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∫ +∞
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E(ξ, η) [1− T (ξ, η)] exp

(

iπ

λz

[

(ξ − x)2 + (η − y)2
]
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dξ dη ,
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D � √
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D � √

ξ2 + η2 � a��/� ,
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E(ξ, η) = exp

(

−

[

ξ2

ω2
ξ

+
η2

ω2
η

])

exp

(

−i
π

λ

[

ξ2

Rξ
+

η2

Rη

]) Ó�!�Ô
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A1(x, y) =
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E(ξ, η) exp

(

iπ

λz

[

(ξ − x)2 + (η − y)2
]

)

dξ dη,
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E(ξ, η)T (ξ, η) exp

(

iπ

λz

[

(ξ − x)2 + (η − y)2
]

)

dξ dη ,
Ó � Ô

KiG5S � J�S

A(x, y) =
1
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A1(

) = K(ωξ, Rξ)K(ωη, Rη) exp

(

−
π

λz

 TN 
)
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(

i
π

λz

 TM 
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K(ωq, Rq)
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πω2
q

1 + i
πω2

q

λz

(

z
Rq
− 1
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Nq =

π

λz

ω2
q

1 + π2

λ2ω4
q

(

1
Rq
− 1

z

)2

L
Mq = 1 +

π

λz

ω4
q
π
λ

(

1
Rq
− 1

z

)

1 + π2

λ2ω4
q

(

1
Rq
− 1

z

)2 ,
Ó{xW��Ô
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ξ = dσ cos(ϕ)/2

J/](a
η = dσ sin(ϕ)/2

��G�Z�S � V�G�e/�wVWErS[k�IFJ/]�V�A�zw]
S � V%KiVM](KiG�Z�k�IFJ/]�V�L x = r cos θ
L

y = r sin θ
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A2(r, θ) =
d2

4
exp

(

i
πr2

λz

)

·

∫ 1

0

∫ 2π

0

exp
(

−aσ2 + bσ2 cos 2ϕ
)

exp

(

−i
πd

λz
rσ cos(ϕ− θ)

)

σ dσ dϕ
Ó{x�x�Ô

±&D S �














































a =
d2

4
a1 + iπ

d2

4

(

b1 −
1

λz

)

, b =
d2

4
a2 + iπ

d2

4
b2,

a1 =
1

2

(

1

ω2
ξ

+
1

ω2
η

)

, a2 =
1

2

(

1

ω2
ξ

−
1

ω2
η

)

,

b1 = 1
2λ

(

1
Rξ

+ 1
Rη

)

, b2 = 1
2λ

(

1
Rξ
− 1

Rη

)

.

Ó{x���Ô

y



A2(r, θ)
EMJ/]beCV*ZUVM±&ZUD SiSUVM]¸J�K[S � V���G�I I G�±&D ]��
KiVMZUD VWK ° �

A2(r, θ) = πd2 exp

(

i
πr2

λz

) ∞
∑

k=0

(−i)kεk Tk(r) cos(2kθ)
Ó{x5!�Ô

±&D S � εk = 1/2
D �
k = 0

J/](a
1
G/S � VMZU±&DFKiV�A Tk(r) DFK&aoVH¶(]�VWa¸J�K °

Tk(r) =

∫ 1

0

exp

(

i
1

2
uσ2

)

Jk(γ2 σ
2)J2k

(

πd

λz
rσ

)

σdσ,
Ó{xMy9Ô

± � VMZUV

u =
πd2

2λz
(−1 + λzb1)− ia1

d2

2
,

γ2 =
d2

4
(−πb2 + ia2).

Ó{x � Ô

z�SbTf\(K{SbeCV�]�G/SUVWa$S � J�S Tk(r) ±&D I I�eOV�EHG�](KiDFaoVMZUVWa"D ]$S � V�]�VH�9SbKiVWErSUD G�]$��G�Z4S � V�EMJ/IFEH\�IFJ�SUD G�]$G/�*S � V���Z~J�ErSUD G�](J/I
��G�\�ZUD VMZ%S~Z~J/]�K{��G�ZUT G/�QS � V8D ]�SUVM](KiD S{��aoDFK{SUZUD e�\oSUD G�]�D ]�S � V4aoD ´OZ~J�ErSUD G�]�k(J�SiSUVMZU]dAd� � \(K�S � V8k�ZUGoao\(ErS*G/�[S � V4aoG�T8J/D ]
J/](a
��Z~J�ErSUD G�](J/ICaoG�T8J/D ]4KUJ/T
k�I D ]���D ]�SUVMZU|/J/I(T�\(K{S[eOV%J���\�](ErSUD G�]·G/�mS � V��Z~J�ErSUD G�](J/I(G�Z~aoVMZWA ���;� � DFKQk�ZUG�kOVMZiSw�5DFKQI D ]���VWa
SUG%S � V&E � D ZUk���\�](ErSUD G�](K«\(KiVWa�D ]5S � V[��Z~J�ErSUD G�](J/I9G�kCVMZ~J�SUG�ZWA/PQG�](KiVWp�\�VM]�SUI ��LWSUG�k�ZUG�kOVMZUI ��VM|/J/I \(J�SUV Tk(r) L�S � J�S�EHG�]�S~J/D ](K
J5I D ]�VWJ/ZE � D ZUk·SUVMZUT ( 1

2uσ
2 ÔQSUG9G(LoD SDFK&]�VWEHVWKUKUJ/ZU�5SUG8ZUVM±&ZUD SUV Tk(r) J�K[S � V���G�I I G�±&D ]��
]�G�]ou�D ]�SUVM��Z~J/IC��G�ZUT °

Tk(r) =

∞
∑

p=0

β2k
2k+2p(γ2)V

2k
2k+2p(r, u),

Ó{xWv�Ô

± � VMZUV«S � VQEHG9V��4EHD VM]�S β2k
2k+2p(γ2)

J/](a
V 2k

2k+2p(r, u)
J/ZUV«��D |�VM]�e���S � VQJ/](J/I ��SUDFEMJ/I/aoVM|�VMI G�k�T
VM]�S}G/� Tk(r) D ]f`k�kCVM](aoD �

`fAmzw]�@QpCA�Ó{xMy9Ô;S � V5¶(Z~K{S*Y[VWKUKiVMI}��\�](ErSUD G�] � J�K γ2σ
2 Z~J�S � VMZ�S � J/] σ

J�K%J/ZU��\�T
VM]�SWAdPQG�](KiVWp�\�VM]�SUI ��LCS � V5T
VHS � G�a�G/�
BD �weCGoVMZiu��CVMZU]�D �/V[J/](a�Y;J/\�VMZWl K¹DFaoVM]�SUD S{��EMJ/]�]�G/S«eCV;\(KiVWa*SUG*KiD T
k�I D ���*S � V;KiG�IF\9S~D G�]·ÓÒKiVMV&t&VH�{A L �[kdA � !/y9ÔrA���\�ZiS � VMZUT
G�ZUV�L
]�G/SUV&S � J�SQS � V�k(J/Z~J/T
VHSUVMZ γ2

DFK�I D ]���VWa5SUGfS � V%J�K{SUD ��T8J�SUDFKiTÕG/�mS � V j J/\�KUKiD�J/]
eCVWJ/T¸A�zw](aoVHVWamL�D ]8S � V�k(J/ZiSUDFEH\�IFJ/ZQEMJ�KiV
± � VMZUV*S � V�eOVMJ/T�DFK%EHD Z~EH\oI�J/ZWL�±[V � J�|�V γ2 = 0

AO� � VM]�S � Vf¶(Z~K{S%Y[VWKUKiVMId��\�](ErSUD G�]�DFK�VWp�\(J/IdSUG·³MVMZUG
��G�Z%J/I I¹|�J/I \�VWKG/�

k > 0
Am�(G�Z

k = 0
LOS � V8Y[VWKUKiVMI¹��\�](ErSUD G�]�DFK�\�]�D Sw��J/](a�e9��\(KiD ]���Y;J/\�VMZWl K�DFaoVM]�SUD S{�µÓ�±&D S � u 6= 0

ÔrLm±QV
ZUVWEHG�|/VMZ�S � V
KikCVWEHDFJ/IdEMJ�KiV�G/�«J/]�J/eCVMZUZ~J�SUD G�]ou^��ZiVMV%±;JW|�V�A �

��ZUG�TÕS � V�@Qp9KMACÓÒv�ÔrLCÓw�/Ô�J/](a�Ó{x5!�ÔrL/S � V�D ]�SUVM](KiD S{�8aoDFK{SUZUD e�\oSUD G�]8G/�OS � V%aoD ´OZ~J�ErSUD G�]8k(J�SiSUVMZU]dL�aoVM]�G/SUVWa
e9� I(x, y) L
EMJ/]beCV*VM|/J/I \(J�SUVWa·J�K °

I(x, y) = A(x, y)A∗(x, y),
Ó{x��/Ô

± � VMZUV ∗
aoVM]�G/SUVWK*S � V·EHG�T
k�I VH�2EHG�]��w\���J�SUV�A¹`�K*S � V·J/D T DFK*SUG�ZUVMEHG�](K{SUZU\(ErSfS � V4D T8J/��V8G/�&S � V4k(J/ZiSUDFEHI V4e���T
VWJ/](K

G/�S � Vb��Z~J�ErSUD G�](J/I&��G�\�ZUD VMZ�SUZ~J/](K{��G�ZUT8J�SUD G�]2��ZUG�T D ]�SUVM](KiD Sw�µaoDFK{SUZUD e�\oSUD G�]"G/�S � V�aoD ´OZ~J�ErSUD G�]µk(J�SiSUVMZU] I(x, y)
L¹S � V

�



]�VH�9S·KiVWErSUD G�]"DFK8aoVM|�G/SUVWa7SUG�ZUVWEMJ/I I;S � V�aoVH¶(]�D SUD G�]$G/�%S � V��«t�«�!J/](a"��D |/VWK5S � V�T
VHS � Goaµ��G�Z � JW|9D ]��2J�ZUVMI DFJ/e�I V
ZUVWEHG�](K{SUZU\(ErSUD G�]·G/��J5k(J/ZiSUDFEHI V�D T8J/��V�A

�dË�� �®�¯/¬WÑÒÎ Í ®�+ � ÎCÐ}�Ñ ' 4¬M�® Í ª���Î(�77®o¬WÑÒÎ Í ® Í ®�+�1dªWÑÒª8Î��Ñ Í$# +ÒÑ Í(' 0«Î,+ÒÎ,-(�®/77ª
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{À ��·Á 	CÂ�� ¿
	������ � �9¾���� ¿
	������(¿�� � � Á � � � � 	CÂ �Ò¿ � ������� ¿
	

� � V��«t�«� DFK¸J7��VM]�VMZ~J/I D ³WJ�SUD G�]�G/�fS � V�EHIFJ�KUKiDFEMJ/I���G�\�ZUD VMZ4SUZ~J/](K{��G�ZUT8J�SUD G�]dA[z�S~K·T8J�S � VMT8J�SUD�EHJ/I*aoVH¶(]�D SUD G�]0DFK¸J�K
��G�I I G�±K ° � ��������� �
�%S � V*S{±QG/uwaoD T
VM](KiD G�](J/Im��Z~J�ErSUD G�](J/Id��G�\�ZUD VMZ&SUZ~J/](K{��G�ZUT8J�SUD G�]·G/��G�Z~aoVMZ ax ��G�Z x uwEHZUG�KUK{uwK{VWErSUD G�]¸J/](a ay
��G�Z

y
uwEHZUG�KUK{u�KiVWErSUD G�]·±&D S � 0 ≤ |αx| ≤ π/2

J/](a
0 ≤ |αy| ≤ π/2

L�ZUVWKikCVWErSUD |�VMI ��LoDFK&aoVH¶(]�VWa¸J�K*Ó�±&D S � αp =
apπ
2

Ô

Fαx,αy [I(x, y)](xa, ya) =

∫

R2

Nαx(x, xa)Nαy (y, ya)I(x, y) dx dy
Ó{xW��Ô

± � VMZUV%S � V ��VMZU]�VMImG/�}S � V���Z~J�ErSUD G�](J/ImG�kCVMZ~J�SUG�Z[DFKaoVH¶(]�VWabe��

Nαp(x, xa) = C(αp) exp

(

iπ
x2 + x2

a

s2 tanαp

)

exp

(

−
i2πxax

s2 sinαp

)

,
Ó{x �Ô

J/](a

C(αp) =
exp(−i(π4

KiD ��]
(sinαp)−

αp
2 ))

|s2 sinαp|1/2
.

Ó^�/��Ô

�VMZUV
p = x, y

A
s
DFK
J/]µJ/ZUe�D SUZ~J/ZU��¶��oVWaµKUEMJ/I D ]���k(J/Z~J/T
VHSUVMZ5J/](a � J�K�S � V¸aoD T
VM](KiD G�]µG/�%aoDFK{S~J/](EHV�A«� � VbVM]�VMZU����u

EHG�](KiVMZU|�J�SUD G�]bIFJW±²DFKVM](Ki\�ZUVWa·e9�4S � V�EHGoV��4EHD VM]�S C(αp)
± � DFE � DFK�J5��\�](E~S~D G�]¸G/�«S � V���Z~J�ErSUD G�](J/IdG�Z~aoVMZ*A(BG�±²ZUVWEMJ/I I

S � V*T8J/D ]bk�ZUG�kOVMZiSUD VWKMA Fπ/2,π/2
DFK[S � V*G�Z~aoD ](J/ZU�4��G�\�ZUD VMZ;SUZ~J/](K{��G�ZUT8J�SUD G�]·J/](a F0,0

DFK[S � V*DFaoVM]�SUD S{�·G�kCVMZ~J�SUG�ZWA

� Ë�� Á�¾W¿
	CÂ�� � �C¾���� ¿ 	dÃ}¿ � �������� � � ��¾���� ¿
	����«¿ � ÀCÁ � Â

zw]4T8J/]9�
aoD ��D S~J/I(ZUVWEHG�](K{SUZU\(ErSUD G�]8K{SU\(aoD VWKML�S � V%�\��9��VM](K{uw��ZUVWKi]�VMI�D ]�SUVM��Z~J/I(DFK�VH�ok�ZUVWKUKiVWa8J�KQJfEHG�]9|/G�I \oSUD G�]8G�kCVMZ~J�SUD G�]dA
� � DFKf��G�ZUTf\�IFJ�SUD G�]7KiD T
k�I D ¶(VWKfS � VbEHG�T
k�\oS~J�SUD G�]2G/�&S � DFKfD ]�SUVM��Z~J/IQe���ZUVWJ/I D ³MD ]���J�KiD T
k�I V4k�ZUG�ao\(E~S5D ]2S � VbKikCVWErSUZ~J/I
aoG�T8J/D ]�e��¸T
VWJ/]�KG/�«S � Vf�ÒJ�K{S%��G�\�ZUD VMZ&SUZ~J/](K{��G�ZUT8J�SUD G�]�Ó^�«�«�ÔJ/I ��G�ZUD S � T¸A�zw]¸S � V�KUJ/T
Vf±;JW��LoS � V�ZUVWEHG�](K{SUZU\(ErSUD G�]
k�ZUGoEHVWKUKQG/�¹J � G�I G���Z~J/T EMJ/]·eCV�VH�ok�ZUVMKUKiVWa4J�K;J�EHG�]9|�G�I \oSUD G�]4eCVHS{±[VMVH]·S � V�SUZ~J/](KiT
DFKUKiD G�]8��\�](ErSUD G�]·G/�¹J � G�I G���Z~J/k � DFE
k�IFJ�SUVfJ/]�a·S � Vf��ZUVWKi]�VMI2��VMZU]�VMI

hz(x, y)
S~J��9D ]��5S � V���G�ZUT �

hz(x, y) =
1

i2π
exp

(

i
π

λz
(x2 + y2)

)

.
Ó^�ox�Ô

z�S�K � G�\�IFa�eCV�]�G/SUVWa¸S � J�S�J/k�koIF�9D ]��·Ki\(E � J8T
VHS � G�a�kCG�KiVWK�J8k�ZUG�e�I VMT!eOVWEMJ/\(KiV*S � VfSw±[G/uwaoD T
VM](KiD G�](J/I¹EHG�]�|�G�I \oSUD G�]
��VMZU]�VMI«DFKfJ¸E � D ZUkou�I D ��V5��\�](ErSUD G�]dA}� � VMZUVH��G�ZUV�LOD S~Kf��G�\�ZUD VMZ%SUZ~J/](K{��G�ZUT8J�SUD G�]�DFK*J/IFKiG¸J¸E � D ZUk���\�](ErSUD G�]dA}X�G�ZUVMG�|�VMZML hz

v



DFK%]�G/S%±[VMI I�J�aoJ/koSUVWa�SUGbJ/](J/I �oKiV�eCG/S � x J/](a y I D ]�VWJ/Z%E � D ZUk(K%J�S%S � V
KUJ/T
VfSUD T
V¸Ó���� 5�}EH\�ZU|�J�SU\�ZUVWK
Rξ
J/](a

Rη
Ô&SUG

ZUVWEHG�](K{SUZU\(ErS[S � V*D T8J/��V�G/�¹S � V*k(J/ZiSUDFEHI VWKMAoY[\oS&S � DFKEMJ/]beCVfJ�E � D VM|�VMa·±&D S � S � V%��Z~J�ErSUD G�](J/Id��G�\�ZUD VMZ[SUZ~J/](K{��G�ZUT8J�SUD G�]dA
� � V%ZUVWEHG�](K{SUZU\(ErSUD G�]4k�ZUG�EHVWKUKQDFK;aoVWEHG�T
kCG�KiVWa4D ]�SUG�S{±QG8K{SUVMk(K ° S � V%¶(Z~K{S&K{SUVMk¸EHG�](KiDFK{S~KQD ]bZUVMT
G�|9D ]��fS � V�I D ]�VWJ/Z&E � D ZUk
J/I G�]���S � V xuwJ��oDFK«J/](a5J/I G�]��S � V y uwJ��oDFK«EHG�]�S~J/D ]�VWafD ]�S � V;DF]�SUVM](KiD S{��aoDFK{SUZUD e�\oSUD G�]5G/�(S � V&aoD ´OZ~J�ErSUVWaf¶(VMIFa�e9��J/k�k�I �9D ]��
J*��Z~J�ErSUD G�](J/IC�(G�\�ZUD VMZ�SUZ~J/](K{��G�ZUT8J�SUD G�]8±&D S � S � V%G�koSUD T8J/I(��Z~J�ErSUD G�](J/I(G�Z~aoVMZ~KML�]�G/SUVWa αoptx

J/](a
αopty

Ao� � V%KiVWEHG�](a4K{SUVMk
DFK[SUG4J/k�k�I �·J
K{S~J/](a�J/Z~ab��G�\�ZUD VMZ[SUZ~J/](K{��G�ZUT8J�SUD G�]dA

zw]bG�Z~aoVMZ[SUG
ZUVWJ/I D ³MV�S � DFK;]9\�T
VMZUDFEMJ/ImZUVWEHG�](K{SUZU\(ErSUD G�]dL�±[V%¶(Z~K{S � J�|/V%SUG8aoVHSUVMZUT
D ]�V%S � V�k � J�KiV*EHG�]�S~J/D ]�VWa4D ]bS � V
D ]�SUVM](KiD Sw��aoDFK{SUZUDFeo\oSUDFG�]�G/�[S � V4aoD ´OZ~J�ErSUD G�]�k(J�SiSUVMZU]�G/�[S � V8k(J/ZiSUDFEHI V�Ad� � DFKfJ/](J/I �oKiDFK%DFK*kCG�KUKiD e�I V
e9��\(KiD ]���±&D S � S � V
J/](J/I ��SUDFEMJ/ImaoVM|�VMI G�k�T
VM]�S&k�ZUVWKiVM]�SUVWa·D ]bS � V*k�ZUVM|9D G�\(K;KiVWErSUD G�] °

I(x, y) = A(x, y)A∗(x, y) = κ
(

|A1|
2 + |A2|

2
)

− 2κ<{A1A
∗

2}
Ó^����Ô

<
aoVM]�G/SUVWKS � V�ZUVWJ/I}k(J/ZiS�J/](a κ = 1/(λz)2

DFK%J4EHG�](K{S~J/]�S%± � DFE � DFK�]�G/S%D T
kOG�ZiS~J/]�S%D ]�S � V5k�ZUVWKiVM]�S�K{SU\(ao��A κ|A1|
2

EHG�ZUZUVWKikCG�](a�KQSUG5S � VfaoD ZUVWErSUI �8SUZ~J/](KiT
D SiSUVWa j J/\(KUKiDFJ/]·I D � � SWA(BG/SUV%S � J�SD � ωξ = ωη = ω
J/](a

Rξ = Rη = R
S � VM]

lim
ω→∞

R→∞

κ|A1|
2 = 1.

� � DFK[I D T
D SEHG�ZUZUVWKikCG�](a�K�SUG�S � V�¶(Z~K{S[SUVMZUT G/�dS � V%@Qp9KMAdÓ{x���Ô�G�Z*Ó{x5!�Ô�G/��� ������A9zw]4S � V*KUJ/T
V�±;JW��L�S � V�KiVWEHG�](a8SUVMZUT¸L9D ]
S � Vf��ZUVWKi]�VMIdJ/k�k�ZUG��oD T8J�SUD G�]dL�S~J��/VWK[S � V���G�I I G�±&D ]��5��G�ZUT °

lim
ω→∞

R→∞

κ|A2|
2 = U2

1

(

πd2

2λz
,
πd

λz
r

)

+ U2
2

(

πd2

2λz
,
πd

λz
r

)

'
1

(λz)2

(

πd2

2

)2
J2

1 (πdλz r)

(πdλz r)
2
,

Ó^��!�Ô

± � VMZUV U1
J/](a

U2
J/ZUV4S � V¸cdG�T
T
VMIQ��\�](ErSUD G�](K¸ÓÒKiVMV¸t&VH�{A�� ����L«kdA«y��9�/ÔrA«� � VbZUD � � S � J/](a7KiDFaoVbVH�ok�ZUVWKUKiD G�]2G/��@QpCA

Ó^��!�Ô;EHG�ZUZUVWKikCG�](a�K[SUG
S � V*�ÒJ/Ziu^¶(VMIFabJ/k�k�ZUG��oD T8J�SUD G�]dL���� 5�
πd2/2λz ¿ 1

L�G�]¸S � VfcdG�T
T
VMI^l K;��\�](ErSUD G�](KMAC� � DFK&SUVMZUT:DFK
aoVH¶(]�VWa�e9�bS � V
��G�\�ZUD VMZSUZ~J/](K{��G�ZUT!G/��S � V�G�e��wVWErS���\�](ErSUD G�]dAm`��J/D ]�±[V�G�eoS~J/D ]�S � VfS � D Z~a¸SUVMZUT�G/��S � V5@QpCA«Ó{x5!�Ô&G/�
� ���	��A(�¹D ](J/I I ��L�D �¹S � VfKUJ/T
V%SUZUVWJ�SUT
VM]�SDFK;ZUVWJ/I D ³MVWa·G/�¹S � V%S � DFZ~a4SUVMZUT:G/�}S � V*@QpCA}Ó^����ÔrLoG�]�V � J�K[S � V���G�I I G�±&D ]��
I D T
D S °

lim
ω→∞

R→∞

2κ<{A1A
∗

2} '
πd2

λz
sin

(

πr2

λz

)

J1(
πd
λz r)

(πdλz r)
.

Ó^��y9Ô

2κ<{A1A
∗

2}
DFK·S � V�T
G�K{SbD T
kOG�ZiS~J/]�SbSUVMZUT J/](a0EHG�ZUZUVWKikCG�](a�K8SUG$JµT
Goao\�IFJ�SUD G�]�G/�fS � V�I D ]�VWJ/Z¸E � D ZUk���\�](ErSUD G�]

T
Goao\�IFJ�SUVWa"e9�"Ki\�T G/��Y[VWKUKiVMI&��\�](ErSUD G�](K
Tk(r)

AQ� � V�I D ]�VWJ/Z4E � D ZUk$DFK
D ]9|�VMZ~KiVMI �7k�ZUG�kCG�ZiSUD G�](J/I[SUG�S � V�ZUVWEHG�Z~aoD ]��
aoDFK{S~J/](EHV

z
± � D I V Tk(r) DFK[J/IFKiGfI D ]��/VWa
SUGfS � V%aoDFJ/T
VHSUVMZQG/�mS � V�k(J/ZiSUDFEHI V�A9� � DFK�T
G�ao\�IFJ�SUD G�]4EHZUVWJ�SUVWK�S � V�D ]�SUVMZi��VMZUVM](EHV

k(J�SiSUVMZU]
ZUVWEHG�Z~aoVWafe9�fS � V%P&P[_�± � DFE � VM](J/e�I VWK¹S � VZUVWEHG�](K{SUZU\(ErSUD G�]�G/�CS � V&ZUVWJ/IoD T8J/��V�A/`�K�±[V � JW|�V&KiVMVM]
eCVH��G�ZUV�L�S � V

�



T
VHS � GoabJ�a9G�koSUVWa � VMZUV%DFKQSUG5ZUVMT
G�|�V%J�p�\(J�aoZ~J�SUDFEk � J�KiV�EHG�]�S~J/D ]�VWa4D ] <{A1A
∗

2}
SUG5ZUVWEHG�](K{SUZU\(ErSQS � V%D T8J/��V%G/�dS � V

k(J/ZiSUDFEHI V*J/](a·SUG
I G�EHJ/IFD ³MV%D SD ]bS � VfKik(J�EHV�A�� � Vfp�\(J�aoZ~J�SUDFE%k � J�KiV�DFK&aoVM]�G/SUVWa ϕ(x, y)
J/](abD S~KJ/](J/I ��SUDFEMJ/IOVH�ok�ZUVWKUKiD G�]

EMJ/]beCVfaoVHSUVMZUT
D ]�V���ZUG�T @Qp9KMA}Ó��/Ô[J/](a�Ó{x5!�ÔrA��¹D Z~K{SUI ��L9��ZUG�T:@QpCA}Ó^����ÔQ±[V�±&ZUD SUV

A1A
∗

2 = |A1A
∗

2| exp (iϕ(x, y))
Ó^� � Ô

± � VMZUV

ϕ(x, y) = −
π

λz

(

x2(Mx − 1) + y2(My − 1)
)

.
Ó^�/v�Ô

Mx
L
My

J/ZUV4��D |�VM]7D ]2S � Vb@Qp9KMA;Ó��Ô�J/](a�Ó{xW��ÔrA«� � V¸p�\(J�aoZ~J�SUDFE8k � J�KiV·G/�&S � V �/VMZU]�VMI[G/�&S � V¸�«t�«� aoVM]�G/SUVWa2e9�

ϕa(x, y)
DFK

ϕa(x, y) =
π

s2
(

x2 cotαx + y2 cotαy
)

.
Ó^���/Ô

BG�±�SUG
ZUVWEHG�](K{SUZU\(ErS;S � V*D T8J/��V�G/�}S � V*k(J/ZiSUDFEHI V�L9S � V���G�I I G�±&D ]���S~Z~J/]�K{��G�ZUT8J�SUDFG/]·T�\(K{SeCVfEMJ/IFEH\�IFJ�SUVWa °

Fαx,αy [I(x, y)](xa, ya) = κFαx,αy

[

|A1|
2 + |A2|

2
]

(xa, ya)−

2κFαx,αy [|A1A
∗

2| cos(ϕ(x, y))] (xa, ya)

Ó^�/��Ô

� � V&¶(Z~K{S�SUVMZUT DFK�\�]�D ]�SUVMZUVWK{SUD ]��fJ/](a8aoG9VWK�]�G/S[J/I I G�±"\(K�SUG*ZUVWEHG�](K{SUZU\(ErS�S � Vk(J/ZiSUDFEHI V&D T8J/��V�A9n�]�I �fS � V�KiVWEHG�](a�SUVMZUT
±&D I IQeCV4EHG�](KiDFaoVMZUVWa���G�Z*S � V4D T8J/��V
ZUVWEHG�](K{SUZU\(ErSUD G�]dA ���4Y[��]�G/SUD ]��¸S � J�S 2 cosϕ = exp(−iϕ) + exp(iϕ)

L}@QpCA[Ó^�/��Ô
eCVWEHG�T
VWK °

Fαx,αy [I(x, y)](xa, ya) = κFαx,αy

[

|A1|
2 + |A2|

2
]

(xa, ya)

− κC(αx)C(αy)

∫

R2

|A1A
∗

2| exp (i(ϕa − ϕ)) exp

(

−
i2π

s2

(

xax

sinαx
+

yay

sinαy

))

dx dy

− κC(αx)C(αy)

∫

R2

|A1A
∗

2| exp (i(ϕa + ϕ)) exp

(

−
i2π

s2

(

xax

sinαx
+

yay

sinαy

))

dx dy.

Ó^� �Ô
� � V�ZUVWErG�](K{SUZU\(ErSUD G�]�G/�fJ/]�D T8J/��V�DFKbJ/Z~E � D VM|�VWa"± � VM]�G�]�V�G/�*S � V�p9\�J�aoZ~J�SUD�E¸k � J�KiV�SUVMZUT8K4\�](aoVMZ4S � V�D ]�SUVM��Z~J/I
G�kCVMZ~J�SUG�Z

Fαx,αy

L�DFK;VWp�\(J/ImSUG
³MVMZUG(L ��� 5� °

ϕa(x, y)± ϕ(x, y) = 0.
Ó�!���Ô

� � V5¶(Z~K{SfKiG�I \oSUD G�] ϕa − ϕ = 0
EHG�ZUZUVWKikCG�](a�KSUGbS � V
ZUVWEHG�](K{SUZU\(ErSUD G�]�G/�QS � V
ZUVWJ/I«D T8J/��V5± � D I V ϕa + ϕ = 0

I VWJ�aoK
SUG4ZUVWEHG�](K{SUZU\(ErSUD G�]¸G/�«S � V�|9D ZiSU\(J/IdD T8J/��V�AC� � V*¶(Z~K{S%EMJ�KiVfDFKZUVWJ/I D ³MVWabe9�¸E � G9G�KiD ]��
S � VfkOG�KiD SUD |/VfG�koSUD T8J/Id��Z~J�ErSUD G�](J/I

�



G�Z~aoVMZ~K
αoptx

J/](a
αopty

A(� � VMD Z&VH�ok�I DFEHD SVH�ok�ZUVWKUKiD G�]bEMJ/]beCVfaoVHSUVMZUT
D ]�VWa·��ZUG�T @Qp9KMA}Ó^�/v�Ô[J/](a�Ó^���/ÔrA

tanαoptx = −
λz

s2(Mx − 1)
tanαopty = −

λz

s2(My − 1)
.

Ó�!�x�Ô

� � V�KiVWEHG�](a8EMJ�KiV�DFKQZUVWJ/I D ³MVWa8e9�8E � G9G�KiD ]��*S � V%]�VM��J�SUD |�V��Z~J�ErSUD G�](J/I(G�Z~aoVMZ~K −αoptx

J/](a
−αopty

Ao�¹D ](J/I I ��L�S � V%G�koSUD T8J/I
��Z~J�ErSUD G�](J/IdG�Z~aoVMZ~K&J/I I G�±²\(K&SUG8ZUVWEHG�](K{SUZU\(ErS&S � VfD T8J/��VfG/�¹S � V�k(J/ZiSUDFEHI V*\(KiD ]��·J8K{S~J/](a�J/Z~a¸��G�\�ZUD VMZ&SUZ~J/](K{��G�ZUT8J�SUD G�]dA
��G�Z�D ]o¶(]�D SUVb|�J/I \�VWK�G/�

Rq
J/](a

ωq
Ó�k(J/ZiSUDFEH\�IFJ/Z5EMJ�KiV4G/��J/] � G�T
G���VM]�VMG�\(K*k�IFJ/]�V·±[J�|�V�ÔrL}@QpCA&Ó�! � Ô�G/��t&VH�{A�� ���	�;DFK

ZUVWEHG�|/VMZUVWamA

� Ë�� � �·Á � �F¾����«Á ��� Á � ��·Á 	 �rÂ

� � V�KiD T�\�IFJ�SUD G�](K;J/ZUV�ZUVWJ/I D ³MVWa8D ]·S � V%VH�okOVMZUD T
VM]�S~J/ImEHG�]�SUVH�9S;k�ZUVWKiVM]�SUVWa4e9�
S � V*�¹D �(AmÓ{x�ÔrAo� � V*aoDFJ/T
VHSUVMZ;G/�}G�ZUD ��D ](J/I
J/](a�EHD Z~EH\�IFJ/Z&eOVWJ/T:±&DFa9S � D ]¸��ZUG�]�SG/�«S � V5EH�9I D ](aoZUDFE�I VM](KiV·Ó�P[c¹Ô;DFK 2ω = 14mm

J/](abS � Vfk(J/ZiSUDFEHI V*DFKI GoEMJ�SUVWa¸J�S%J
aoDFK{S~J/](EHV

δ = 250mm
��ZUG�T P[c�A(� � V*��G�EMJ/ImI VM]��/S � K fq G/�¹S � VfEH�9I D ](aoZUDFEMJ/ImI VM](KJ/ZUV�D ]o¶(]�D SUV�J/I G�]��
J/]�J��oDFK;k(J/Z~J/I I VMI

SUG¸S � V ξ uwJ��oDFK*J/](a�VWp�\(J/I�SUG 200mm
J/I G�]��¸J/]2J��oDFK�k(J/Z~J/I I VMI«SUG¸S � V η uwJ��oDFKMAd� � V8±;J�|/VMI VM]��/S � G/�[S � V8IFJ�KiVMZ*eCVWJ/T

DFK
λ = 632.8nm

A���ZUG�T S � VWKiVWK���G�\�Z
E � J/Z~J�ErSUVMZUDFK{SUDFEMKfG/�S � V·eOVWJ/T¸L}S � Vb]9\�T
VMZUDFEMJ/I[|�J/I \�VWKbÓ Rξ
L
Rη
L
ωξ
J/](a

ωη

��ZUG�T S � V�@QpCA}Ó�!�ÔiÔQ± � DFE � aoVWKUEHZUD eOV�S � V*��VMG�T
VHSUZU�8G/�}S � V�eCVWJ/T D ]bS � V�k�IFJ/]�V�G/�}S � V*k(J/ZiSUDFEHI V�J/ZUV�aoVHSUVMZUT
D ]�VWabe��bJ
K{SUZ~J/D � � Si��G�ZU±[J/Z~a4J/](J/I ��S~DFEMJ/ImaoVM|�VHIFG�koT
VM]�SG/�}S � Vf��ZUVWKi]�VMImD ]�SUVM��Z~J/IdJ/k�k�I D VWa4SUG4J
EHD Z~EH\�IFJ/Z j J/\(KUKiDFJ/]·��\�](ErSUD G�] °

ωq =
λδ

πω

(

1 +

(

πω2

δλ

)2(
δ

fq
− 1

)2
)1/2 J/](a

Rq = −
δ

1 +

(

πω2

δλ

)

2
(

δ
fq

−1
)

1+
(

πω2

δλ

)

2

( δ
fq

−1)2

.
Ó�!���Ô

�¹D ��\�ZUV5�8D I I \(K{SUZ~J�SUVWK�J/]�J/k�k�I DFEMJ�SUD G�]�G/��S � DFK�T
GoaoVMI¹e9�¸J·KiD T�\�IFJ�SUD G�]�G/��S � V5aoD ´OZ~J�ErSUD G�]�k(J�SiSUVMZU]�ZUVWKi\�I SUD ]��8��ZUG�T J
k(J/ZiSUDFEHI V&±&D S � Jfa9D�J/T
VrS~VHZ d = 150µm

D I I \�T
D ](J�SUVWa
e��
J/]8VMI I D koSUDFEMJ/I(J/](a8J�K{SUD ��T8J�SUDFE j J/\(KUKiDFJ/]
eCVWJ/T J/](a5I G�EMJ/I D ³MVWa
J�S

z = 145mm
��ZUG�T�S � V·P&P[_ EMJ/T
VMZ~J�AOY[��\(KiD ]��b@QpCA�Ó�!���ÔrLCS � V
E � J/Z~J�ErSUVMZUDFK{SUDFEMKG/�QS � V j J/\(KUKiDFJ/]�eCVWJ/T D ]�S � V

G�e��wVMErS*k�IFJ/]�V
J/ZUV
ωξ = 7mm

L
ωη = 1.75mm

LmJ/](a�EH\�ZU|/J�SU\�ZUVWK�Z~J�aoD \(K%J/ZUV
Rξ = −2.36 · 105m

L
Rη = −50mm

A
� � V
J/](J/I ��SUDFEMJ/I¹VH�ok�ZUVWKUKiD G�]�aoVM|�VMI G�kCVWa�D ]2N9VWErSUD G�]�� � J�K�eOVMVM]�\(KiVWa¸SUG¸EMJ/IFEH\�IFJ�SUVfS � V
D ]�SUVM](KiD S{��aoDFK{SUZUD e�\oSUD G�]�D ]�J
aoD ´OZ~J�ErSUD G�]�k(J�SiSUVMZU]�ZUVWEHG�Z~aoVWa�e9��T
VWJ/](K%G/�;J/]�VMI I D koSUDFE5eCVWJ/T¸Am`%K�J·ZUVWKi\�I SWL �9]�G�±&D ]��·S � V5eOVWJ/T k(J/Z~J/T
VHSUVMZ~KML(S � V
G�koSUD T8J/IO��Z~J�ErSUD G�](J/ImG�Z~aoVMZ~K;EMJ/]beCV*VWJ�KiD I �·EHJ/I�Er\�IFJ�S~VMabJ/](ab\(KiVWa4��G�Z&D T8J/��V�ZUVWEHG�](K{SUZU\(ErSUD G�]dA

BG�±*L}EHG�](KiDFaoVHZ�S � V·aoD ´OZ~J�ErSUD G�]�k(J�SiSUVMZU]�ZUVMk�ZUVWKiVM]�SUVWa�D ]2�¹D �(AQÓ^��Ô%G/�&J 150µm
k(J/ZiSUDFEHI V8I GoEMJ�SUVWa�J�S�aoDFK{S~J/](EHV

z = 107mm
��ZUG�T S � V�P&P[_?EMJ/T
VMZ~J�Aot&VWEMJ/I ICS � J�S;S � V*E � J/Z~J�E~S~VHZUD�KwSUDFEMKQG/�}S � V j J/\(KUKiDFJ/]·eCVWJ/T D ]·S � V�k�IFJ/]�V�G/�dS � V





k(J/ZiSUDFEHI V%J/ZUV
ωξ = 7mm

L
ωη = 1.75mm

LoJ/](a·EH\�ZU|�J�SU\�ZUVWK[J/ZUV%aoVH¶(]�VWa4e9�
Rξ = −2.36 · 105m

J/](a
Rη = −50mm

A
� � V*G�koSUD T8J/IO��Z~J�ErSUD G�](J/IOG�Z~aoVMZ~K[G�eoS~J/D ]�VWa·��ZUG�T S � V*ZUVMIFJ�SUD G�](K�Ó�!�x�Ô[J/ZUV °

aoptx = 0.521 aopty = 0.816.
Ó�! !�Ô

� � V¸ZUVWEHG�](K{SUZU\(ErSUVWa7k(J/ZiSUDFEHI VbD T8J/��Vb±&D S � S � V¸��Z~J�ErSUD G�](J/I;�(G�\�ZUD VMZ�SUZ~J/](K{��G�ZUT8J�SUD G�]7DFK8K � G�±&]µD ]��¹D �(A&Ó�!�ÔrA�`%K5±[V
EMJ/]�KiVMV�L�J8EHD Z~EH\�IFJ/Z&k(J/ZiSUDFEHI V*D T8J/��V � J�K;eOVMVM]¸ZUVHSUZUD VM|�VWa4��ZUG�T!J5]�G�](EHD Z~EH\�IFJ/ZKi�9T
T
VHSUZUDFE�aoD ´OZ~J�ErSUDFG�]bk(J�SiSUVMZU]dA(� � DFK
k(J/ZiSUDFEHI V�D T8J/��V5EHG�\�IFa�]�G/S � J�|/V5eCVMVM]�G�eoS~J/D ]�VWa�±&D S � S � V
EHG�]9|/VM]�SUD G�](J/I¹T
VHS � Goa�K�Ki\(E � J�K%��ZUVWKi]�VMI¹G�Z���Z~J/\�] � G/��VMZ
SUZ~J/](K{��G�ZUT8J�SUD G�](KMAozw](aoVMVWa¸S � V�p�\(J�aoZ~J�SUDFE�k � J�KiV*SUVMZUT!G/��S � V���ZUVWKi]�VMI}D ]�SUVM��Z~J/I$��VMZU]�VMI}aoVH¶(]�VWa�e9�b@QpCA«Ó^�ox�Ô&EMJ/]�]oG/S
J�EMEHG�T
T
Goa�J�SUV�S � VfEHG�](aoD SUD G�]¸D T
kCG�KiVWa·e9�4@QpCA}Ó�!���Ô;J/](a4S � VMZUVH��G�ZUV�DFK;\�](Ki\�D SUVWa·SUG8ZUVWEHG�](K{SUZU\(ErS;k(J/ZiSUDFEHI V�D T8J/��VWKMA

`]�G/S � VMZ}k(J/ZiSUDFEH\�IFJ/ZdEMJ�KiV�T
VMZUD S~KmSUGeCV�k�ZUVWKiVM]�SUVWa%D ]fG�Z~a9VMZmSUG�EHG�T
k�I VHSUV�G�\�Z}J/ZU��\�T
VM]�S~J�SUD G�]�G�]�S � VQJ�ao|�J/]�S~J/��VWK
G/�;\(KiD ]��¸S � V8��Z~J�ErSUD G�](J/I���G�\�ZUD VMZ�SUZ~J/](K{��G�ZUT8J�SUD G�]dAdcdVHS�\(KfEHG�](KiDFaoVMZfJ¸k(J/ZiSUDFEH\�IFJ/ZfEMJ�KiV
G/�;S � V4aoD ´OZ~J�ErSUD G�]�k(J�SiSUVMZU]
ZUVMk�ZUVWKiVM]�SUVWa7D ]��¹D �(A�Ó�y9ÔrA�zw]"S � DFK8VH��J/T
k�I V�L δ = 135mm

J/](a
z = 154mm

A[N9\(E � J � �9kCVMZUeCG�I DFE¸K � J/kCV�G/��S � V
aoD ´OZ~J�ErSUD G�]¸k(J�SiSUVMZU]¸ZUVWKi\�I S~K[��ZUG�T!J8KiD ]���\�IFJ/Z&I GoEMJ�SUD G�]bG/�¹S � Vfk(J/ZiSUDFEHI V8Ó d = 150µm

ÔrA(� � DFKKiD SU\(J�SUD G�]bG�EMEH\�Z~K;± � VM]
S � V¸G�e��wVWErS8DFK
k�IFJ�EHVWa7eOVHSw±[VMVM]µS � V�EH�9I D ](aoZUDFEbI VM](K�Ó�P[c¹Ô5J/](a7S � V¸eCVWJ/T ±;J/DFK{SWA«zw]µS � DFK4EMJ�KiV�L Rξ

J/](a
Rη � J�|�V

G�k�kCG�KiD SUV5KiD ��](KMAC��ZUG�T�@QpCA�Ó�!���ÔrL(±[Vf¶(](a
ωξ = 7mm

L
ωη = 2.27mm

L
Rξ = −4.38 · 105m

J/](a
Rη = 65mm

��G�Z
S � V%E � J/Z~J�ErSUVMZUDFK{SUDFEMK«G/�mS � V j J/\(KUKiDFJ/]8eCVWJ/T D ]
S � V�G�e��wVWErSQk�IFJ/]�V�A�� � VWKiV|/J/I \�VWK�J/I I G�±"\(K�SUG�aoVHSUVMZUT
D ]�VS � VG�koSUD T8J/I
��Z~J�ErSUD G�](J/IOG�Z~aoVMZ~K[e9�·T
VWJ/](K;G/�¹@QpCA}Ó�!�x�Ô °

aoptx = 0.633 aopty = −0.718.
Ó�!/y9Ô

� � V&k�J/ZiS~DFEHI V[DFT8J/��V[ZUVWEHG�](K{SUZU\(ErSUVWaf±&D S � S � VWKiV[��Z~J�ErSUD G�](J/I9G�Z~aoVMZ~K¹DFK�ZUVMk�ZUVWKiVM]�SUVWa�D ]8�¹D �(A�Ó � ÔrA��VMZUV&J/��J/D ]dL�J�EHD Z~EH\�IFJ/Z
K � J/kCV;G/�(S � V;k(J/ZiSUDFEHI V;D T8J/��V[DFK«ZUVWEHG�|�VMZUVWamAWzw]5eOG/S � EMJ�KiVWK;ÓÒ�¹D ��KMA�Ó�!�ÔrL�Ó � ÔiÔ}e(J�E&�9��ZUG�\�](a���ZUD ]���VWKML�S � J�S�J/k�kCVWJ/Z�J/ZUG�\�](a
S � V*D T8J/��VWKML�J/ZUV�ao\�V�SUG5S � VfKiG/uwEMJ/I I VWa8S{±&D ]¸D T8J/��V�\(Ki\(J/I I �4G�e(KiVMZU|�VWa4D ] j J/eCG�Z � G�I G���Z~J/k � ��A

� Ë������ Á � ��·Á 	������ � Á�Â ��� �rÂ

zw]0G�Z~aoVMZ·SUGµ|/J/I DFa�J�SUV�S � V�J/eOG�|�V�T
VHS � Goa�SUG$JµkoZ~J�ErSUD�EHJ/I�EMJ�KiV�L[±[V � J�|/V�\(KiVWa0J/]�VH�okOVHZUDFT
VH]�S~J/I�KiVHSU\�k²± � VMZUV
S � V4eCVWJ/T k(J/Z~J/T
VHSUVMZ~K*J/ZUV8EHI G�KiV
SUG�S � V4k(J/Z~J/T
VHSUVMZ~K�\(KiVWa�D ]�S � V4k�ZUVM|9D G�\(KfKi\�e(KiVWErSUD G�]dA}�VMZUV�L¹J��VHuwBV4IFJ�KiVMZ*G/�
±;JW|�VMI VM]��/S � VWp�\(J/IdSUG 632.8nm

DFK\(KiVWamAC`](a�J
150µm

G�k(J�p�\�V�aoDFK��bI GoEMJ/I D ³MVWa¸J�S
z = 106mm

DFKD I I \�T
D ](J�SUVWa�e��
J/]¸VMI I D koSUDFEMJ/I j J/\(KUKiDFJ/]¸eCVWJ/T:±&D S � S � Vf±&DFa9S � K ωξ = 7mm

L
ωη = 1.75mm

AC� � VfEH\�ZU|/J�SU\�ZUVWK&J/I G�]��
VWJ�E � J��oDFKJ/ZUV

Rξ = −2.36 · 105m
J/](a

Rη = −50mm
A(� � V*k�D �oVMI}KiD ³MV*G/�¹S � V
P&P[_ EMJ/T
VMZ~J5DFK&VMp9\�J/ImSUG 11µm

A(� � VfaoD ´OZ~J�ErSUD G�]

xW�



k(J�SiSUVMZU]�ZUVWEHG�Z~aoVWa�e9��S � DFK*EMJ/T
VMZ~J·DFK%D I I \(K{SUZ~J�SUVWa�D ]��¹D �(A�ÓÒv�ÔrAd� � V
G�koSUD T8J/I«��Z~J�ErSUD G�](J/I«G�Z~aoVMZ~K%aoVWao\(EHVWa���ZUG�T S � V
k�ZUVM|9D G�\(K�k(J/Z~J/T
VHSUVMZ~K�J/ZUV�VWp�\(J/I}SUG °

aoptx = 0.518
J/]�a

aopty = 0.813
Ad�¹D ��\�ZUV8�4K � G�±K�S � V5ZUVWEHG�](K{SUZU\(ErSUD G�]�G/��S � V

G�e��wVMErS&¶(VMIFa·��ZUG�T S � Vf�¹D �(A}ÓÒv�ÔrA
N9VWEHG�](aoI ��L�±[V � J�|/VfEHG�T
k�\oSUVWa·S � VfZUVWEHG�](K{SUZU\(ErSUD G�]bG/��J 150µm

k(J/ZiSUDFEHI V*aoDFJ/T
VHSUVMZD I I \�T
D ](J�SUVWa¸e��·S � VfKUJ/T
V

j J/\(KUKiDFJ/]�eOVWJ/T e�\oS�I GoEMJ�SUVWa�eCVHS{±QVMVM] P[c J/](a�S � V�eCVWJ/T ±;J/DFK{SWA&�VMZUV�L[S � V�eCVWJ/T ±&DFa9S � K�J/ZUV ωξ = 7mm
L

ωη = 2.27mm
J/](a¸S � V5EH\�ZU|�J�SU\�ZUVWK�J/I G�]��8VWJ�E � J��oDFK�J/ZUV Rξ = −4.38 · 105m

J/](a
Rη = 65mm

AO� � V�aoD ´OZ~J�ErSUD G�]
k(J�SiSUVMZU]�ZUVWEHG�Z~aoVWa�e9��S � DFK*EMJ/T
VMZ~J·DFK%D I I \(K{SUZ~J�SUVWa�D ]��¹D �(A�ÓÒ��ÔrAd� � V
G�koSUD T8J/I«��Z~J�ErSUD G�](J/I«G�Z~aoVMZ~K%aoVWao\(EHVWa���ZUG�T S � V
k�ZUVM|9D G�\(K;k(J/Z~J/T
VHSUVMZ~K&J/ZUV*VWp�\(J/ImSUG °

aoptx = 0.633
J/](a

aopty = −0.718
AC�¹D ��\�ZUV 8K � G�±K;S � VfZUVWEHG�](K{SUZU\(E~S~VMabG�e��wVMErS

¶(VMIFamAO� � V5K{SUZ~J/D � � S��ZUD ]���VWKG�e(KiVMZU|�VWa¸D ]�eCG/S � KiDFaoVWKG/��S � V
�¹D �(A«Ó��/ÔJ/](a7Ó��ÔJ/ZUV�ao\�VfSUG4S � V j D e�e(K�k � VM]�G�T
VM]�G�]
J/](a¸J/ZUV*EHI G�KiV�SUG
S � V�KiD ��](J/ImZUVWEHG�](K{SUZU\(ErSUD G�]·��ZUG�T!J/T
k�I D SU\(aoV*D ]�t&VH�{A � ����AC� � V*VH�okCVMZUD T
VM]�S~J/ImZUVWKi\�I S~K&k�ZUVWKiVM]�SUVWabD ]
S � DFKKi\�e(KiVWErSUD G�]¸K � G�±�S � J�S;S � V*k(J/ZiSUDFEHI V�D T8J/��VWK&J/ZUV%±[VMI IdZUVWEHG�](K{SUZU\(ErSUVWa4±&D S � J � D � � EHG�]�SUZ~J�K{SWA

�}Ë ��Î Í ¯ +ÒÐ¹ªWÑÒÎ Í

zw]*S � DFK¹k(J/kCVMZ}±[V � JW|�VQk�ZUG�kCG�KiVWa*J/]fJ/](J/I �9SUDFEMJ/I�KiG�I \oSUD G�]fG/�(KUEMJ/IFJ/Z}aoD ´OZ~J�ErSUD G�]fG/�(J/]fVMI I D koSUDFEMJ/I9J/](afJ�K{SUD ��T8J�SUDFE j J/\(K{u
KiDFJ/]8eCVWJ/T e��8J/]8G�k(J�p�\�V�aoDFK��5\�](aoVMZ;��ZUVWKi]�VMICJ/k�k�ZUGW�oD T8J�SUDFG�]mA��(G�Z�S{±[GfVH��J/T
k�I VWKQJ*��GoGoa
J/��ZUVMVMT
VM]�S�eOVHSw±[VMVM]8S � V
KiD T�\�IFJ�SUVWa5D ]�SUVM](KiD S{�
aoDFK{SUZUD e�\oSUD G�](K�J/](a5VH�okOVMZUD T
VM]�S~J/I�ZUVWKi\�I S~K � J�K�eOVMVM]8aoVMT
G�](K{SUZ~J�SUVWamA�N9\(E � J*aoD ´OZ~J�ErSUD G�]
k(J�SiSUVMZU]
EMJ/]�]�G/SQeCV%aoD ZUVWErSUI �
J/](J/I �9³MVWa
e��8��ZUVWKi]�VMI(D ]�SUVM��Z~J/I(J/](a
S � VMZUVH��G�ZUVEMJ/]�]�G/SQI VWJ�a
SUG�JfKUJ�SUDFK{�ÒJ�ErSUG�ZU��D T8J/��VZUVWEHG�](K{SUZU\(Eru
SUD G�]dAd�G�±[VH|�VMZWLO\(KiD ]��bS � V5��Z~J�ErSUD G�](J/I���G�\�ZUD VMZ%SUZ~J/](K{��G�ZUT8J�SUD G�]�J/I I G�±K%\(K*Jb��G9Goa�k(J/ZiSUDFEHI V5D T8J/��V
ZUVWErG�](K{SUZU\(ErSUD G�]dA
`��J/D ]dL¹S � DFK
k�ZUVWKiVM]�S~K
J�K{S~ZUG�]o��J�ao|�J/]�S~J/��VbJ�K�ZUVM��J/Z~a�KfSUG�EHIFJ�KUKiDFE·T
VHS � Goa�K5e(J�KiVWa7G�]7S � V�EHG�]9|�G�I \oSUD G�]7k�ZUGoao\(ErS
± � VMZUV%S � ZUVMV*�«�«�²J/](a¸J5T�\�I SUD k�I DFEMJ�SUD G�]bT�\(K{SeCV*ZUVWJ/I D ³MVWa·eCVH��G�ZUV�ZUVWEHG�](K{SUZU\(ErSUD ]���S � V*G�e/�wVWErS&¶(VMIFamA

x�x



¨ ¨ .(. '9Í Ï¹Ñ��"¨��«¨ Í ®�+�1m¬WÑÒ¯�®�+&Ï '��,' +ÒÎ�.�7 '�Í ¬5Î��
Tk(r)

�}G�aoVM|�VMI G�k�J/]2J/](J/I ��SUDFEMJ/I�KiG�I \oSUD G�]�G/�
Tk(r)

L
Jk(γ2 σ

2)
DFKfaoVM|�VMI G�kCVWa�J�KfJ �CVMZU]�D ��V

2k
uwKiVMZUD VWK �����
��� �
�5D ]�G�Z~aoVMZ%SUG

G�eoS~J/D ]¸J
KiG�I \oSUD G�]bD ]bS � V*��VM]�VMZ~J/ImEMJ�KiV °

Jk(γ2 σ
2) =

∞
∑

p=0

β2k
2k+2p(γ2)R

2k
2k+2p(σ).

ÓÒ`fx�Ô

�VMZUV
β2k

2k+2p(γ2)
VWp�\(J/IFK�S � V*aoVWEHG�T
kCG�KiD SUD G�]·EHGoV��4EHD VM]�S&J/](a R2k

2k+2p(σ)
VWp�\(J/IFK�S � V�e(J�KiDFK���\�](ErSUD G�]bG/�¹aoVWEHG�T
kCG�KiD u

SUD G�]2Ó �CVMZU]�D �/V�kOG�I �9]�G�T
DFJ/I�ÔrAo� � V*T8J�S � VMT8J�SUDFEMJ/ImVH�ok�ZUVWKUKiD G�]4��G�Z;S � VfEHG9V��4EHD VM]�S~K;DFK °

β2k
2k+2p(γ2) = 2(2k + 2p+ 1)

∫ 1

0

Jk(γ2 σ
2)R2k

2k+2p(σ)σ dσ.
ÓÒ`%��Ô

� � V%�ÒJ�ErSUG�Z 2(2k + 2p+ 1)
D ]b��ZUG�]�S&G/�}S � V*k�ZUVM|9D G�\(K[D ]�SUVM��Z~J/ImJ/I I G�±K[\(K[SUG
]�G�ZUT8J/I D ³MV%S � V*EHGoV��4EHD VM]�S~KMA�Y[�8S~J��9D ]��

D ]�SUG8J�EMEHG�\�]�S;S � V*@Qp9KMA}Ó{x��/Ô[J/](a�ÓÒ`%��Ô;J/](abe��·D ]�SUZUGoao\(EHD ]��5S � VMT:D ]¸@QpCA}Ó{xWv�ÔrLo±[V�G�eoS~J/D ] °

Tk(r) =
∞
∑

p=0

β2k
2k+2p(γ2)V

2k
2k+2p(r, u),

ÓÒ` !�Ô

± � VMZUV

V 2k
2k+2p(r, u) =

∫ 1

0

exp

(

i
1

2
uσ2

)

R2k
2k+2p(σ)J2k

(

πd

λz
rσ

)

σdσ.
ÓÒ`y9Ô

� � V V 2k
2k+2p

EMJ/]�eOV�VM|�J/I \(J�SUVWa�e��$T
VWJ/](K·G/��J7aoD ��D S~J/I%EHG�T
k�\oS~J�SUD G�]0KUE � VMT
V�A �
��� �
��z�S~KbaoVM|�VMI G�k�T
VM]�SbDFK·e(J�KiVWa
G�]�S � V5S � V
ZUVWEHVM]�S�VH�9SUVM](KiD G�]�G/��S � V4BD �weCG9VMZiu��CVMZU]�D ��V5J/k�k�ZUG�J�E � D ]�SUVMZUT8K�G/�;Y[VWKUKiVHI u�Y;VMKUKiVMI«KiVMZUD VWK%VH�ok�ZUVWKUKiD G�]�e9�
I D ]�VWJ/ZUD ³WJ�SUD G�]·G/� �CVMZU]�D �/V�kCG�I �9]�G�T
DFJ/IFK;k�ZUGoao\(ErS~KMA�� � VfY[VWKUKiVMI uwY[VWKUK{VMImKiVMZUD VWK;VH�ok�ZUVWKUKiD G�]4��G�Z V 2k

2k+2p

DFK °

V
2k
2k+2p(r, u) = exp

(

i
u

4

)

∞
∑

m=0

(2m+ 1)imjm
(u

4

)

m+p
∑

l=max(0,m−2k−p,p−m)

(−1)lωml

J2k+2l+1(
πd
λz
r)

(

πd
λz
r
) .

���	��


`I I«EHG9V��4EHD VM]�S~K�J/ZUV�aoVH¶(]�VWa�D ]�S � V5`k�kCVM](aoD ��Y%AC� � VWKiV5KiVMZUD VWKJ/I I G�±�\(K&SUGbJ/k�k�I �bG�\�Z�T
VHS � G�a¸DF]¸S � V���\9S~\oZUV���G�Z
EMJ�KiVWK*± � VMZUV |u| T8JW��eCV4T�\(E � IFJ/ZU��VMZWAdBG�±*L}D S�DFKfkOG�KUK{DFeoIFV
SUG���DF|/V4J�KiVMZUD VWK*VH�ok�ZUVWKUKiD G�]���G�Z*S � VbaoVWEHG�T
kCG�KiD SUD G�]
EHG9V��4EHD VM]�S

β2k
2k+2p(γ2)

A(�}G8aoG5S � D�KMLoD SDFK&]�VWEHVWKUKUJ/ZU�
SUG
ZUVWEMJ/I IOS � J�S ° �

Jk(γ2 σ
2) =

(

1

2
γ2 σ

2

)k ∞
∑

s=0

(

1
2 iγ2σ

2
)2s

s!(k + s)!
,

ÓÒ`�v�Ô

@Qp�\(J�SUD G�]�Ó^`�v�ÔQDFK&D ]�SUZUGoao\(EHVWa·D ]¸@QpCA}ÓÒ`%��Ô;J/](a·e9�bE � J/]���D ]��5S � V*D ]�SUVM��Z~J/IdJ/](a4S � VfKi\�T!Ki�9T�eCG�IFKMLo±[V*EMJ/]b±&ZUD SUV °

β2k
2k+2p(γ2) = 2(2k + 2p+ 1)

(

1

2
γ2

)k ∞
∑

s=0

(

1
2 iγ2

)2s

s!(k + s)!

∫ 1

0

σ2k+4sR2k
2k+2p(σ)σdσ.

ÓÒ`��/Ô

x��



BVH�9S±[V�\(KiV�S � V%��G�I I G�±&D ]��
ZUVMIFJ�SUD G�](K � D k·k�ZUG�kOG�KiVWa4D ]�t&VH�{A �
�*J/](abk�ZUG�|�VWa·D ]¸t&VH�{A L �f`k�kCVM](aoD �¸` °

∫ 1

0

σ2k+4sR2k
2k+2p(σ)σdσ =

1

2
(−1)p

(−2s)p
(2k + 2s+ 1)p+1

,
ÓÒ`���Ô

± � VMZUV (q)n
aoVM]�G/SUVWKS � V5K � D ��SUVWa��ÒJ�ErSUG�ZUDFJ/I¹aoVH¶(]�VWa�e9� q(q + 1)(q + 2) . . . (q + n − 1)

��G�Z
n > 0

L
(q)0 = 1

AOBG/SUV
S � J�S (−2s)p = 0

��G�Z
0 ≤ 2s < p− 1

ACN9G5S � VfaoVWEHG�T
kCG�KiD SUD G�]¸EHG9V��4EHD VM]�S~K&J/ZUV

β2k
2k+2p(γ2) = 2(2k + 2p+ 1)

(

1

2
γ2

)k ∞
∑

s=r

(

1
2 iγ2

)2s

s!(k + s)!

1

2

(−1)p(−2s)p
(2k + 2s+ 1)p+1

.
ÓÒ` �Ô

� � V�|/J/ZUDFJ/e�I V r DFK�S � V¶(Z~K{S[D ]�SUVM��VMZ ≥ 1
2p
A9��V%EMJ/]4]�G�±�±&ZUD SUV

j = s− r
KiGfS � J�S[S � V�k�ZUVM|9D G�\(K�VH�ok�ZUVWKUKiD G�]8eCVWEHG�T
VWK

β2k
2k+2p(γ2) = (2k + 2p+ 1)(−1)r

(

1

2
γ2

)k+2r ∞
∑

j=0

κj

(

− 1
4γ

2
2

)j

j!

ÓÒ`fxW��Ô

±&D S �
κj =

j!

(j + r)!(k + j + r)!

(−1)p(−2j − 2r)p
(2k + 2j + 2r + 1)p+1

.
ÓÒ`fx�x�Ô

� � V·EHGoV��4EHD VM]�S~KfG/� ( 1
2 iγ2

)2j J/ZUV8Z~J�SUD G�](J/I���\�](ErSUD G�](K�G/�
j
± � VM](EHV·D S5DFKfkCG�KUKiD e�I V8SUG�VH�ok�ZUVWKUK4ÓÒ`fxW��Ô�D ]2SUVMZUT8KfG/�

� �9kCVMZU��VMG�T
VHSUZUDFE&��\�](ErSUD G�](K���� �*e��·EHG�](KiDFaoVMZUD ]��fS{±[G
EMJ�KiVWK ° 2r− p = 0
J/](a

2r− p = 1
Aozw]·S � V*EMJ�KiV 2r− p = 0

G�]�V
G�eoS~J/D ](K °

β
2k
2k+2p(γ2) = d

0
0 (−1)r(2k + 4r + 1)

(

1

2
γ2

)k+2r

2F3









r + 1
2

k + r + 1
2

1
2

k + 2r + 3
2

k + 2r + 1

; −

1

4
γ

2
2









.
��� É�� 


zw]bS � VfEMJ�KiV 2r − p = 1
L�G�]oV*G�eoS~J/D ](K °

β
2k
2k+2p(γ2) = d

1
0 (−1)r(2k + 4r − 1)

(

1

2
γ2

)k+2r

2F3









r + 1
2

k + r + 1
2

3
2

k + 2r + 1 k + 2r + 1
2

; −

1

4
γ

2
2









.
��� É�� 


zw]¸@QpCA}ÓÒ`fx���Ô[J/](a�ÓÒ`fx5!�Ô�LoS � VfEHG9V��4EHD VM]�S~K d0
0

J/](a
d1
0

J/ZUV*aoVH¶(]�VWa¸J�K[��G�I I G�±K °

d0
0 =

(2r)!(2k + 2r)!

r!(k + r)!(2k + 4r + 1)!
d1
0 =

(2r)!(2k + 2r)!

r!(k + r)!(2k + 4r)!
.

ÓÒ`fxMy9Ô

x5!



� ¨ .(. '9Í Ï¹Ñ�� � � ��Î '�� ¯�Ñ '9Í ¬Wª5Î��&¬50 ' � ' ªWª ' + # � ' ªWª ' +�ª ' �Ñ ' ª ' �2.«® Í ªWÑÒÎ Í ��Î(
V 2k

2k+2p

� � Vfp�\(J/]�SUD SUD VWK&GoEMEH\�ZUD ]��5D ]bS � VfKiVMZUD VWK;VH�ok�ZUVWKUKiD G�]4��G�Z V 2k
2k+2p

L(KiVMV�@QpCA}ÓÒ` � ÔrL(J/ZUV���D |�VM]¸J�K °

ωml =

p
∑

s=0

min(m,s)
∑

t=0

f2k
ps bmstg

2k
m+s−2t,l,

f2k
ps = (−1)p−s

2s+ 1

p+ s+ 1









2k + p− s− 1

2k − 1

















2k + p+ s

s

















p+ s

s









, s = 0, . . . , p,

g2k
ul =

2k + 2l + 1

2k + u+ l + 1









2k

u− l

















u+ l

l

















2k + l + u

2k + l









, u = l, . . . , l + 2k, s1, s2 = 0, 1, . . . ,

bs1s2t =
2s1 + 2s2 − 4t+ 1

2s1 + 2s2 − 2t+ 1

As1−tAtAs2−t

As1+s2−t
, t = 0, . . . ,min(s1, s2),

Am =









2m

m









.

ÓÒY%x�Ô

� � VfKik � VMZUDFEMJ/ImY[VWKUKiVMIO��\�](ErSUD G�] jr(z) DFKaoVH¶(]�VWabe��

jr(z) =

√

π

2z
Jr+ 1

2

(z)
ÓÒY&��Ô

¨
¯�� Í Î 3 + ' Ï(-,7 '9Í ¬Wª

� � V�J/\oS � G�Z~K
S � J/]��oK � DFK4EHG�I I VWJ/��\�VWK8_�ZWA � A[_�D Z��oKiVM]"��ZUG�T ��� D I D k(K·t&VWKiVWJ�E � cdVM\�|�VM]"��G�Z4k(J�KUKiD ]�� � DFK·KiG/��S{±[J/ZUV
k�ZUG���Z~J/T8K�SUG4EHG�T
k�\oSUV%S � V*D ]�SUVM��Z~J/IFK[D ]¸@QpCA}ÓÒ` � Ô

xMy
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