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Abstract.

We consider 3D versions of the Zernike polynomials that are commonly used
in 2D in optics and lithography. We generalize the 3D Zernike polynomi-
als to functions that vanish to a prescribed degree o > 0 at the rim of
their supporting ball p < 1. The analytic theory of the 3D generalized
Zernike functions is developed, with attention for computational results for
their Fourier transform, Funk and Radon transform, and scaling operations.
The Fourier transform of generalized 3D Zernike functions shows less oscil-
latory behaviour and more rapid decay at infinity, compared to the standard
case a = 0, when the smoothness parameter « is increased beyond 0. The
3D generalized Zernike functions can be used to expand smooth functions,
supported by the unit ball and vanishing at the rim and the origin of the
unit ball, whose radial and angular dependence is separated. Particular in-
stances of the latter functions (prewavelets) yield, via the Funk transform
and the Fourier transform, an anisotropic function that can be used for a
band-limited line-detecting wavelet transform, appropriate for analysis of 3D
medical data containing elongated structures. We present instances of pre-
wavelets, with relevant radial functions, that allow analytic computation of
Funk and Fourier transform. A key step here is to identify the special form



that is assumed by the expansion coefficients of a separable function on the
unit ball with respect to generalized 3D Zernike functions. A further issue
is how to scale a function on the unit ball while maintaining its supporting
set, and this issue is solved in a particular form.

1 Introduction

1.1 Motivation

In the signal processing of 2D or 3D medical band-limited image data
containing elongated structures, a special form of the wavelet transform is
used. This special wavelet transform is built from an anisotropic wavelet v
whose modulus has a contour plot with relatively long ridges in one particular
direction. The Fourier transform F' = F of ¢ is concentrated near the line
(2D) or the plane (3D) perpendicular to this preferred direction, as long
as contained in the supporting disk (2D) or ball (3D) of F' = F that we
assume to be the unit disk or ball. In the case of 2D image processing, one
may choose a function F' that factorizes as AB, where A depends on the
angular variable ¢ and B on the radial variable p. Here A is even around
7/2 and non-vanishing in a relatively small interval around 7/2, and B is
positive and away from 0 on a relatively large or small interval contained in
(0,1), depending on whether one wants an all-scale or a multi-scale wavelet
transform, where in the latter case variable-scaled versions of B occur. The
inverse Fourier transform ¢ = F~'F is then disk-limited (i.e., a function
with Fourier transform supported by the unit disk), and the contour plot
of |¢| has ridges mainly parallel to the z-axis. In the case of 3D image
processing, one still departs from an F' of the factorized form AB, with A
depending on the spherical angular variables ¢ = [0, 7| and ¢ € [0, 2x]. This
A(9, p) is often of the form h(¢}) in which h is a smooth function supported
by a relatively small interval [0,7] C [0,7]. Next, A is replaced by its
Funk transform. The Funk transform maps the function A, considered as
a function defined on the unit sphere, onto the function Ap, defined on
the unit sphere whose value Apy(n) at any unit vector n is given by the
average of A over the great circle perpendicular to n. For the A at hand,
the Funk transform A, is rotationally symmetric about the vertical axis
(¥ = 0) and has as a supporting set the meridional zone | — /2| < ¥y near
the plane perpendicular to the vertical axis.

In the proposals considered until now [1]-[5], the choice of the radial func-
tion B has been defined in terms of B-splines, with logarithmic dependence
on p, or in terms of Gaussians. In the first proposal, the computation of v



as a Fourier transform is analytically not feasible, and one has to resort to
DFT-methods with the usual sampling issues. In the second proposal, one
has a B that has, strictly spoken, an unbounded support. In addition, in
both cases, special measures have to be taken in order that ¢ and its scaled
versions can be considered to be disk or ball-limited while having sufficient
decay and a controlled amount of oscillations.

In this report, we propose to use orthogonal functions Z on the unit disk
or ball to expand separable functions F', with the requirements

a. Z decays at the rim of the unit disk or ball,
b. the Fourier transform of Z has an analytic form,
c. angular and radial dependence of Z is separated,

d. the expansion in Z’s is feasible for a set of separable functions F' contain-
ing cases relevant in the present context,

e. the scaling issue is resolved.

For the 2D case, a family of orthogonal systems satisfying the requirements
a, b, ¢ has been considered in [6], viz. the generalized Zernike functions Z/™.
For v > —1 and integer n and m such that n — |m| is even and non-negative
Zm is given by

Zwv,p) = Zp,p) = RIM(p)e™ . 0<p<1, 0<p<2mr, (1)

where we write v + i with v, € R and v? + > < 1 as p exp(ip) with
0<p<1,0<p< 21, and where

. _{ (1—p)epm PeImdop2 1) | 0<p<t,
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and Pk(a”B ) (x) is the Jacobi polynomial corresponding to the weight function
(1—2)*(1+2)?, —1 <2 <1, of degree k. The functions Z™ have been
considered earlier, in a general setting of unit balls in R?, in the context of
the Radon transform in [7]. The case that o = 0 yields the standard Zernike
circle polynomials that find wide-spread application in optics, lithography,
acoustics [8]—[10].

For the 3D case, we consider in this report the generalized 3D Zernike
functions. These are defined for & > —1 and non-negative integer n, [ such
that n — [ is even and non-negative and m = —I, -l + 1,...;] by

Z0 (v, p o) = RE(p)Y"(0,¢), 0<p<1, 0<d9<m, 0<¢p<2r,
(3)



where we employ spherical coordinates
(v, p,0) = w = (psind cos p, psin I sin p, pcos ) . (4)
The radial function RL%(p) in (3)) is given by

RE(p) = pl(1 = pP)* PP (20 = 1), 0<p<1, (5)

2

and vanishes for p > 1, and the angular function Y;™(4J, ¢) is the spherical

harmonic

20+1 (I — |m|!
dr (I +m)!

vi(i.g) = (-1 )" Preosd) e (6)

normalized to have unit L?-norm on the 3D sphere. Note that we use unnor-
malized angular functions exp(imy) in the definition of the 2D generalized
Zernike functions in (1] for reasons of consistency with [6]. The case « = 0
in yield the standard Zernike ball polynomials that are considered, with
yet another normalization convention, in [IT]-[12].

A great deal of the basic and more advanced properties of the generalized
2D Zernike functions have been developed in [6], but the above issues d and
e have not been addressed there. In the present report, the emphasis is on
developing the theory and results for the 3D case in which all 5 issues a—e
are addressed. In this effort, we shall present the 2D versions of the results,
when not already covered by [6], by appending an additional superscript 2
to Z, R, etc., to distinguish from the 3D case.

Since the radial and angular dependence are separated in the generalized
2D and 3D Zernike functions, the expansion coefficients of a factorized F' =
AB factorize to a large extent as well. However, the radial functions in ([2))
and contain also the angular index, m and [, respectively, yielding for any
m and [ a different expansion of B into radial functions. The set of relevant
angular orders m or [ that occur, is determined by smoothness of the angular
factor A. In order to ensure that the coefficients in the B-expansions remain
tractable in size when m or [ varies, the degree to which B vanishes at p =0
should be chosen sufficiently high.

In 3D, the Funk transform retains only spherical harmonics Y;™ with even
value of [, and so we only need the expansion of B into radial functions R4
with [ = 0,2,.... Similarly, in the 2D case, the function A is even around
¢ = 7/2 and this implies that only the expansions of B into radial functions
R with even m are required.



1.2 Overview of the results

In Sec. [2] we present the more basic properties of the generalized 3D
Zernike functions. Thus we consider orthogonality and normalization of the
Z’s, we show how separability of an F' = AB is reflected by separability of
its expansion coefficients, and we compute the Fourier transforms of the Z’s
using the Funk-Hecke formula. In Sec. [3, we present the required results
concerning scaling 3D generalized Zernike functions. In Sec.[d] we present an
explicit result for the Radon transform of 3D generalized Zernike functions
and an integral representation, in terms of Gegenbauer polynomials, of the
corresponding radial functions that follows from this Radon transform result.
This integral representation can be used to prove a recursion of the Shakibaei-
Paramesran type [I3] to compute all radial functions at a particular p €
[0,1]. The next few sections are devoted to the study and computation of
the expansion coefficients of various angular order [ of a radial function B
occurring as radial factor of a separable F'. It is an important fact, to be
proved in Sec. [ that the coefficients required for [ + 2 can be expressed
explicitly and in finite terms in those required for [. Since we may restrict
to even [, it thus follows that all required expansions of B can be obtained
from the one with angular order [ = 0. In Sec. [6] we consider radial functions
B(p) of the form

B(p) = p’ Clep)(1 = p?)° , (7)

where 8 and § are non-negative integers with 3 even, £ € [0, 1] is a scaling
parameter, and C(p) is a smooth function defined for p € [0,1] and not
necessarily vanishing at p = 0 or 1. We describe a procedure how to get from
the expansion of C(p) into radial functions R all such expansions for B(p)
in (7). The choice

Clp) = (L= p*)" (8)
in @ with integer 7 > 0 is considered in Sec. |7| as a special case of radial
functions that admit explicit expansion into all or particular radial functions
Rb(p). Finally, in Sec. [8| we present an example of a prewavelet radial
function meant for an all-scale wavelet transform, and in Sec. [9] we present
such an example, of the type , for a multi-scale wavelet transform. For
these two cases, there are explicit expansions for all required angular orders [.
Hence, when we consider the expansion coefficients of the angular functions

A in spherical harmonics Y, as being given, this yields an explicit, analytic
result for the wavelet ¢ = FF.



2 Basic properties of 3D generalized Zernike
functions

We present basic properties of the 3D generalized Zernike functions, de-
fined in in terms of Jacobi polynomials and spherical harmonics. Rele-
vant reference for the latter polynomials and special functions are [14], Ch. 18
and §14.30, [15], Ch. 4, and [16], Ch. 5.

2.1 Orthogonality

We have for integer ny, no, Iy, la, m1, ms such that ny,no, ly,lo > 0, ny — [y
and ny — [y even and non-negative, |my| < l; and |mso| <o, and a > —1

mi,o me,o * dud,uda
/// anz{ (Vaﬂaa)(Zn212 (v, p,0)) m

v2+p2402<1
1 T 27
l1 « l2 « p2 dp mi1 mo *
= R.%(p) Ry (p) A= Y (9, 0) (V)2 (9, 9))
0 0 0
- sind didy =
= Na?l 5711712 : 5m1m2 5l1l2 ) (9)

where ¢ is Kronecker’s delta. Furthermore, for ny = no = n = [ + 2p with
l,p=0,1,..., we have

1 (p+1)a

No = :
" on4+a+3/2) (p+1+3/2)a

(10)

where we employ the generalized Pochhammer symbol

(2)a = W . (1)

Similarly, in the 2D case, we have for integer ny, my,ns, mg with ny — |my]|
and ny — |me| even and non-negative, and o > —1

mi,a ma,a * dVd/,L «
// 2Zn11’ (V, ,LL)(QZTL;’ (V, ILL)) m = 27T 2Nnm 6n1n2 5m1m2 ) (12)
24 p2<1



where

dp 1 (p+1a
e TP CEr e R T
with n = |m| +2pand p=0,1,....
2.2 Expansion coefficients of separable functions
For
F(v,p,0) = F(9,9,p) = A(Y,9) B(p) (14)

with A(9, ¢) and B(p) smooth functions of (¢, ) € [0,7] x [0,27] and p €
[0, 1], respectively, we have

F=>Y e zne. (15)
n,m,l

Here, summation is over all integer n, m,[ with n,l > 0 and n — [ even and
non-negative and |m| <, and

Cm,a /// V L, o m,a<1/ m ))* dVd:udU
nl = 9 l y 1, O
1 — 2\a
1/2+,u2+02<1 ( P )
m 1 a
= A (4) g 0 (B) (16)

with a"(A) and b42(B) given by

W= [ [ 4w (70,0) sinvavds. (17)
La( 7y / Lo p*dp
e (8) = [ Blo) R (o) = (18)

0

Thus the ¢’s factorize as a"(A) (N%)~!b:%(B), where a depends only on A
and b depends only on B. The angular index [ is present in both factors a
and b. Thus, there are the expansions

00 l

=33 a"A)Y", ), (19)

=0 m=—1

7



and, for all [ =0,1, ...,
bl,a .
Blp)= Y, = Ri(p). (20)

n=L,14+2,... nl

Similarly, we have in the 2D case for F(v, ) = F(g, p) = A(p) B(p) that

F=> cre2zr, (21)

with summation over all integer n,m such that n — |m| is even and non-
negative. The c’s are given as

m,o m 1 m,o
= " (A) g 2°(B). (22)
with
) 2 1 d
miA) = — A 7imapd P ( B) = B QR\m\a pap
() = 5= [ Ay o, o) = [ BRI T
0 0
(23)
There are the expansions
Alp)= Y am(A)em, (24)

B = Y eBlapmeg). (25)

n=|m|,|m|+2,... nm

2.3 Funk-Hecke formula for spherical harmonics

Denote the unit ball in R* by B and the unit sphere in R® by S. Let f
be integrable over [—1,1]. Then, see [17], Theorem 1, for w’ € S and integer
[,m with |m| <1,

[ o) Vi) ds = 2ma ) (26)
wes

where

M= / Pt) f(t) dt | (27)



with P, the Legendre polynomial of degree [. Specifically, taking f(t) = do(t)
(the Dirac delta function at 0; to be approximated by smooth functions,
etc.), we get

/ Y (W) do(w - w)dS = 27 B(0) Y (W), W €S.  (28)
wesS
The left-hand side of is the integral of Y, over the great circle of radius

1 and center 0 perpendicular to w’. As to the right-hand side, we have
P2k+1<0) =0, and

Pyy,(0) = (=1)"* (29)

for k=0,1,....

2.4 Fourier transform of 3D generalized Zernike func-
tions

We have for x € R?

FIzpeie) = [[[ ez w) o

weB

1
= [ [ e R myan . (e0)

0 nes
Write x = r€ with r > 0 and £ € S, so that

2wipn - x =ism - £, s=2mpr . (31)
We have by the Funk-Hecke formula

1

[ emevrman = 2wy [ e na

nes -1

= 4ri' §i(s) Y(€) (32)

where we have used [14], 18.17.19 on p. 456, with j; the spherical Bessel
function of order [. It follows that
1

F127°)(x) = 4ni Y™ (€) / R (p) ju(2rrp) 2 dp (33)

9



For the remaining integral, we show below that for ¢ > 0
1

[ Betritan) ¢ dp = <1y 2+ D et g

where the right-hand side of equals $B(a+1,3/2) 0,9 at ¢ = 0, with

[(a) I'(b)
B(a,b) = ———= . 35
(a/7 ) F(a+b) ( )
Using in , using n = [ + 2p, we get
FI25)(30) = 2 (p + 1) 2t TP (X)) (36)
g SN
We now show ([34). We use the power series expansion
o0 1.2\k
() =] 1 /(i (=32)
3ul2) =\ g7 Jenral2) = 3 V7 (32) ; WTGhtarsp 00
with a = [, and we get
1
[ R itan o = 1VF G0l Y et @
n \P)JI\4pP) p ap 2 261 e k‘F<k+l+3/2) nk
J -
where
1
Tk = / PR (p) dp (39)
0

We evaluate J in by using the definition of R in , the substitution
t = 2p* — 1, Rodriguez’ formula [16], p. 161

(1— 1) (1+1)° PO(t) = (2;2!1) (%)p [(1— P (L+ 0], (40)

and subsequently p partial integration. Thus

10



1
Ji’]? _ / p2l+2k+1<1 o p2>a P]Sa,l+1/2)<2p2 . 1) ,Odp
0

1
—l—k—a—5/2 k « +1/2 a,l+1/2
_ / /(1+t) (1= 1) (1 4 1) +/2 Plett12) () gt

-1

1

_ 1 9—p—l—k—a—5/2 / (%)p (148" (1 — )P (1 + t)p+l+1/2 dt

p!
~1
(41)
It follows that J in (39)) vanishes for £k =0,1,...,p — 1, and that
o 2T / (1= )7 (14 1) 12 gy (42)
plk=p)t
for k =p,p+1,.... For the remaining integral, we use
/ L(r)T
/(1 o t)rfl (1 4 t)sfl dt _ 2r+571 F((Z)+<j>) (43)
-1
(Beta-integral), and then
lea_l k! F'p+a+1)T(k+1+3/2) (44)
2 (k—p)lp! T(k+1l4+p+a+5/2)

for k=p,p+1,.., and Ji,? = 0 otherwise. When we insert this into ,
using the generalized Pochhammer symbol and noting various cancellations,
we get

1

/ Ry (p) uqp) p* dp

0

VRGO 0400 Y (45)
k:p

NT(k+l+p+a+5/2)

We finally shift the summation index k& by p positions, and note that n =
[+ 2p, to get

11



1
/ R (p) jilap) p° dp
0

(—34°)"
k+n+a+143/2)

= 5P+ e 5VT(GO" Y kT

= o1y <p+1>a”+;+i(q>, (46)

where has been used with a = n + a + 1. This is (34).

2.5 Fourier transform of separable functions

With F = AB as in (14)), and expanded as in (15)), we have

0o !
FIEIx) =Y Y > a*FlZyx) . (47)

=0 n=Ll4+2,.. m=—I
with ¢/ given in (16H18]). For the case that A(¢, p) = h(?J), with h a smooth

nl
function supported by a small interval [0, o], we have

)
a*(A) = 0mo / h(9) P,(cos ) sind dv (48)
0
and it should, in general, be a relatively light effort to find the latter integrals.
Alternatively, in [I§], Sec. 3, a procedure is given, using scaling theory for 2D
Zernike polynomials, for expressing the integrals in in terms of expansion
coefficients of h(2arcsin[psin(39)]) with respect to 2R3°(p), 1=0,1,.... By
smoothness of h, only relatively few of the latter coefficients need to be
computed.
When F' in is replaced by A B, we just need to replace aj*(A) by
27 P1(0) a]*(A), see Subsec.

3 Scaling theory for generalized 3D Zernike
functions

We present a result on scaling the radial part of the generalized 3D Zernike

functions. The proof uses the same steps as the one given for the corre-

sponding result in 2D in [6], Sec. 6, and starts from the following integral
representation of RL®.

12



3.1 Integral representation of R\"

We have for « > —1and n =1+ 2p with [,p=0,1, ...

2 o0 .n o .
R (p) =~ (=1 2(p + 1)a / Int +;£q_)1”(qp) dg, 0<p<1. (49)
0

Proof. By Fourier inversion, see , we have for w € B, w = pn with
0<p<land|nl =1,

ZZZL’O%V? K, U) - Z;);,a(w)

= /// —2miw-r§ Ari™ 2a(p + 1) jn+a+1<2ﬂ—r) }/lm<£> 7‘2 dr df

(2 T)oc—‘rl
0 ¢es
. ‘n oo jn+a+1(2’ﬂ'7‘) —2mirw-€ yym 2
= 4mi" 2 (p—i— 1)a W € YE (S)dﬁ redr
0 ges
— o jn+a+1(2ﬂ'7") Ly m . Qd
= 4Ami" 2% p+ 1), Wélm Y,"(m) 5i(=2mpr)r=dr , (50)

0
where has been used. Substituting ¢ = 27r, using ji(—2) = (—1)"j;(2)
and n = [ + 2p, we then get

o

20 (om) = 2 (1P 2+ Da () [ Lt gy

0

and this is the required result.

3.2 Scaling the radial part

We have for a > =1, n=1014+2p with [,p=0,1,...and 0 <e <1

Ri*ep)= Y, Cu(e)RJ(p), 0<p<l1, (52)

n'=L,1+2,...

13



where

l
C 70[/ -

nn

SER®

(_1)”+"2 2L /]n—l—a—i—l q6) dq
0

/ n+a+1 ]n’+2<q5) dq . (53)
0

In the case that a = 0, we have

RVO(e) = RV20(e) | o/ =11+2,...n
Cri(€) = (54)
0 , n=n+2n+4,..,
where we set R""%Y = ( for the first option in (54)) with n’ = n.
Proof. We have by completeness and orthogonality
1
Clate) = (2 +3) [ Riv(ep) Rf(p) % dp. (55)

0
We use the results and to write

1

/ R (ep) Ry (p) p* dp

0

o0

1
2 .n e 1(ge
= 2w, [ [ et gy ) Ri) 2
0

0

1

2 o Jna
= — (-2 (p+1 / ++1 /R“) jilgep) p*dp | dg
0 0

2 17 oo,]n « 1((1) jn’+1(q5>
_ 2 e ga 1a/ tort dq . 56
—(=1)= (p+1) 0 pre ! (56)
Next, we use p = 1(n — ) and
jn/ 1(2) 1 . .
+Z = o' +3 (]n’(z) +.]n’+2(z)) ) (57)

14



and this gives (53).

The remaining integrals in are of the form

/Jn+a+1(Q)]n”(q5) dq

qafl

n =norn +2=101+2,.., (58)

0

and can be evaluated in terms of 5 F} using the general discontinuous Weber-
Schafheitlin integral [14], p. 244. For the case that & = 0, 1, ..., the identity in
is a relation between a polynomial comprising the powers p', p'*2, ..., pn2
at the left-hand side and orthogonal polynomials Rﬁ' at the right-hand side.
Therefore, C’m,( g) =0 for n’ > n+ 2a. In the case that a = 0, the integrals
in (58)) can all be expressed, see , as

n” —n "

(=1) = Ry (e), (59)

wm

/ In+1(q) Jur(ge) qdg =
0

except the one with n” = n 4 2. The results ([49), can also be obtained
using the Weber-Schatheidlin integral result: there holds

o0

/]n+a+1 ]n”(qe) dq

0

n'

m T(i(n+n"+3))e
§2ar(n~+3/z) T(i(n—n")+a+1)

2Fi(=3(n—n" =) 5(n+n" +3);n" +3/2¢%) . (60)

This vanishes for the case that « = 0,1, ... when n” = n+2a+2,n+2a+4, ...
due to the I'(2(n — n”) + @ + 1) in the denominator. Therefore, also
holds for n” = n + 2, when we interpret the right-hand side as 0. This then
yields upon carefully keeping track of the various (—1).

4 Radon transform and recursions for com-
puting the radial parts of generalized 3D
Zernike functions

We present a closed-form expression for the Radon transform

15



R2)(r.mg) = | Z(e)5(r —w - np) do 1)

with 7 € R and 1y € S, of any generalized 3D Zernike function Z = Z'/“.
This result is due to A.K. Louis, Theorem 3.1, case N = 3, in [7], and can be
proved using the projection theorem for Radon transforms, the Funk-Hecke
theorem, the explicit form of the Fourier transform of generalized 3D Zernike
functions, and an integral result for the Fourier transform of the right-hand
side of (34)). See also the proof for the 2D case in [6], Sec. 5. This is then used
to derive an integral representation of the radial part of any generalized 3D
Zernike function, which can be employed to find a recursion of the Shakibaei-
Paramesran type [13] for computing all R:*(p), I,n = 0,1, ... and n — [ even
and non-negative, at a particular p € [0, 1] from RL%(p) with [ =n = 0.

4.1 Radon transform of generalized 3D Zernike func-
tions

We have for integer n, [, m with n —[ even and non-negative and n,[ > 0,
and m=—-l,—l+1,...,l,alla>—1landall T eR, np e S

(R o) = - (L= P G V) . (62)

where C %/ is the Gegenbauer polynomial, [T4]-[16], of degree n corre-
sponding to the weight (1 — 72)*T! |7| < 1, and

27t ['(n+2a+ 3)
T Va(p+1Da T+ )T (a+3/2)

(63)

This follows from [7], Theorem 3.1 (choice N = 3, v = a + 3/2, w,(s) =
(1 — s?)>™! in terms of the parameters and weights in [7]).

4.2 Integral representation of R\:®

We have for any integer n,l > 0 such that n —[ is even and non-negative,
any « > —1,and 0 < p <1

1

u—p%a/cf”ﬂ@waawﬁ. (64)

13/
B0 =5 a3,

16



Proof. We develop the function

w = (v,p1,0) € B (1= p*)*Cy**3(0) (65)
into a Z“-series, so that
(1= )" Cot (o) = > B Zui (v ) | (66)
n',l,m

with

1 m,x *
R || B e T 2

v24p2402<1

1
1
= 7 Cot3/2(q) // (v, o) dvdp | do . (67)
n’l
21

v24+p2<l—o?

To evaluate the double integral in the last member of , we use (62) with
ng = (0,0,1) and 7 = o, so that

// Z M (v, p, o) dvdpy = / ZMN(w) 0p(T —w - Mp) dw

V24 p2<l—o? weB

1
= — (1= () Y™ ((0,0,1)) .

C

(68)
Now w = (0,0,1) when ¢ = 0, ¢ arbitrary, p =1 in (4), and so
- 2 + 1\ 1/2 20+ 1\1/2
(0,00) = (=) T P Wowo = (=) G (69)
by @ Hence
1 20+ 1\ 1/2
ZZ}l’a(V, M, O_) dl/d/,(/ — (1 o 0_2>C¥+1 OZC/-FE}/Q(O_)( + > 5m0 .
c AT
v24p?<l—o?
(70)
This yields, by orthogonality of the C*+3/2,
1
m 5m0 20+ 1\ /2 o a+3/2 e
no= e () [ e e - oo
1
Om0 Onny (20 4+ 1N\ 1/2
= M 71
cNg < 4 > " (71)
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where

1
272072 (n 4 2 + 3)
Mo = [ (1= o) 0o 2 () P do = — B
n /( o) CT (o) P do nl(n+a+3/2)I%(a+3/2) "
21

by [16], (7.8) on p. 279 with A = a + 3/2. Remembering the definitions of
N% in (|13) and of ¢ in (63)), we get

+1+3/2)
m— (2l 4 1)/2 3
n’l ﬂ—( + ) F(O./—I—S/Q)

It follows, see (3H6]), with o = pcos ¥,

G Gran (73)

(1= p*)* G2 (pcos )

= —ﬂ— 1/2 0,0é
T(a+3/2) ;(2“”) (p+1+3/2)a Z," (v, 1, 0)
VT l
= V) (2141 2 Rh( ) P (14
2T (a +3/2) §< L+ 1)(p+1+3/2)a B (p) Fi(cos?) . (74)
From _
/ Py, (cos V) P, (cos ) sindd di) = l125+21/2 ’ (75)

0
we then get for [ =n,n—2,...,n —2|n/2|
/(1 — p)*Cot32(pcos ) Py(cos¥) sin ) di)

0

— g 32 B ). (76)
Finally, using
L [(a+3/2) _ 1 (3/2)p+ (77)
VT (p+H1+3/2)0 2 (@+3/2)py

and substituting t = cos € [—1, 1] in the integral in , we get .

Note. In [0], Theorem 5.2, the 2D version of this result has been given,

and this leads to an expression for 2Rlm l’a(p) in terms of the Fourier coeffi-
2rk

cients of C2(pcosd). By discretization ¥ = 25* with N sufficiently large,
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this yields a DFT-scheme for computing all RI™ |(p), integer m such that
n — |m| is even and non-negative, for a fixed n = 0,1, ... and p € [0, 1]. Such
a thing is more awkward in the 3D because of the occurrence of a Legendre
polynomial, rather than a Chebyshev polynomial in ((64)).

4.3 Recursion for R:%(p)

We let

1

Iy =I5(p) = % / Cg+3/2(Pt) Pl(t) dt , (78)
21
so that

R = 1) = (1= ) B (e) = O ) (1)

Then for integer n,l > 0 with n + 1 — [ even and non-negative,

N n+a+3/2 11+1 l N n+2a+2
s | EELIE:

n+1 l+1/2 n,l+1+l+1/2[n,l—1 n+1 n—1,0 -

(80)
With the initialization I§(p) = 1, I% = 0 when n < [, all I%(p) can be
computed for a fixed p € [0, 1] according to the scheme pictured in Fig. 1,
where the large-size numbers 0, 1,2, ... indicate the order of computation. A
similar recursion exists in the 2D case. Setting

Je = I (p) = %—l)mm (1= 2 2R (p) (81)

for integer n,m > 0 such that n —m is even and non-negative, the following
holds. Let n, m be non-negative integers such that n + 1 — m is even and
non-negative, and let p € [0,1]. Then

_n+04+1 n-+2a+1

Joiim = ——1 [ jme1| + Toms] — ol Tntm > (82)

where we initialize with J§,(p) = 1, J,, = 0 when n < m. This generalizes
the recursive scheme

2RI (p) = p PRI (p) + 2RI ()] — 2R, (p) (83)

valid for the radial parts of the standard 2D Zernike circle polynomials [13].
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Figure 1: Order of computation (large-size numbers) of all I%(p), starting
from [§,(p) = 1 and I%(p) = 0 for n < I, for a fixed p € [0, 1] using the

recursion )

To show (B0), we use the recursions [16], (7.7) on p. 279 and (10.2) on
p- 190,

(n+1)Cp () =2(n+ AN tCp(t) — (n+2X—1)Cp_(t), (84)

20+ 1)t Po(t) = (n+ 1) Pupa(t) +n Pu_y () (85)

valid for n = 0,1,..., where we set C*,(t) = 0 = P_;(t). Thus from (78,
with n 4 1 instead of n and A = a 4 3/2,

@
In+1,l
1

[ i on R a

-1

N =

1

2(n+a+3/2) a+3/2 n+2a+2 a3
[ (et prcpesraony - PEEEEE o) ) e

D=

-1

1

p / Cot32(pt) t Py(t) dt —

-1

_ n+a+3/2
B n+1

n+2a+2

n+1 n-11

1

_ n+a+3/2 0432 [+1 [
= PO [en o (5 Bea®) + gy Pt de

-1
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n+2a+2

B I v (86)

and this yields the right-hand side of via with [ — 1 instead of [.

5 Recursion for the radial part of expansion
coefficients of separable functions on the
unit ball

We present a recursion relation between the radial part coefficients b(B)

of a separable function F' = AB on the unit ball, see Subsec. 2.2 We recall
that for integer n,l > 0 such that n — [ is even and non-negative

o (B) = [ Bl R (o) - 7

We shall explicitly find the connection coefficients C' in the formula

p+1

I+2,a _2 : 1+2—l,0 pla
Rl+2+2p - Cps Rl+2s ’ (88)
s=0

where [,p = 0,1,.... As a consequence, we have

p+1

bty (B) =Y Ol by, (B) (89)
s=0

Hence, from 02(B) and b*(B), all required b-coefficients can be computed

recursively using (89).
To find the C’s in , we use the definition of R in (5]) and set t = 2p*—1,

so that becomes

p+1
%(1 + t) P}Sa,l+5/2) (t) _ Z C}l}—sm—)l,a Ps(a,l-i—l/Q) (t) ) (90)
s=0

We have, see [16], 2°¢ item in (4.16) on p. 166,

LA+ @2n+a+8+2) PP @) = (n+B4+1) PP (1) + (n+1) pﬁ@((t) ),
91
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and when this is used with p =n, a = «, =1+ 1/2, we get

L(1+1) PLtt5/2)(¢)

p+1+5/2 . p+1 (0,14+3/2)
= pletts2) (¢ P t). (92
2p+a+1+7/2°7 ()+2p+a+l+7/2 (1) (92)

Next, we have, see [19], (7.32),
plag) _ _(a+ 1
! (+B+2)n

P’gaﬁ) ,
k=0
(93)

and when we use this withn = p,p+1, a = o, f =1+1/2,§ = f+1 = [+3/2,
we get

plat+3/2)
_ (e+1), ¢ (—1)nk (a+1+3/2)u(a+1+45/2)0 Lait1/2)
(a+1+5/2), & (a4 Dp(a+1+3/2)9 '
(94)
From and (94), we compute then
1+2—1,«
Cit
B < p+1+5/2 (a+1), p+1 (a+ 1)y )
p+a+1+7/2 (a+1+45/2), 2p+a+l+7/2 (a+1+5/2)p41
s (a+1+3/2)(a+145/2)9
(1) , —0,1,...p, 95
(=1) (a+ 1)s(a+143/2)9 i P (95)
and, for s = p+ 1, we get
+2—1,«
Criprl
_ p+1 (a4 1)pi (a+1+3/2)pi1(a+145/2)3p 12
2p+a+l+7/2 (a+145/2)p1 (@t Dpri(a+1+3/2)9ps0
(96)
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For s =0,1,...,p, we further compute the factor on the first line of as

(+1),
2p+a+1+7/2)(a+1+5/2)p

Ap+14+5/2)(p+1+5/2+a)— (p+1)(p+1+a)]

o (o + l)p
T (a+1+45/2)pm

(1+3/2) . (97)

Hence, for s =0,1,...,p
(@ + Dpla+143/2)s(a+1+5/2)s,

Ol+2—>l,a = (=1)"*(1 +3/2 s 98
e ) e S B+ Dal 4 143/ )

and for s = p + 1 simplifies to
clr2la _ p+1 (99)

PP ol p+5/2

Also, see ((103)) below for simplification of the ratio of the two Pochhammer
symbols of order 2s in (98)).
The corresponding result for the 2D case to write QRfingP as a linear

. . l
combination of 2R, reads

p+1

2 pl+2,0 _2 : 2 ~i+2—la 2 pla

Rl+2+2p - Cps Rl+25 ’ (100)
s=0

with
(a+1)(a+1l+1)y a+l+2s+1

20l+2—>l,oc — (=1)P~3(] 1
s CU ) T o e s 1), axitd

(101)

for s =0,1,...,p and

2 ~l+2-1,0 p+1
chtebe — - 102
e R (102)

For the case that o = 0, this result was already established in 1942 by
Nijboer, see [20], (2.24) and [21], (200).

The expression for C' contains Pochhammer symbols of potentially
high order that can, therefore, become very large. The quantities C' them-
selves are of the order of unity. They can be computed more reliably as

follows. We first write as

l+3/2)(a+l+23+3/2)K

Cl+2%l,a — (—=1)P—s ( .
ps (=1) a+1+3/2 r

(103)
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where for a fixed p=0,1, ...

(a4, (a+1+3/2),
(a1 45/2)pn (a+l)

s=0,1,...,p. (104)

The quantity in (103)) in front of K, is innocent. As to K, itself, we observe
that

a+1+3/2
K,, = , 105
oo (a+l+p+3/2)(a+l+p+5/2) (105)
and
Kyoq=—2F° . s=pp—1,..1. (106)

Kps
at+l+s+1/2°7

6 Development of scaled-and-truncated radial
profiles

We present a procedure to find for a given even integer § > 0 and a
0 > —1 the expansion of

B(pie) = p’ Clep)(1—p*)°, 0<p<1, (107)

into a series comprising the radial functions Rg;f, k= 0,1,.... Here C(p),
0 < p <1, is an integrable function of which we assume that there is available
the expansion

Clp)=>_ aRy’(p), 0<p<t, (108)

with Rg;o the standard 3D Zernike polynomials, and ¢ is a scaling parameter
with 0 < ¢ < 1. From the expansion of B(p;e) as an Ry’ -series, we can
obtain, by the procedure of Sec. |5| all expansions of B(p;e) as an Ré’g—series
with [ = 2.4, ....

From the scaling result proved in Sec. [3| we have

l
Ryi'(ep) = Y (Ry(e) = Ry "*"(e) By (p) (109)

k=0
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and so we find

Clep) = > aRy’(ep)
= > ad (Rye) - Ry (e) Ry (p)

= > ale) Ry(p) (110)

where

crle) =Y (Ry(e) — Ry ™Y(e)) e - (111)

=k

Compare [22], [23]. In particular, we have cx(1) = ¢ since RZJO(l) =1or
0 according as i > j or i < j. Also, cx(0) = dxoco since R2k (0) = o
Furthermore, when ¢, = 0 for [ > L, we have ¢;(¢) = 0 for k > L.

The required expansion of B(p;¢) in can now be obtained from the
expansion of C'(gp) in by expanding systematically

P’ Ry (p)(1 = p*)° =) DY R (p) (112)

7

where we recall that 8 = 2r is even. We achieve this using two steps, viz. by
expanding
p¥ RY( Z By, RY(p) (113)

Ry’ (p)( Z FiRY (p (114)
respectively.

6.1 Computation of the expansion coefficients in (113

We have by orthogonality and , case a = 0,

1

By, = 2021 +3/2) [ o R20) B o) dp (115)

0

25



We next expand p” RS (p) and p” Rg;o(p) into a R:’Egl—series according to
p" RY(p) Z ChRNy(p), i=kj. (116)
Then by orthogonality and , case a = 0, we get

2j + 3/2
Er = E -~ O . 117

The C}; can be evaluated explicitly as

T _
il T

r+20+3/2 < r ><i+l+1/2>/<i—|—r+l+1/2

11
i+r+14+3/2 l > (118)

1—1 {

when [ = 0,1,...,2 and ¢ — [ < r, and 0 otherwise. Thus, the summation
range in ((117)) consists of all integer [ such that

max {0,k —r,j —r} <l <min{k,j} . (119)

This summation range is empty, and so C}, = 0, if and only if |k — j| > r.
To show ([118)), we can use [19], (7.32), compare (03), with o = 0, 6 = 1/2,
B =r+1/2, since (116) is the same as

Pi(0,1/2 Z 0 (0r+1/2) (120)

In terms of Pochhammer symbols, we have

C’"—( r >r—|—2[+3/2 il (r+3/2)(i +3/2),
i =\ r+3/2 U(r+5/2)i(i+r+5/2),

and this can be case into the binomial form ((118]).
It does not seem possible to find the Ej; in (113) in closed form. This
problem also occurs in the 2D case. In the 2D case, one expands

(121)

PR (p) =) PEr PRy (p) (122)
J
with 941
2w _ J 2
Ekj_;m Ci*Ciy 4 (123)
and, for i = k,j with [ =0,1,...;iand 1 — [ < r,
9 o r+20+1 < r )(i—l—l) (7’+i+l)
or— el _ 124
T r 1\ =1 l / i (124)
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6.2 Computation of the expansion coefficients in ([114))
We have that (114]) is the same as

(01/2) _ 5 p(61/2)
P = Z F), P} : (125)

We now use [19], 7.33,

(v.8) _— (6+1)n
A
. i (v — @)pr(a+ B+ Dila+ B+ 2)a(n+v+ B+ 1)

P]ga’ﬁ)
k=0

(126)
with v =0, 5=1/2, n=j, a =9, k =i. We then find

5 >5+2¢+3/2 (3/2); (6 43/2)i(j +3/2);

Fj, = <—1)H<j—z' 0+3/2  (0+5/2); (3/2)i(j +0+5/2);

| — o
e GL)CT ),

= ()

(127)

Observe that the summation range in (125)) is all integer ¢ > 0 such that
J—0<i<j.
In the corresponding problem of expanding

Ryl (0)(1 =) =D PF PR (p) (128)
the required coefficients I’ are given by

Ao L () () o

7 Expansion of some special radial profiles
We present expansion into radial Zernike functions of some special radial

profiles as required in Secs. [§| and [J] for the analytic construction of all-scale
and multi-scale wavelet transforms.
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7.1 Expansion of p’(1 — p?)* as an R!®-series

We have, see ,

Blp)=p"(1=p")" = >, TR0, (130)
n=l,1+2, nl

where N is given in and

1
2d
bff‘ = / ,0'8 Rla _Pap
o
0
1
— / lerﬁJrl(l . p2)oz P}Sa,l+1/2)(2p2 . 1) pd/) (131)
0

withn =[+4+2pand [,p = 0,1,.... This is the same integral as in , except
that the power 2] + 2k + 1 of p is replaced by [ + 8 + 1. Thus replacing k by

L(8—1) in (H), we get

rGB-0)+1) Tlp+a+)TE(B+1)+3/2)

1 (
bt = =
2 pITE(B-1)—p+1) TEB+D)+p+a+5/2)
B—1 B+1+41
1 [ J
= — 3( 2 )/(O‘+p+ 2 ),(Bm
a+B4+1+2p+ ’ atp
where we use the binomial notation
— 1. (a—p+1
(a>:a@ ) ﬂm P yaeR, p=0.1.. . (133)

p

For the 2D case, there is the expansion
2 bl «a

=)= Y RN (134)

n=ll+2,.. ™
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with 2N given by and

2b££a —

P11 = p?)* PN (20 — 1) pdp

O\H

rGB-0+1) Thp+a+)TGB+D)+1)
pPITEB-0)—-p+1) TEB+D)+p+a+2)

81 841
_ ! (T)/(O‘+p+7+). (135)
p

204+ B+1+2p+2 oty

N —

7.2 Expansion of p’(1 — p?)"™ as an R!’-series in the
case that 3 =1=0,1, ...

We have s
b,
PL—p) = Y N R (p) (136)
n=L142,... = 1l

where N?, is given by with a = ¢, and
1

2d,0
L5 _ (1 — p2)1to Rlo P
by O/p( p )" R (p) A=

1
= [ A B - 1) pdp . (137)
0
Proceeding as in (39H43]) with Rodriguez’ formula, partial integrations and
the Beta-integral, we get now
1 (=1)PT'(n+1) I'6+n+1) Tl +p+3/2)

bl,& .
" 2 p!T(n—p+1) T@G+n+1l+p+5/2)

—1)? S+n+l+p+1/2
_ (=) (")/( e />. (138)
204+2n+20+2p+3 \p O+
For the 2D case, for expanding
! 2\n+5 0 5 i
PA=p )= )" a5 B (p) s (139)
n=l,1+2,... nl
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we require 2N?, of with @ = 4, and

—1)r n d+n+l+p
b = ( . 14
" 25+277+2l—|—2p+2<p)/< d+mn ) (140)

8 Radial profile for all-scale wavelet trans-
form

We consider radial profiles of the form p?(1 — p?)® as a candidate for the
radial part B(p) of a separable function F(9, ¢, p) = A(J, ) B(p) on the
unit ball whose 3D Fourier transform should act as an anisotropic wavelet 1)
of an all-scale wavelet. We take § an even integer > 0 and « an integer > 0.
The expansion in with coefficients given by is then finite for [ =
0,2,.... One can now opt to use these coefficients directly, or, alternatively,
to compute them recursively in [ = 0,2,... as in Sec. [5 to obtain the 3D
Fourier transform of Ap,, B according to Subsec. [2.5]

The profile B has its maximum over p € [0, 1] at

2/ )1/2 , (141)

pmax:<oé+%6

and )

(38)2 a”
(a+3B)+3
For somewhat larger values of a and (3, the profile B is rather spiky, and this
is considered unfavourable when an all-scale wavelet is desired. We present
a simple means to improve B in this respect. We consider, to this end, B as
a function of p?, and we multiply this function by the second order Taylor
expansion of 1/B around p? = p2 . Thus, we let

Bmax = B(pmax) = (142)

g(z) = 22°(1 — 2)* (143)

so that B(p) = g(p?), and we set

ha) = @) (== +5 (5) @) = 2n?)
= I (1 2 (2 (o) ) - (140
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With Zmax = p2ax A0 Gmax = 9(Tmax) = Bmax, We compute

1 /1\" + 133
%7 = B <§> (xmaX) Jmax = % . (145)

Accordingly, we replace b(p) = B(p)/B(pmax) by

(a+30)°
af

We observe that the computation of the expansion of ¢(p) as in (130)) is still
feasible, since ¢(p) is a linear combination of 3 profiles of the same type and
with the same a as B itself.

The above procedure can be repeated, if one wishes, with h(z) in
instead of g(z) in (143). It turns out that h(x) is maximal at

e(p) = b(p) (1+ (0" = Ph)?) (146)

162+ 3ap + 20
_ 4 2
Pt B D18 )

a result that is obtained from a lengthy calculation, rendering this second
step analytically feasible.

In Fig. 2a, we show b(p) = B(p)/Bmax where B(p) = p°(1—p?)*, 0 < p <
1, for « = 6 and 8 = 2. This B is maximal at pmax = 7 /2, with maximal
value Bpax = 6°/77. In Fig. 2b, we show ¢(p) = b(p)(1 + 57%(p* — £)?) that
flattens B in accordance with . This ¢ is maximal at (19/63)"/2

0.8 0.8

0.6 0.6

0.4 04

0.2 0.2

Figure 2: Plot of (a) b(p) = 776_ 2(1—p?)°% 0 < p<1,and of its flattened
version (b) ¢(p) = b(p)(1+ 57%(p* — 1)?), 0 < § , obtained using (|146)).
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9 Radial profile for multiscale wavelet trans-
form

We consider now the setting of Sec. [6] in which we choose
Clpp=Q0-p)", 0<p<1. (148)

Thus we consider the scaled-and-truncated standard profiles
S=S(p: B.05m6)=p (A=) (1=p*)", 0<p<1,  (149)

with fixed truncation parameters 5,0 > 0, shape parameter n > 0, and
scaling parameter ¢ € [0, 1]. We take (3, n and ¢ integer with 5 even.

The C in has an explicit expansion in standard 3D radial poly-
nomials RS}CO, k = 0,1,..., which is obtained from Subsec. by choosing
=6 =0and n=ain (136). Thus, for any €, we can apply the procedure
given in Sec. |§| to find the expansion of S in in radial functions Rg;f,
k =0,1,.... From this expansion, we can find all expansions of S in radial
functions Rf’fzs, s =0,1,..., with [ = 0,2, ... using the recursion in Sec.
see . The resulting expansion coefficients can be tested on correctness
for the case that ¢ = 1 and 8 = [ (even by assumption) by using the explicit
expansion of p!(1 — p?)"? in radial functions RL® n = 1,1+ 2, ..., as given
in Subsec. The whole aggregate of expansion coefficients is then used,
as in Subsec. 2.5 to find the 3D Fourier transform of Appy S.

The S-profiles (149) vary between the extreme cases
Seey = p(1 = p»)"™ and S.—o = p°(1 — p*)°, 0<p<1, (150)
with respective maxima

(382 m+oyt o (38):78°

(%6—}—77—1—(5)%5“7“ an —(%ﬁ—i—é)%ﬁw , (151)
assumed at
1 1
_@ 1/2 _5 1/2
p(1) = <lﬁj—n+5> and p(0) = (;52+ 5) _ (152)
2 2

9.1 Scaling parameter as a function of arg max S(p)

The following facts can be established by elementary means. For any
e € [0,1], the profile S has a unique maximum at a point p = p(e) € [0, 1].

32



The function p(e) increases from p(1) at € = 1 to p(0) at ¢ = 0 when ¢
decreases from 1 to 0. Given any value p € [p(1), p(0)], we have p(e) = p for

__ 1/ 3B-GB+OP N2

c—e(p) == ) 153
(°) p<%6+n—(%ﬁ+n+5)p2> (153)

The right-hand side of (153)) is well-defined for all

1

_ 3B+ N2
< p(0) < (——2—— ) 154
p<o0) < (17 5) (154)

Allowing p < p(1) in (153]) would lead to € > 1, which we have excluded. Of
course, we can invert (153 so as to obtain p as a function g, but the resulting
formula lacks transparency. For values of p sufficiently below p(0), we have
the approximation

Ll 5B N2 p(h)
gwﬁ<%6+n+6> op 155)

allowing an interpretation of € as a true scaling parameter.

9.2 Design example

In designing the parameters (3, § and 7 in ([149)), so that S ranges through
a desired set of unimodal profiles when ¢ decreases from 1 to 0, the following
issues should be taken into account:

1. the position of the maximum of S ranges between p(1) and p(0), in ac-
cordance with Subsec. [0.1]

2. in order that the profiles S accommodate a large range [p(1), p(0)], while
g of has a credible interpretation as a scaling parameter on a sub-
stantial part of that range, one should take %B large compared to d and
n large compared to %B +9,

3. large values of § and 7 result into spiky profiles S, necessitating a large
number of values of the scaling parameter € to obtain a sufficient uniform
coverage of the range [p(0), p(1)],

4. large values of 0 and 7 imply that the various expansion and connection
coefficients contain binomials and Pochhammer symbols of high order, and
this can be avoided by recursive computation such as was demonstrated
for the connection coefficients C' at the end of Sec. Bl
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Figure 3: Normalized profiles S;(p) = p'9(1 —&2p?)'%0 (1 — p?)* for the values
g, = 1,(3/7)2,(8/47)1/%,(32/963)1/2,0 of the scaling parameter, yielding
maximum positions p; = 2/9,1/3,1/2,3/4,(2/3)Y/2 fori = 0,1,2,3,3.2095 =
3+ In3/(In(3/2)), so that p; = 2(3)". The sum function is given as
S, Si(p) and avoids the profile with ; = 0.

Some of these issues are illustrated in Fig. 3 that considers the case that § =
16, n = 150 and 6 = 4 in (149)). The value 6 = 4 provides normally sufficient
smoothness and decay of the profiles at the endpoint p = 1. The large value
£ = 16 provides, in general, more than sufficient decay at the other endpoint
p = 0; it has been chose so large to achieve that the S-profiles accommodate
a p-range extending all the way to p(0) = (2/3)Y/? = 0.8165. Next, the
large value n = 150 has been chosen so that the range accommodated by
the S-profiles starts at a value as low as p(1) = 2/9 = 0.2222. In Fig. 3, the
extreme S-profiles with ¢ = 0 and € = 1 occur at the right-most and left-most
position, respectively. The three other values of the scaling parameter € have
been chosen such that the respective maxima occur at p; = 1/3,1/2,3/4,
ie., at % (%)Z, 1 = 1,2,3. It appears that these three profiles, together with
the one with ¢ = 1, provide an adequate coverage of the total range [p =
0.18,p = 0.85], as demonstrated by the sum function of these four profiles
that is pretty close to being constant on the mentioned range. The values

of € that achieve the desired positions of the maxima are found using ([153)).
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They are given by g9 = 1 = (2/3)°, and by

e =/3/7 = 0.6546 < (2/3)" = 0.6666 , (156)
£y = \/8/47 = 0.4125 < (2/3)> = 0.4444 | (157)

£3 = /32/963 = 0.1882 < (2/3)* = 0.293 (158)

for the values of the scaling parameters corresponding to p; = 2/9 and 1/3,
1/2, 3/4, respectively. These values of €; are somewhat, but not dramatically,

below p(1)/p;, see (155).
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