0(w) | w = e^{iα}, α ∈ [0, 2π)}, an so it would be pleasant when the regularizing functions assume a simple form on S_{A,s}. We thus propose to subtract from g_1 and g_2 in (5.2) the functions

h_1(z) = B 1 − z A^{−1/s}(z)

, h_2(z) = C (1 − z A^{−1/s}(z))^2 + D 1 − z A^{−1/s}(z)

, (5.3)

for which we have

h_1(z_0(w)) = B 1 − w

, h_2(z_0(w)) = C (1 − w)^2 + D 1 − w

, (5.4) on account of (4.8). In (5.2) we must choose B and C, D such that g_1 − h_1 and g_2 − h_2 are regular at z = 1; this can be done indeed since 1 − z A^{−1/s}(z) has a first order zero at z = 1 (as A^′(1) < s). Noting that z_k = z_0(exp(2πik/s)), we have from (5.3) that

∑_{s−1} k=1 h_i(z_k) are computationally manageable. In fact one has explicitly

s−1∑ k=1 1 1 − e^{2πik/s}

=^1_2 (s − 1) , s−1∑ k=1 1 (1 − e^{2πik/s})^2

= −^1_{12} (s − 1)(s − 5) . (5.5)

The decisive reason to choose h_1, h_2 of the above type is the following result that shows that subtraction of h_i does not lead to unmanageable expressions in the aliasing series. Lemma 5.1. Let f be analytic in a neighbourhood of 0. Then 1 l C_zl−1 [ A^{l/s}(z) d dz (f(z A^{−1/s}(z))) ] = C_wl [f(w)] . (5.6)

Proof. We have by Lagrange’s theorem, see the beginning of Sec. 2, 1 l C_zl−1 [ A^{l/s}(z) d dz (f(z A^{−1/s}(z))) ]

= 1 l! ( d dz )_{l−1} [ A^{l/s}(z) d dz (f(z A^{−1/s}(z))) ] (z = 0)

= C_wl [f(z A^{−1/s}(z)) where z satisfies z A^{−1/s}(z) = w]

= C_wl [f(w)] , (5.7)

as required. □

We finally consider the issue of choosing B and C, D properly in (5.3). Thus we let g^R_i := g_i − h_i, i = 1, 2. A lengthy but otherwise elementary computation shows that for g^R_1 we need to take B = 1 − s^{−1} A^′(1) (5.8) so that g^R_1 is indeed regular at z = 1, with value

g^R_1 (1) = 1 1 − z − B 1 − z A^{−1/s}(z) | |_{z=1}

= s^{−1} A^′(1) −^1_2 [s^{−1}(s^{−1} + 1)(A^′(1))^2 − s^{−1} A^{′′}(1)] 1 − s^{−1} A^′(1)

(5.9)

at z = 1. For the regularization of g_2 we need to take

C = (1 + a^{[1]})^2 , D = −1 − 3a^{[1]} − a^{[2]} , (5.10)

and then

g^R_2 (1) = z (1 − z)^2 − C (1 − z A^{−1/s}(z))^2 − D 1 − z A^{−1/s}(z) | | z=1

= a^{[2]} +^1_3 a^{[3]}

1 + a^{[1]} + a^{[1]} +^1_2 a^{[2]}

1 + a^{[1]} ( 1 − a^{[1]} +^1_2 a^{[2]}

1 + a^{[1]} ) , (5.11) where a^{[i]} = ( d dz )_i

A^{−1/s}(z) | |_{z=1} , i = 1, 2, 3 . (5.12)

We are now ready to prove Thms. 3.1-3.2 in Sec. 3. We have by Lemma 4.6 with g = g^R_1 and (5.5) that

s−1∑ k=1 1 1 − z_k = s−1∑ k=1 B 1 − e^{2πik/s} + s−1∑ k=1 g^R_1 (z_k)

=^1_2 B(s − 1) − g^R_1 (1) + s−1∑ k=0 g^R_1 (z_k)

=^1_2 B(s − 1) − g^R_1 (1) + s g^R_1 (0) + s ∞∑ l=1 c_{ls}(g^R_1 ) . (5.13)

Furthermore,

c_{ls}(g^R_1 ) = 1 ls C_zls−1 [A^l(z)(g^R_1 )^′(z)]

= 1 ls C_zls−1 [ A^l(z) 1 (1 − z)^2 ] − B ls C_zls−1 [ A^l(z) ( 1 1 − s^{−1} A(z)

)_′] . (5.14)

Using (1 − z)^{−2} =

∑_∞

j=0 (j + 1) z^j and applying Lemma 5.1 we then get that

c_{ls}(g^R_1 ) = 1 ls ls−1∑

j=0 (ls − j) C_zj [A^l(z)] − C_wls [ B 1 − w ]

= 1 ls ls−1∑

j=0 (ls − j) C_zj [A^l(z)] − B . (5.15)

To bring the right-hand side of (5.15) in its final form, we observe that c_{ls}(g^R_1 ) → 0 as l → ∞ and that

1 = A^l(1) = ∞∑ j=0 C_zj [A^l(z)] , (5.16)

l A^′(1) = d dz [A^l(z)] (z = 1) = ∞∑ j=0 j C_zj [A^l(z)] . (5.17)

This implies that B = 1 − s^{−1} A^′(1), which agrees with (5.8), and that

c_{ls}(g^R_1 ) = 1 ls ∞∑ j=ls

(j − ls) C_zj [A^l(z)] . (5.18)

Therefore we arrive at (noting that g^R_1 (0) = 1 − B) s−1∑ k=1 1 1 − z_k

= (1 −^1_2 B) s −^1_2 B − g^R_1 (1) + ∞∑ l=1 1 l ∞∑ j=ls

C_zj [A^l(z)] . (5.19)

The proof of Thm. 3.1 is completed by a rather long but otherwise elementary computation, using the expressions in (5.8) and (5.9) for B and g^R_1 (1) and the fact that A^′(1) = μ_A , A^{′′}(1) = σ^2_A + μ^2_A − μ_A . (5.20) The procedure for computation of

∑_{s−1}

k=1 z_k(1 − z_k)^{−2} is entirely the same as the one for ∑_{s−1}

k=1 (1 − z_k)^{−1}, although quite a bit more elaborate. Accordingly, using both items in (5.5) and Lemma 4.6 with g = g^R_2 we get as in (5.19) that (using g^R_2 (0) = −C − D) s−1∑ k=1 z_k (1 − z_k)^2

= −^1_{12} C(s − 1)(s − 5) +^1_2 D(s − 1) − g^R_2 (1) − s(C + D)

+ s ∞∑ l+1 c_{ls}(g^R_2 ) . (5.21)

Using that (z(1 − z)^{−2})^′ =

∑_∞

j=0 j^2 z^{j−1} we find in a similar fashion as in (5.15) from Lemma 5.1 that

c_{ls}(g^R_2 ) = 1 ls C_zls−1 [ A^l(z) ( z (1 − z)^2

)_′] − C_wl [ C (1 − w)^2 + D 1 − w ]

= 1 ls ls−1∑

j=0 (ls − j)^2 C_zj [A^l(z)] − C(l + 1) − D . (5.22)

To bring (5.22) in its final form, we observe that c_{ls}(g^R_2 ) → 0 as l → ∞ by Lemma 4.6, and we use (5.16) and (5.17) together with ∞∑ j=0 j^2 C_zj [A^l(z)] = l(l − 1)(A^′(1))^2 + l A^{′′}(1) + l A^′(1) (5.23)

and (5.20). This yields (in agreement with (5.10))

C + D = 1 s σ^2_A , C = ( 1 − 1 s μ_A

)_2

, (5.24) and c_{ls}(g^R_2 ) = −1 ls ∞∑ j=ls

(j − ls)^2 C_zj [A^l(z)] . (5.25)

We then find that

s−1∑ k=1 z_k (1 − z_k)^2

= −^1_{12} C(s − 1)(s − 5) +^1_2 D(s − 1) − g^R_2 (1) − s(C + D)

− ∞∑ l=1 1 l ∞∑ j=ls

(j − ls)^2 C_zj [A^l(z)] . (5.26)

The proof of Thm. 3.2 is then completed by an extremely long but otherwise elementary calculation in which the two members in (3.5) are shown to be equal with C, D and g^R_2 (1) given through (5.10)–(5.12) and (5.24).

6 The stationary queue length distribution

In this section we derive explicit formulas for the x_j, j = 0, ..., s , and for

c = s−1∑ j=0 x_j , d = s∑ j=0 x_j . (6.1)

We do this using our approach under the assumptions on A of Sec. 1 and the condition that the series in (4.5) has radius of convergence R > 1.

We denote

Q(z) := s−1∑ j=0 (z^s − z^j) x_j =: s∑ j=0 q_j z^j (6.2)

so that (1.5) can be written in the form

A(z) X(z) = −A(z) Q(z) + z^s X(z) . (6.3)

Then it follows that

x_j = −q_j , j = 0, ..., s − 1 ; x_s = −q_s − a^{−1}_0 q_0 . (6.4)

Since X(z) is analytic in a disk |z| < 1 + ε with ε > 0, the s^{th} degree polynomial Q cancels all s zeros of z^s − A(z) in |z| ≤ 1, see (1.5). Hence

Q(z) = γ s−1∏ k=0 (z − z_k) (6.5)

for some constant γ. Differentiating (6.3) and setting z = 1 yields Q^′(1) = s − μ_A while from (6.5) noting that z_0 = 1 we get Q^′(1) = γ

∏_{s−1}

k=1 (1 − z_k). Hence

γ = (s − μ_A) s−1∏ k=1 (1 − z_k)^{−1} . (6.6)

Furthermore, from (6.5) and (6.2) we see that

γ = C_zs [Q(z)] = s−1∑ j=0 x_j = c , (6.7)

with c given in (6.1). We thus have that

Q(v) = (−1)^s c s−1∏ k=1 z_k s−1∏ k=0 ( 1 − v z_k ) , (6.8)

and then (6.4) shows that is enough to find explicit formulas for

c = (s − μ_A) s−1∏ k=1 (1 − z_k)^{−1} , s−1∏ k=0 z_k , C_vj

[^{s−1}∏ k=0 ( 1 − v z_k )] , j = 1, ..., s − 1 . (6.9)

We start by considering

∏_{s−1}

k=1 (1 − z_k)^{−1} and to that end we regularize g_3(z) = ln(1 − z) at z = 1 by setting g^R_3 (z) = ln(1 − z) − ln(1 − z A^{−1/s}(z)) . (6.10)

Then g^R_3 is analytic in an open neighbourhood of {z | |z|^s ≤ A(z)}, and

g^R_3 (1) = −ln(1 − μ_A/s) , g^R_3 (0) = 0 . (6.11)

Also, we have z_k A^{−1/s}(z_k) = exp(2πik/s), k = 0, 1, ..., s − 1 , and there is the identity

s−1∑ k=1 ln(1 − e^{2πik/s}) = ln s . (6.12)

We thus obtain as before from the above that

s−1∑ k=1 ln(1 − z_k) = s−1∑ k=1 ln(1 − e^{2πik/s}) + s−1∑ k=1 g^R_3 (z(2πk/s))

= ln(s − μ_A) + s ∞∑ l=1 c_{ls}(g^R_3 ) . (6.13)

Here we have, also as before, from Lemma 4.6 and Lemma 5.1

c_{ls}(g^R_3 ) = 1 ls C_zls−1 [A^l(z)(ln(1 − z))^′] − C_wls [ln(1 − w)]

= 1 ls ∞∑ j=ls

C_zj [A^l(z)] . (6.14)

Hence we get_{s−1} ∑ k=1 ln(1 − z_k) = ln(s − μ_A) + ∞∑ l=1 1 l ∞∑ j=ls

C_zj [A^l(z)] , (6.15)

so that c = exp { − ∞∑ l=1 1 l ∞∑ j=ls

C_zj [A^l(z)] } . (6.16)

We next compute

∏_{s−1}

k=0 z_k. To that end we note that

z_k = e^{2πik/s} A^{1/s}(z(2πk/s)) , (6.17)

so that_{s−1} ∏ k=0 z_k = (−1)^{s−1} exp

{^{s−1}∑ k=0 ln [ A^{1/s}(z(2πk/s)) ]} . (6.18)

The function g_4(z) := ln [A^{1/s}(z)] is analytic in a neighbourhood of {z | |z|^s ≤ |A(z)|}, and we have g_4(1) = 0 , g_4(0) = 1 s ln a_0 . (6.19)

Hence using our approach there follows

s−1∑ k=0 ln [ A^{1/s}(z(2πk/s)) ] = ln a_0 + s ∞∑ l=1 c_{ls}(g_4) . (6.20)

The c_{ls}(g_4) follow from

c_{ls}(g_4) = 1 (ls)! ( d dz )_{ls−1} [A^l(z)(ln [A^{1/s}(z)])^′] (z = 0)

= 1 s(ls)! ( d dz )_{ls−1} [A^{l−1}(z) A^′(z)] (z = 0) = 1 ls C_zls [A^l(z)] . (6.21)

It thus follows that s−1∏ k=1 z_k = (−1)^{s−1} a_0 exp

{^∞∑ l=1 1 l C_zls [A^l(z)] } . (6.22)

We then find from (6.4) and (6.8) that

x_0 = −q_0 = (−1)^s c s−1∏ k=1 z_k = a_0 exp { − ∞∑ l=1 1 l ∞∑ j=ls+1

C_zj [A^l(z)] } . (6.23)

Moreover, from Q(1) = 0 and (6.3) we have d = s∑ j=0 x_j = a^{−1}_0 x_0 = exp { − ∞∑ l=1 1 l ∞∑ j=ls+1

C_zj [A^l(z)] } . (6.24)

We conclude by computing the x_i, i = 1, ..., s − 1. Note that

x_i = x_0 C_vi

[^{s−1}∏ k=0 ( 1 − v z_k )] , i = 1, ..., s − 1 . (6.25)

We shall consider, using (6.17) and the Taylor expansion of ln(1 − x) around x = 0, the expression_{s−1} ∑ k=0 ln ( 1 − v z_k ) = − ∞∑ j=1 v^j j s−1∑ k=0 A^{−j/s}(z(2πk/s)) e^{−2πijk/s} . (6.26)

The x_i in (6.25) are completely determined by the terms at the right-hand side of (6.26) with j = 1, ..., s − 1. Thus we consider for j = 1, ..., s − 1 the 2π-periodic functions

A^{−j/s}(z(α)) = A^{−j/s}(0) + ∞∑ l=1 c_l[A^{−j/s}] e^{ilα} . (6.27)

The c_l[A^{−j/s}] are given here as

c_l[A^{−j/s}] = 1 l! ( d dz )_{l−1}

[A^{l/s}(z)(A^{−j/s})^′ (z)] (z = 0)

= −1 l! j s ( d dz )_{l−1}

[A^{−1−(l−j)/s}(z) A^′(z)] (z = 0) . (6.28)

It is seen from (6.28) that c_j[A^{−j/s}] = −j s C_zj [ln [A(z)]] , (6.29)

c_l[A^{−j/s}] = −j l − j

C_zl [A^{(l−j)/s}(z)] , l ≠ j . (6.30)

Since A(0) = a_0, we thus get that

A^{−j/s}(z(α)) e^{−ijα} = a^{−j/s}_0 e^{−ijα} − j s C_zj [ln A(z)] − j ∞∑ l=−j+1, l≠0

1 l C_zl+j [A^{l/s}(z)] e^{ilα} . (6.31)

Therefore, for j = 1, ..., s − 1 by sampling theory,

s−1∑ k=0 A^{−j/s}(z(2πk/s)) e^{−2πijk/s} = −j C_zj [ln [A(z)]] − ∞∑ l=1 j l C_zls+j [A^l(z)] . (6.32)

This gives, see (6.25)–(6.26), for i = 1, ..., s − 1 that

x_i = x_0 C_vi [ exp {^{s−1}∑ j=1 v^j ( C_zj [ln [A(z)]] + ∞∑ l=1 1 l C_zls+j [A^l(z)] )}] . (6.33)

Since we consider i = 1, ..., s − 1 in (6.33) the summation over j may be extended to all j = 1, 2, ... . Noting that ∞∑ j=1 v^j C_zj [ln [A(z)]] = ln A(v) − ln a_0 , (6.34)

and that x_0 = a_0 d, see (6.24), we arrive for i = 1, ..., s − 1 at

x_i = d C_vi [ A(v) exp

{^{s−1}∑ j=1 v^j ∞∑ l=1 1 l C_zls+j [A^l(z)] }] . (6.35)

We finally have, see (6.1), (6.16) and (6.24), that

x_s = d − c = d ( 1 − exp { − ∞∑ l=1 1 l C_zls [A^l(z)] }) . (6.36)

We thus have computed c, d and x_j, j = 0, ..., s . It is an immediate consequence of (1.5) and the definition of c as

∑_{s−1} j=0 x_j that

X(z) − c A(z) = A(z) ∞∑ j=0 x_{j+s} z^j . (6.37)

This implies that x_{s+1}, x_{s+2}, ... can be computed recursively from x_0, ..., x_s and c.

7 Spitzer’s identity and Wiener-Hopf factorization

In this section we show how the results in Sec. 3 can be alternatively derived from Spitzer’s identity given by (3.9). Since the methods that are used stem from the fields of applied probability and stochastic processes, parts of the derivation are sketched, where we do give references to other places for a more complete mathematical underpinning.

Because of the discrete nature of the queue under investigation we make the change of variables e^{−u} → z in (3.9) yielding

E(z^W ) = exp

{^∞∑ l=1 1 l E(z^{max(Sl,0)} − 1) } , |z| ≤ 1 , (7.1)

where, as before, S_l =

∑_l

i=1 (A_i − s). We first show how expression (7.1) can be derived, analogously to [4] p. 338 for the continuous-time case, using Wiener-Hopf factorization (see [3]). From recursion (3.8) we have

E(z^{Wt+1} ) = P (W_t ≤ s − A_{t−1}) + E(z^{Wt+At−1−s}1{W_t > s − A_{t−1}})

= P (W_t ≤ s − A_{t−1}) + E(z^{Wt+At−1−s}) − E(z^{Wt+At−1−s}1{W_t ≤ s − A_{t−1}}) , (7.2)

where 1{B} = 1 if B holds and 0 otherwise. Letting t → ∞ and observing that W_t and A_{t−1} are independent then yields

E(z^W )(1 − z^{−s}A(z)) = P (W ≤ s − A) − E(z^{W +A−s}1{W ≤ s − A}) . (7.3)

We denote the right-hand side of (7.3) as −W_−(z) and E(z^W ) as W_+(z), which gives

W_+(z)(1 − z^{−s}A(z)) = −W_−(z) . (7.4)

This basic identity is the starting point for the remaining analysis, for which we proceed in two ways: (i) the general way using no knowledge on the zeros of 1 − z^{−s}A(z), and (ii) the queue-specific way using an explicit factorization of 1 − z^{−s}A(z).

(i) Using 1 1 − z

= exp{− ln(1 − z)} = exp

{^∞∑ l=1 z^l l } , |z| < 1 , (7.5)

we have (with S_l =

∑_l

i=1 (A_i − s)) that

(1 − z^{−s}A(z))^{−1} = exp

{^∞∑ l=1 1 l (z^{−s}A(z))^l }

= exp

{^∞∑ l=1 1 l E(z^{Sl} 1{S_l > 0}) } · exp

{^∞∑ l=1 1 l E(z^{Sl} 1{S_l ≤ 0}) } .(7.6)

Substituting (7.6) into (7.4) yields

W_+(z) exp { − ∞∑ l=1 1 l E(z^{Sl} 1{S_l > 0}) } = −W_−(z) exp

{^∞∑ l=1 1 l E(z^{Sl} 1{S_l ≤ 0}) } . (7.7)

The left-hand side and right-hand side of (7.7) are analytic in |z| < 1 and |z| > 1, respectively, and continuous up to |z| = 1. Moreover, the left-hand side and right-hand side of (7.7) are bounded (see [4] p.338, [9] p.287) and analytic in |z| < 1 and |z| > 1, respectively. Therefore, their analytic continuation contains no singularities in the entire complex plane, whence upon using Liouville’s theorem (see e.g. [4]) the left-hand side of (7.7) is constant, i.e.

W_+(z) = K exp

{^∞∑ l=1 1 l E(z^{Sl} 1{S_l > 0}) } . (7.8)

The constant K follows from W_+(1) = 1 yielding

K = exp { − ∞∑ l=1 1 l P (S_l > 0) } . (7.9)

Upon inspection, one sees that the right-hand sides of (7.1) and (7.8) are the same.

(ii) An alternative way to construct a decomposition, starting from (7.4), is to invoke the following explicit factorization

1 − z^{−s}A(z) = z^s − A(z) z^s = z^s − A(z) ∏_{s−1}

k=0(z − z_k) · ∏_{s−1}

k=0(z − z_k)

z^s

, (7.10)

where the first and second factor on the right-hand side of (7.10) are analytic and bounded in |z| ≤ 1 and |z| ≥ 1, respectively. Substituting (7.10) into (7.4) gives

W_+(z) z^s − A(z) ∏_{s−1}

k=0(z − z_k)

= −W_−(z) z^s ∏_{s−1} k=0(z − z_k)

. (7.11)

From Liouville’s theorem it then follows that

W_+(z) = K

(z − 1)

∏_{s−1}

k=1(z − z_k) z^s − A(z)

, (7.12)

where K again follows from W_+(1) = 1, i.e.

K^{−1} = lim_{z→1}

(z − 1)

∏_{s−1}

k=1(z − z_k) z^s − A(z) = ∏_{s−1}

k=1(1 − z_k) s − μ_A

. (7.13)

So we have for W_+(z) the two expressions given by (7.8) and (7.12), respectively, and since by definition X(z) = A(z)W_+(z), we have for X(z) the expressions

X(z) = A(z) exp { − ∞∑ l=1 1 l P (S_l > 0) } exp {^∞∑ l=1 1 l E(z^{Sl} 1{S_l > 0}) } (7.14)

= A(z)(z − 1)(s − μ_A) z^s − A(z) s−1∏ k=1 z − z_k 1 − z_k

. (7.15)

Note that (7.15) also follows from substituting (6.5) into (6.3).

The mean and variance of X follow from μ_X = X^′(1) and σ^2_X = X^{′′}(1) + X^′(1) − X^′(1)^2. Then, differentiating (7.15) results in expressions (1.9) and (1.10), while differentiating (7.14) gives expressions (3.6) and (3.7). Moreover, we have shown that (3.6) and (3.7) can be derived from Fourier sampling on generalized Szegö curves.

Next, observe that exp { − ∞∑ l=0 1 l P (S_l > 0) } = exp { − ∞∑ l=1 1 l ∞∑ j=ls+1

C_zj [A^l(z)] } = d , (7.16)

as in (6.24), and that the expression (3.12) for the x_i, i = 0, 1, . . . , s − 1 also follows from (7.14). It even follows that

x_i = d C_vi [ A(v) exp

{^∞∑ j=1 v^j ∞∑ l=1 1 l C_zls+j [A^l(z)] }] , i = 0, 1, . . . , (7.17)

and thus holding for all {x_i}.

From a numerical viewpoint, we might say that one can follow two courses in dealing with the queue under investigation: either determine the s − 1 zeros of A(z) = z^s within the unit disk, or calculate the infinite sum of power series coefficients of A^l(z), l = 0, 1, . . ., around z = 0, up to a certain level. A comparison of these two alternatives is drawn in [8].

References

[1] Abate, J., Choudhury, G.L., Whitt, W. (1993), Calculation of the GI/G/1 waiting time distribution and its cumulants from Pollaczek’s formula, Archiv für Elektronik und Übertragungstechnik 47, 311–321.

[2] Bruneel, H. and Kim, B.G. (1993), Discrete-Time Models for Communication Systems including ATM, Kluwer Academic Publishers, Dordrecht.

[3] Cohen, J.W. (1975), The Wiener-Hopf technique in applied probability, Perspectives in probability and statistics, Applied Probability Trust, Sheffield, 145–156.

[4] Cohen, J.W. (1982), The Single Server Queue, 2^{nd} edition, North-Holland, Amsterdam.

[5] Denteneer, T.J.J., Janssen, A.J.E.M., and van Leeuwaarden, J.S.H. (2003), Moment series inequalities for the discrete-time bulk service queue, Eurandom report series, 2003- 017, Eurandom, Eindhoven.

[6] Denteneer, D., van Leeuwaarden, J., and Resing, J. (2003), Bounds for a discrete-time multi-server queue with an application to cable networks, Proceedings ITC 18, Berlin.

[7] Feller, W. (1968), An Introduction to Probability Theory and Its Applications, Vol. I, 3^{rd} edition, John Wiley & Sons, New York.

[8] Janssen, A.J.E.M. and van Leeuwaarden, J.S.H. (2004), Analytic computation schemes for the discrete-time bulk service queue, Eurandom report series, 2004-05, Eurandom, Eindhoven.

[9] Kleinrock, L. (1975), Queueing Systems Volume 1: Theory, John Wiley & Sons, New York.

[10] Pollaczek, F. (1952), Fonctions caractéristiques de certaines répartitions définies au moyen de la notion d’ordre, Application à la théory des attentes, C. R. Acad. Sci. Paris 234, 2334-2336.

[11] Pollaczek, F. (1957), Problèmes Stochastiques Posés par le Phénomène de Formation d’une Queue d’Attente à un Guichet et par des Phénomènes Apparantés, Mémorial des Sciences Mathématiques, fac. 136, Gauthier-Villars, Paris.

[12] Pritsker, I.E. and Varga, R.S. (1997), The Szegö curve, zero distribution and weighted approximation, Trans. Amer. Math. Soc. 349, 4085–4105.

[13] Spitzer, F.L. (1956), A combinatorial lemma and its application to probability theory, Trans. Amer. Math. Soc. 82, 323–339.

[14] Syski, R. (1967), Pollaczek’s methods in queueing theory, in ”Queueing Theory, Recent Developments and Applications”, ed. Cruon, R., Engl. Univ. Press, Londen, 33-60.

[15] Szegö, G. (1924), Über eine Eigenschaft der Exponentialreihe, Sitzungsber. Berl. Math.

Ges. 23, 50–64.

[16] Walker, P. (2003), The zeros of the partial sums of the exponential series, Amer. Math.

Monthly 110, 337-339.

[17] Whittaker, E.T. and Watson, G.N. (1963), A Course of Modern Analysis, 4^{th} edition, Cambridge University Press, Cambridge.

[18] Wielonsky, F. (1999), Some properties of Hermite-Padé approximations to e^z, Continued Fractions: From Analytic Number Theory to Constructive Approximation, Contemporary Mathematics 236, 369-379.