Zak transform characterization of S

A.J.E.M. Janssen
Philips Research Laboratories Eindhoven WO-02
5656 AA Eindhoven, The Netherlands
a.j.e.m.janssen@philips.com

Abstract

We present a characterization of the modulation space Sp in terms of the
Zak transform of its elements. We illustrate our result by considering S~*h,
where h is the standard Gaussian, S is the “frame” operator corresponding
to the critical-density Gabor system (h, a =1,b=1), and A € [0, %) Both
the proof of the main result and the example require basics from Gabor
frame theory; these are developed in a separate section. We further use a
result from recent work by Grochenig and Leinert on Wiener-type theorems
in a non-commutative setting. We also present an extension of our main
result to more general modulation spaces.
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1 Introduction

It is now 25 years ago that Hans Feichtinger introduced the modulation space
So, see [9]. This space turned out to be a very convenient and sufficiently large
space of functions for doing time-frequency analysis, and in particular Gabor
analysis, without being bothered by measure-theoretic intricacies that hamper
the developments in an L2-setting. We refer to [12] for an extensive survey
of the many properties and characterizations of Sy that are desirable from a
time-frequency analyst’s point of view. Around the same time that Sy was
invented, the Zak transform entered the field of time-frequency analysis as a
tool for studying Gabor expansions at critical density, see [4], [16], [17] and
[18]. For historical surveys with attention to the several places where the Zak
transform (Weil-Brezin mapping, kq representation) occurs in the literature, we
refer to [19], [13], [14]. Already in [3], [2], the Zak transform appears implicitly or
explicitly as a tool for proving completeness and expansion results for the case of
Gaussian windows at critical density (Von Neumann lattices). The introduction
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of Sy and the occurrence of the Zak transform were events that contributed
considerably to the genesis of the field of mathematical time-frequency analysis;
the textbook [14] is entirely devoted to this field.

In this paper, we take the definition of Sy that is based on the short-time
Fourier transform (STFT) as our starting point. When f,g € L?(R), the short-
time Fourier transform of f using the window g is defined by

o0

(80 ) (1) = / MW F(1) g7 (t— o) dt = (frgey) »  myER,  (L1)

— 00

where * denotes complex conjugation and
Goy(t) =¥ g(t —z), tER; z,y ER. (1.2)

Now let g € S (Schwartz space), g # 0. Then an f € L?(R) belongs to Sy if and
only if S;f € L'(R?). For deciding whether an f € L?(R) belongs to Sy, one
can use any g € Sg with g # 0: when f € L%(R), g € Sy, g # 0 we have f € Sy
if and only if S, f € L'(R?).

The Zak transform of an f € S is defined by

(Zf)(t,v) Z ft—Fk)e¥™*  tuveR. (1.3)

k=—00

In Subsec. 2.2 we present the properties of the Zak transform as far as they
are relevant to our present purposes. We have for f,g € S that Zf(Zg)*
1-periodic in its two variables, and there holds for n,m € Z,

1 1
/ / Z1)(t,v)(Zg)* (t, v) € 2720 Gy gy = (f g ) . (L)
0 0

The formula (1.4) represents a direct link between Zak transform theory and
(sampled) short-time Fourier transforms as used in the definition of Sy. In fact,
this connection has been used in [26] to obtain characterizations of modulation
spaces and lattice size estimates ensuring Gabor systems to be Gabor frames.
The question we concern ourselves with in this paper is whether one can tell
for an f € L?(R) its membership of Sy by inspecting functions Zf(Zg)* with
g € Sy. Here one could hope that inspection of one such function is enough.
However, when g € Sy we have that Zg is continuous and vanishes at least at
one point (tg, ) € [0,1)2. Consequently, Z f(Zg)* could be reasonably behaved
at (to, 1) even though Zf itself is not. The main result that we will show is as
follows. Let g1, ¢g® € Sy be such that their Zak transforms have no common
zeros, and let f € L?(R). Then f € Sy if and only if Zf(Zg™M)* and Zf(Zg®)*
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have absolutely convergent Fourier series. The proof of this result uses some
facts from Sp-theory, such as a theorem on the sampling of short-time Fourier
transforms S, f when both f, g € Sp, some basic Gabor frame theory, and results
of the Wiener-type obtained recently by Grochenig and Leinert in the context
of Gabor frames.

We illustrate our result as follows. We let

h(t) = 2Y* exp(—nt?), teR, (1.5)
be the standard Gaussian, and we consider the Gabor system (critical density)
(hya=1,b=1) = (*™™" h(t — 1)) pmez - (1.6)

In Sec. 3 we present basic facts about Gabor systems. Although the frame
operator S corresponding to the Gabor system in (1.6) is not invertible, we can
consider f* = S~ h, with A > 0, via the Zak transform domain. According
to the functional calculus for frame operators in the Zak transform domain, see
[14], Sec. 8.3, we have, at least formally,

Z(8*h) = Zh/|Zh/** . (1.7)

The function Zh is very well-behaved, has exactly one zero in [0,1)2, viz. at
(t,v) = (3,3), while 9Zh/0t, BZh/al/ do not vanish at (t,v) = (3, %) Con-
sequently, the right-hand side of (1.7) is in L'([0,1)?) when A € [0,5) and in
L%([0,1)%) when A € [0,1). This right-hand side of (1.7) can be considered as
the Zak transform of f*, and upon applying the inverse Zak transform formally,
we are led to the definition

h)(t,v)

1
At == Z Y Zh)|Zh/P) (¢ / 2 )P dv, teER. (1.8)
0

Using, among other things, our main result, we show that

0<A<3i = freS, (1.9)
<A<l = fA¢S,, fAeLl'(RNLYR), (1.10)
l<i<3 = fe¢LY(r), fA¢LR) . (1.11)

According to [18], Sec. 4.4, we have fA=! € L°(R)\LP(R) when 1 < p < co.
The f* per se are not particularly useful for applications since they are not
very well-behaved in terms of smoothness and decay. The case A\ = 1 yields
what has become known as Bastiaans’ singular function (see [4] and [16], [17]),
i.e. the dual window corresponding to the Gabor system (h, a =1, b =1) in a
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formal sense. The case A = % yields the tight window associated to (h, a = 1,
b = 1) via the Zak transform as in [21]. We have f/?2 € L'(R) N L°(R) and
f1/2 is just outside Sy. Furthermore, f'/2 is Fourier invariant and (f 12 q=1,
b = 1) is an orthonormal base for L?(R). Hence f/2 competes with functions
like X (_1/2,1/2) or sinc 7t in this latter respect. In Fig. 1 we have shown a plot of
f' and f/2 in the range |t| < 6, and in Fig. 2 we show a plot of f/* and f3/*
in the range |¢| < 6.

The remainder of this paper is organized as follows. In Sec. 2 we collect what
we need here from Sp-theory and the Zak transform, and in Sec. 3 we give basic
facts from Gabor frame theory. There are nowadays excellent textbooks amply
covering the material presented in Secs. 2, 3, see [10], [11], [14], [6], [5], so we
shall be brief on this point. In Sec. 4 we present the proof of our main result. In
Sec. 5 we illustrate the main result by considering f* defined in (1.8). Finally,
in Sec. 6 we give an extension, kindly observed to us by K. Grochenig, of our
main result to more general modulation spaces.

2 Preliminaries

2.1 Preliminaries about S,

We present results about Sy as far as they are relevant to the purposes of the
present paper. We recall that an f € L?(R) belongs to Sy if and only if

ng € LI(RQ)’ (ng)(x,y) = (fagflr,y) ’ $7y € ]R ’ (2]‘)

where ¢ is any member of Sy with g # 0. The space Sj is a Banach space when
we take the L'-norm of Syf as the norm of f € Sp; for definiteness, we take here
g = h, with h the standard Gaussian in (1.5). Hence, for f € Sy,

1150 = / / (Frhog)ldedy, h(t)=2"4c ™ ter.  (22)
-0 —O0

There is the following result on sampling of a short-time Fourier transform
Syf when f,g € So. Let a > 0, b > 0. We have ||Syg||;1 < 0o, and there is a
C(a,b) such that for all f € Sy there holds

> (s gnams)| < Ca,b) [1Sggllp [1£llso - (2.3)

See [14], Sec. 12.2 for details.
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2.2 Preliminaries about Zak transforms

We next list the results needed from Zak transform theory. Below we first let
f.g € S (Schwartz class) and z,y € R, t,v € R, n,m € Z; we define the Zak
transform of f as

(Zf)(t,v) Z f(t —k)e>mikv (2.4)
k=—00
There holds
1 1 00
A. Zf)(t,v)(Zg) (t,v)dtdv = f@)g*(t)dt,
/] J

B. (Zf)(t+1Lv)=e(Zf)(t,v), (Z)(t,v+1)=(Zf)(t ),

C. (Zfay)(t,v) =e™NZf)(t—z,v —y),

(Zf)(t,v)dv = f(t)

= <
o\H O\u—t

1
[ @0t Zgy () iy = (g )
0

F. (ZFf)(t,v) =™ Zf)(-v,t) .

o0
In F we denote by Ff the Fourier transform [ e™2™ f(t)dt of f.
—00
Property A shows that f — Zf extends to an L%-norm preserving mapping
from L?(R) into L2([0,1)?). Property B shows that Zf is determined by its
values on any unit square. Property C reflects the basic time-frequency shift
operations in Zak transform terms. Property D shows how to recover an f from
its Zak transform. Property E shows how the Fourier coefficients of the (1,1)-
periodic function Z f(Zg)* arise. Property F shows how the action of the Fourier
transform is represented in Zak transform terms.
There is also the following property.

G. Assume that Zy € C*°(R?) satisfies the quasi-periodicity relations
Zo(t + 1,v) = ¥ Zy(t,v), Zo(t+1,v) = Zo(t,v), tveER. (2.5)
Then there is a unique f € S(R) such that Zy = Zf; this f is given as
szfIZO(-,V)dl/
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The mapping Z extends to an isometry from L?(R) into L?([0,1)?), with corre-
sponding extensions, in appropriate L2-senses, of the properties A-F. In G we
can allow Zy € L2 (R?), the corresponding f being € L*(R).

The mapping Z can also be extended to L!'(R) through formula (2.4) in
which the right-hand side converges absolutely for a.e. ¢ € R. Doing so we have
that

1 1
//|Zf tu|dtdu</|f )| dt f € LR) . (2.6)
0 0

Hence Z maps L'(R) into L'([0,1)?); the function f!, see the comment after
(1.9)-(1.11), demonstrates that not every quasi-periodic Zy € L. (R?) occurs
as a Zf with f € L'(R).

A remarkable property of the Zak transform is the zero-phenomenon: when
Zy is quasi-periodic, see (2.5), and continuous as a function of ¢, v, then Zj has
a zero in [0,1)?. The elements of Sy have continuous Zak transforms, and so
these Zak transforms have a zero in [0, 1)2.

loc

3 Preliminaries from Gabor frame theory

3.1 Basic Gabor analysis

We develop the properties of Gabor systems that we need in this paper. Let
a>0,b>0,g¢c L*(R). We denote by (g,a,b) the system of time-frequency
shifted functions g4 mp, n,m € Z, and we call this a Gabor system. We call
(g,a,b) a Gabor frame when there is A > 0 and B < oo (lower and upper frame
bound, respectively) such that for all f € L?(R)

ANFIP <371 Gnamn) P < BIFIP (3.1)

n,m
We call (g, a,b) a Riesz-Gabor basic sequence when there is C' > 0, D < oo such
that for all d = (dpm)n.mez € 1*(Z?)

2
C I < |32 dom Gnagms]| < DI - (3:2)
n,m

When (g,a,b) is a Gabor system with a finite upper frame bound B, the
operator S, defined by

fEeL*®) — Sf =" (f,9namb) Gnamb € L*(R) (33)

n,m

is bounded and positive semi-definite. This S commutes with all time-frequency
shift operators involved in the series on the right-hand side of (3.3). When
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(g,a,b) is a Gabor frame we have that S is positive definite (and hence invert-
ible), and conversely.

Assume that (g,a,b) is a Gabor frame. Since S, and hence S~!, commutes
with all relevant time-frequency shift operators, we have for all f € L%(R),

f = S(S_lf) = Z (fa o'Yna,mb) dna,mb » (3.4)

n,m

where °y := S~!g. This °v is called the canonical dual window associated with
the Gabor frame (g, a, b). The system (°v, a, b) is also a Gabor frame, with frame
operator S~

There is the following result, see [15]. Assume that g € Sy and that a > 0,
b > 0. Then the Gabor system (g, a,b) has a finite upper frame bound. When,
moreover, (g, a,b) is a Gabor frame, we have that °y = S~ 1g € Sj.

We shall consider in this paper, in particular, the critical case a = b = 1.
This case is called critical because of the following result of which a quick proof
can be found at the author’s guest page on www.univie.ac.at/NuHAG/. Let
g € L2(R), a > 0, b > 0.

Density theorem for Gabor systems
(i) (g,a,b) is a Gabor frame = ab <1,
(ii) (g,a,b) is a Riesz-Gabor basic sequence = ab > 1.

When ab < 1, there do exist well-behaved windows ¢ such that (g,a,b) is a
Gabor frame. This is so for any a > 0, b > 0 with ab < 1 when ¢ is a Gaussian,
see [24] and [25], or when ¢ is a smooth function supported by an interval of
length < 1/b while g is constant # 0 on an interval of length > a, see [7].

We now turn to the critical case a = b = 1. There do exist g € L?(R) such
that (g,a = 1,b = 1) is a Gabor frame, but these g’s are not simultaneously
smooth and rapidly decaying. Examples are g = x|o,1), ¢ = sinc7t, while one of
the best-behaved ¢’s of this kind is perhaps g = f1/2, see Fig. 1 and its properties
noted in Sec. 1 below (1.9)-(1.11). We refer to [5] for a comprehensive survey
of this phenomenon in connection with the Balian-Low theorem. In particular,
(g9,1,1) is not a Gabor frame when g € Sj.

The Zak transform plays a key role in Gabor analysis for the critical case
a=0b=1. Assume that ¢ € L?(R) is such that (g,1,1) has a finite upper frame
bound B. Then we have |Zg|?> < B a.e., and for f € L?(R),

Z(Sf)=|Zgl* Zf (3-5)

in L2(]0,1)?)-sense, see [14], Ch. 8. Here S is the frame operator, see (3.3). More
generally, when ¢ is a continuous function on o(S) C [0, B] (c(S) denotes the
spectrum of S), we have that for f € L?(R),

Z(p(S)f) = (1Zgl*) Zf (3.6)
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in L2([0,1)2)-sense, see [22], Sec. 1.

It follows from (3.5) and the fact that Z is an isometry from L?(R) onto
L%(]0,1)?) that (g,1,1) is a Gabor frame with frame bounds A > 0, B < oo, if
and only if A <|Zg|? < B, a.e. Clearly, (g,1,1) is not a frame when g € Sy: for
then Zg is continuous and thus has a zero so that A < |Zg|? a.e. cannot hold
with an A > 0.

4 Proof of the main result

In this section we shall prove the following result.

Theorem 4.1 Assume that ¢(1), ¢ € Sy and that Zg(!) and Zg® have
no common zeros. Let f € L?(R). Then f € Sy if and only if Zf(Z¢g("))* and
Zf(Z g(2))* have absolutely convergent Fourier series.

The proof of this result requires some preparation.

Lemma 4.2 Let g € Sy, a > 0, b > 0, and assume that (g,a,b) is a Ga-
bor frame. Then

f € SO < Z |(fagna,mb)| <00 (41)

n,m

Proof =-. Follows at once from (2.3).

<. With % = S~!g, where S is the frame operator corresponding to (g, a,b),
we have that (%, a,b) is a Gabor frame with frame operator S~! and canonical
dual (S~1)~'9% = g. Also, %y € Sp by [15]. Let f € L?(R). Then f has the
L?(R)-convergent expansion

f= Z (fa gna,mb) O'Yna,mb . (4-2)

n,m

Hence, when X, |(f, Gna,mp)| < 00, the right-hand side of (4.2) converges ab-
solutely in Sy since || ||s, is shift-invariant. Since Sy is a Banach space, we have
then that f € .5p.

Lemma 4.3 Let g € Sy and assume that (g,a = %,b = 1) is a Gabor frame.
Let f € L?(R). Then f € Sy if and only if

Zf(Zg)* and (t,v) = (Zf)(t,v)(Zg)*(t - 5,v) (4.3)

have absolutely convergent Fourier series.

Proof We note that for t,v € R and n,m € Z

(291/2,0)(ta v) = (Zg)(t - %ay) ) (91/2,0)n,m = 9n+1/2,m - (4.4)
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Hence by 2.2.E, the (n,m)"™ Fourier coefficient of the two functions in (4.3) are
given by
(fa gfm,n) and (fa g—m+1/2,n) ) n,m € Z ) (45)

respectively. When f € S the two sequences in (4.5) are absolutely summable
by (2.3). Conversely, when the two sequences in (4.5) are absolutely summable,
we have that >, . [(f, gn/2,m)| < 0o, and thus f € Sy by Lemma 4.2.

Proof of Theorem 4.1 Assume that f € Sp. Then (2.3) and 2.2.E show
that Zf(Zg(")* and Zf(Zg®)* have absolutely convergent Fourier series.

For the converse, we consider the “multi-window” operator S, defined for
k € L?(R) by

Sk=5Wk+ 5Pk =3 (k,gl) gl + D (ko) ol . (4.6)

n,m n,m

also see [14], Comment 1 on pp. 158-159. By (3.5), applied to S and S®), we
have

Z(Sk) = (1Z2gW P +12g®P ) 2k , ke L*(R) . (4.7)
By assumption, |Zg()|?> +|Zg®?)|? is strictly positive, Zg() and Zg(® being
continuous functions with no common zeros. Hence S is boundedly invertible
on L?(R) since Z is an isometry from L?(R) onto L2([0,1)2). Applying (4.7) we
have for g € L?(R) that

_ Zg
C|ZgW]2+ | Zg@ 2

2(s1g) (48)

We shall show now that @) := §~'¢() € S, i = 1,2. To that end, we
let I € Sy such that (I, %,1) is a Gabor frame. Since ¢(V € Sy we see that
|Zg(i)|2 has an absolutely convergent Fourier series, + = 1,2. By strict positiv-
ity of |Zg(D |2 + |ZgP|? we then have by Wiener’s lemma, see [14], Sec. 13.3,
that (|ZgM |2 + |Zg?|?)~! has an absolutely convergent Fourier series. Also,
Zg(Z1)* and Z¢gW (Z1, /2,0)" have absolutely convergent Fourier series since all
involved windows are in Sy, 2 = 1,2. Combining all this and using (4.8), we see
that Zy(®(ZI)* and Zq/(i)(le/g’o)* have absolutely convergent Fourier series,
whence v € Sy by Lemma 4.3, i = 1, 2.

Now assume that f € L%(R) is such that Zf(Zg®")* have absolutely conver-
gent Fourier series, i.e., >, |(f,g§f,)m)| < 00,1 =1,2. Then

F=871SH) = D (f.980) S g+ (f, 92 S 62

= ) () Yo Y (g A (4.9)
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where it has been used that S, see (4.6), and whence S~ commutes with all
time-frequency shift operators occurring in (4.9). Therefore, f € Sy since Sy is

a time-frequency shift invariant Banach space with H’)'T(LZQnHSO = |79, < o0,
i=1,2.

5 Application to Gaussian window Gabor system at
critical density

We let h(t) be the standard Gaussian 2'/* exp(—nt?), and we consider the
critical-density Gabor system

(hya=1,b=1) = (hpm)n,mez (5.1)

with frame operator S, see (3.3). We are interested in properties of the windows
fA := 8§ *h, X\ > 0, in order to illustrate our main result in Sec. 4 and to
generalize what is known for the cases A = 1,1 (see [4], [16]-[18] and [21]). One
of the findings is that the negative conclusion of the Balian-Low theorem just
holds true in Sp.

The definition of f* = S~ h is awkward for A > 0 since the frame operator
S is not invertible (because h is in Sp). We circumvent this problem by defining
f? indirectly via the Zak transform domain. We compute the Zak transform of
h as

(Zh)(t,]j) = 21/4 Z e_ﬁ(t_k)2 6271'1;]4:1/

k=—o0
= 2Vt e ™ Yo(n(v —it),e ™)

—  _ol/4 o—m(t-1/2)?+mi(v—1/2) Oi(r(v—L—i(t—1)e ™),

where

oo

93(z,q) = Z ¢ 29 (2, q) = —i Z (= 1)k gk H1/2)” htD)iz (5 3)

k=—00 k=—00

are theta functions as in [27], Ch. 21. It follows from the properties of the
theta functions that Zh vanishes in [0,1)? at (t,v) = (3,3) and nowhere else.
Furthermore,

(Zh)(t,v) = 2" wd (0)(t — 3 +i(v — L) +O0(t - 1) + (v - 1)?), (5.4)
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where

91(0) = d% 91(z,¢ =) (2 =0) =2 i (—DFe 127 20 (5.5)

A second observation is that we have by functional calculus in the Zak transform
domain, see (3.6), that for A >0

S ) = ZhP Zf e LR) . (5.6)

Combining this with the inversion formula 2.2.D for the Zak transform, we are
led to the following definition.

Definition 5.1 Let A > 0. For t € R, not of the form n +% with integer

n, we set
1

/ (Zh)(t,v)/|(Zh)(t,v)|* dv . (5.7)
0

Definition 5.1 is such that we formally have Z f» = Zh/|Zh|?*, see (5.6) and
take f = S~*h (formally). Note that, from what has been said about Zh before,

0<A<3 = Zh/|Zh* € L'([0,1)%), (5.8)
0<A<1 = Zn/|Zh* € L*([0,1)?), (5.9)
0<A<3 = Zh/|Zh|* € L*°(0,1)?) . (5.10)

More precisely, when A\ > 0 we have that Zh/|Zh|*} is in any L?([0,1)?) with
(A—3)p <1 (here we use 0 - 0o = 0 for the case A = 3).

Theorem 5.2 There holds
0<A<3 = fel.(r), (5.11)
0<A<1l = f*eIL’nL®NC(R). (5.12)

Proof The statement in (5.11) follows from the definition in (5.7), quasi-
periodicity of Zh (see 2.2.B) and Fubini’s theorem.

To prove (5.12), we fix 0 < X\ < 1. Then Zh/|Zh|?** € L%([0,1)?) by (5.9).
Since Zh/|Zh|* is quasi-periodic, we get from the discussion following 2.2.G
that there is a unique f € L%(R) such that Zf = Zh/|Zh|** a.e. By the L-
extension of the inversion formula 2.2.D we have that this f agrees in L?-sense
with fA. The statement that f* € L°NC(R) follows from the definition in (5.7),

the fact that Zh/|Zh|?* is smooth on [0,1)? except at (¢,v) = (3, 3), formula
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(5.4), the fact that [ — £|*~2* € L1([0, 1)), and dominated convergence.

The case that A = 1 was excluded in Thm. 5.2. We have that

1 23/4 nt? n —m(n—1/2)2
) = — T ° > (=1)"e (5.13)
! n—1/2>|t|

when ¢ is not a half-integer, see [4], [16]-[18]. In [18], 4.4 Theorem, it is noted
that f! € L®(R)\LP(R) for any p with 1 < p < oo. Accordingly, one should
consider Zf! in distributional sense. This is done in [18], Sec. 4.4, where it is
shown that Zf'(Zh)* =1 in distributional sense. Hence, in the main result it
is certainly necessary to consider more than one “test” window g: Zf'(Zh)*
has an absolutely convergent Fourier series while f! is not even in L2(R). Tt is
also shown in [18], Sec. 4.4, that f! is Fourier invariant (in distributional sense).
Also see Fig. 1, which shows discontinuities of f! at all half-integers.

The case A = 1 is furthermore interesting since f! is formally the canonical
dual S~'h corresponding to the Gabor “frame” (h,1,1), and satisfies (f', hym) =
6nodmo- In fact, this f! was constructed in [16], 2.14, as the unique regular
distribution satisfying (f', hum) = 0nodmo-

A related result can be found in [18], 4.8. Here an explicit formula for the
unique coefficients ¢, (a,b) with cpp,(a,b) — 0, n2 + m? — oo, in the Gabor
expansion of the time-frequency shifted window h,j with a,b € R is given. There
holds, in distributional sense,

hap =Y Cum(a,D) honm (5.14)
n,m

where

_ 1 (DM (r(a4iD)  oriah—mp?
e () = (hap 1) = g e T ib—n —im) © '

(5.15)

Note that |cum(a,b)| exhibits a (n? + m?)~'/2 decay, and is, therefore, not in
12(Z?) unless a and b are integer, in which case 91 (m(a + b)) = 0.
Proposition 5.3 Let 1 <A < 2. Then f* ¢ L®(R), f* ¢ L*(R).

Proof To show that f* ¢ L*(R), we consider f)(¢) near ¢t = 1, and to that
end we use (5.4). Note that

1
t— LI 4+i(v—1) r(y—Hrid)
2 2 dv| = 22— LR o(t-1)), (5.16
/ |t—%+i(l/—%)|2/\ v F()\) | 2| (| 2|) ( )
0
hence |f*(t)| has leading order behaviour [t — 1[>72* as ¢ — 1. Therefore,

A & L*(R) since A > 1.
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Next suppose that f* € L'(R). By Fourier invariance of h we have, see 2.2.F,
(Zh)(t,v) = €™ (Zh)(—v,t) . (5.17)

Since fA € L'(R) we have Zf* € L'([0,1)?), see (2.6), and by the L'-extension
of 2.2.D there holds a.e. that

v) =32 Ptk = Zh) )2 EDP . (5.18)
k

Because of (5.17) we have then that
e~V Z N v) = (Zf) (-, t) a.e. t,v . (5.19)

Now integrate this identity over ¢ € [0,1). For the left-hand side we get

1

1
/827rwt Zf t IJ :/ Z f)\ 727rzt k)v v dt
0

0
00
/ ) e T gt = (FfMw),  ae v, (5.20)
while for the right-hand side we get by the L'-extension of 2.2.D that
1
/ —v, t)dt = fAN—v), a.e. U . (5.21)
0

Hence fA(—v) = (Ff*)(v), a.e. v. But since f* € L'(R), we have that Ff* €
L*®(R), whence f» € L*°(R). Contradiction.

Note 5.4 We also have A > 2 = fA ¢ LL (R).
We limit our attention in the sequel to the case that 0 < A < 1.

Theorem 5.5 Let 0 < A < 1. Then Zf* = Zh/|Zh|**, a

(i) Ffr=r

(i) f* and f!=* are dual in the sense that Zf*(Zf*)*

Proof The proof of (i) follows the same argument that was used in the proof
of Prop. 5.3 to show (5.21); here we also use that f is even (an f € L?(R) is

even if and only if (Zf)(t,v) = (Zf)(—t, —v), whence evenness of f* is inherited
from h). The proof of (ii) follows from the fact, as in the proof of (5.18), that
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Zfr=Zh)|Zh|P, Zf1r = Zh/|Zh|?>?}, ae.

Theorem 5.6 Let 0 < A < 1. Then f* € L'(R).

Proof We follow to a large extent the proof of [21], Thm. 2 in Sec. 4, that
would apply to the case A\ = % We have for ¢t € [0,1), t # % and n € Z by
partial integration that

27m

1 1
. 07 fA
fAt+n)= [ Z™(Z)(¢t,v) e2miny (t,v)dv . (5.22)
0/ 0/

Let 1 <p<2, ¢g=(1—p "~ By Holder’s inequality

1/p 1 \ a\ 1/q
L iny 07
Z |f)\(t+n)| < Z ‘—‘ Z /627rm _f (t,v) dv
2mn ov
n#0 n#0 n#0 |
1 / o7
< - 1/p 2mwiny
< 5| [ e 2 @
0 nezllja(z)
(5.23)

By the Hausdorff-Young inequality, see [8], 13.5.1 on p. 153 (p’ = ¢), we have
for t € [0,1), t # 3, that

1

. OZfA o7
zminy 027 < . 24
[ e S5 v av |55 €y - 629
0 nez lq( )
We compute for ¢ # £, ¢ € [0,1) that
9 7n
v | Zh|P | Zh|2 | Zh|PH a
0

@A+ 1) || = zn

|Zh|2)‘

From the analysis given on Zh earlier in this section we infer the existence of
e>0,0>0,C>0,D >0, c>0 such that

(Zh)(t,v)] > (C2(t — )% + D*(v — §)*)'/? (5.26)
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when |t — 5| < e and |[v — 1| <4, and |(Zh)(t,v)| > c otherwise. Therefore,
aZfA _

S )| =01t - H? + D' - )7 (5.27)
when |t — 1| < e and v — }| < 6, and |BZf (t,v)| = O(1) otherwise. We thus
get that

H aZfA / ‘OZf)‘
’ ’ V
1/2+46
om+o| [ (@-p - pH |, t-di<e
1/2-5
o() Ll
(5.28)

We compute furthermore that

1/2+6 z(t)
dx
9 9 9 2y —pA 1-2pA -1 1-2pA
/ (C*(t—35)?+D*(v—5)") Prdv = 20" P2 D™t —5|' = / 1+ a2
1/2—6 0

(5.29)
where z(t) = D§/C|t — 1|
oo
Case 1/2 < A < 1 Then, with p as before, 2pA > 1 so that [ (1+2%) P dz <
0
0o0. Thus we find on combining (5.23), (5.24), (5.28) and (5.29) that

STIAE+n) =0t -4 ), tefo,1). (5.30)
n#0

The right-hand side of (5.30) is integrable over [0,1) when p~! — 2\ > —1, i.e.
when p € (1,(2X — 1)71) # 0. Hence f* € L(R).

Case 0 < A < % Now take p > 1 such that 2pA < 1. Then

z(t)
[t~ oty oG-y . (e
0

Hence }, .o |fA(t+n)| = 0O(1), t €0,1), so that f» € L'(R).
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Note 5.7 According to [21], Thm. 1, we have Sa_l/2h — fY2asa 11, where S,
is the frame operator corresponding to the Gabor frame (h,a,a). In the proof

it is used that ||Sa_1/2h|| =a — 1=|fY?|| as a 1 1. Hence it is not obvious how
to prove [21], Thm. 1 for general X € (0,1).

We shall now apply our main result to find out when f* € Sy with A € (0,1).
We use for this the following result.

Proposition 5.8 Let g € S be such that (Zg)(Q, 2) #Z0,and let 0 < A < 1.
Denote by cum(A) = (f*,g—mn) the (n,m)™ Fourier coefficient of Zf*(Zg)*,
see 2.2.E. Then there is a C' # 0 such that for integer n, m with n? +m? — oo,

(=)™ (N P3P e 5 O (5.32)

where we have written n + im = r e with r > 0, p € R.

Proof Since Zf*(Zg)* is (1,1)-periodic and in C*([0,1)?/{(3,3)}), the be-
haviour of its Fourier coefficients

1 1
eom(\) = / / V(1) (Zg)* (1, v) e~ 2mint=2mimy gy 4, (5.33)
0 O

when n2+m? — oo is in leading order determined by the behaviour of Z f*(Zg)*
at (t,v) = (3, 3)- Note that by (5.4) we have

(Zf)(tv)(Zg)* (t,v) = (5.34)
t—5+i(v—3) 1)2 A+l
Ple—prrw—gpp O T
as (t,v) = (1, 3), where
D= (2" 5 9,(0)=(Zg)"(3.3) #0. (5.35)

2

Therefore, the leading order behaviour of ¢, (\) as n?2 + m? — oo coincides

with that of

o olNe o]

_1 . .
- D / / 1 (v f;Q)A K (t,v) e~ 2mnt=2mimy g g1, (5.36)
- 5 2

—00 — 00

where K is any smooth and rapidly decaying element of C*°(R?) with K (3, 3) =
1. For the computations below it will be convenient to choose

K(t,v) = exp(—n(t — 3)? — (v — 3)?) . (5.37)
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We thus compute, using polar coordinates ¢ — % +i(v— l) =pe” and n+im =

. 2
re' with 0 < p,r < 00, 0 <4, < 2m,

dpm (X)) =

n+m [ t_l+i(y_l) —2min(t— —2mim(v—
=~ D/ / T e )
2 2

—00 —00

_e—7r(t—1/2)2—7r(u—1/2)2 dtdy —

e—27rz’prcos(19—ip) 6—7F92 pdpdﬁ . (5.38)

i

pe’

= (_1)"+mD// o
0 0

On simplifying and by using that (see [1], 9.1.42-43 on p. 361)
2w

/ eV e=2mier cos0=9) g9 — _97 Jy (2mpr) €%, (5.39)
0

where J; is the Bessel function of the first kind and of order 1, we obtain

dpm(\) = —2mi(—1)"F™ D ¥ / P> e Iy (2mpr) dp (5.40)
0
The remaining integral in (5.40) can be expressed, by using [1], 11.4.28 on p. 486,
as
/ p? =2 e’ Ji(2mpr)dp = 3T(2 = N) e M2 - \,2,—7r?),  (5.41)
0

where M (a,b, z) is Kummer’s function 1 Fj(a; b; z) (confluent hypergeometric
function) as in [1], 13.1.2 on p. 504. Using [1], 13.1.5 on p. 504, we have as
7 — 00

B e (7””2))\72 5
M(2 =22, —mr) = “5 5= (14 007) | (5.42)
so that, as r — oo,
/ p2—2)\ ef7rp2 Ji(2mpr) dp = I‘;Qri(;\;\) (77'7')2)‘73(1 + O(Tﬁ2)) . (5.43)

0
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Therefore, the leading behaviour of d,;,,()\), and, hence, that of ¢, ()), as n? +
m? — oo is given as

INOEEPY

i 1\n+m ip
mi(—1) De IOy

()23 | (5.44)

with D given in (5.35) and n + im = r e'%, as required.

Note 5.9 Compare with [23], Thms. 5.9-10 on pp. 122-123, where Fourier
integrals as in (5.38) are considered.

Theorem 5.10 There holds
0<A<i = feS, (5.45)
L<a<1l = fA¢S,. (5.46)

Proof We take ¢\, ¢ € S with (Zg(l))(%, %) #0 # (Zg(Q))(%, %) and such

that Zg(!) and Z¢® have no common zeros. We have that

|
) <o A< (5.47)
2 2\3/2—A 20
nnog) (MY

and we get (5.45)—(5.46) at once from the main result.
Note 5.11 The proof of the leading order behaviour formula (5.44) for the

Cnm(A) continues to work when 1 < A < 2. In the case that A = 1 this yields for
(f',9-m.n) the leading order behaviour

(5.48)

21/4 9 (0) 7

when n+im = r e’ with r — co. Consequently, when g € S and (Zg)(3,1) # 0,

the coefficients (g, f.,,,) in the Gabor expansion (in distributional sense) of g,

9=">_(9 fom) lenm (5.49)

n,m
(Gaussian window h, critical case), have leading order behaviour

(=1)""™(Zg)(3,3)

T2 g1 (0)(n + im) (5.50)
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6 Extension of the main result

It was kindly observed to the author by K. Grochenig that the main result of
this paper has an extension to more general modulation spaces.

Taking the notation and definitions as in [14], Chs. 11-12, we let v,m > 0
be locally integrable on R?¢, where v is assumed to be submultiplicative on R??
and m is assumed to be v-moderate on R*? so that

v(z1 + 22) <w(z1)v(z2); m(z1+ 22) < Co(z1) m(z2) , 21,73 € R | (6.1)

where C is some constant > 0. Now let 1 < p,q < 0o, and let ¢g(") € M},
r=1,...,N, besuch that the Z¢g(") have no common zeros. Also, let f € L?(R?).
Then f € M7 if and only if Zf(Zg("))* have Fourier series

Z C](Q) 2mik-t+2mil-v , (6.2)
k,l
where
(Cgf—)k)kezd,lezd € lﬁiq(ZM) ) r=1,..,N . (6.3)

The proof contains essentially the same ingredients as the proof of the main
result given in Sec. 4.

This extension can be used in conjunction with Prop. 5.8 in Sec. 5 to tell to
which spaces a particular f* belongs. For instance, when v,(t,v) = (1 + (£ +
v?)1/2)8 | then

reEM 22 +s<1. (6.4)
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